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Abstract

The paper studies a closed queueing network containing a server station and & identical client stations.
The client stations are subject to breakdowns, and a lifetime of each client station is assumed to be a
random variable independent of all other ones having the probability distribution G(x). The server

station is an infinite server queueing system, and client stations are single server queueing systems with
autonomous service, i.e. every client station serves customers (units) only at random instants generated
by strictly stationary and ergodic sequence of random variables. The total number of units in the
network is N. The service times of units in the server station are independent exponentially distributed

with parameter A. The expected times between departures in client stations are (Nu)~'. After a service
completion in the server station a unit is transmitted to the jth client station with equal probability
1/1, where [ <k is the number of currently available (i.e. not failure) client stations, and being
processed in the j th client station the unit returns to server station. The parameter N is assumed to be

large. The aim of this paper is to study the behaviour of bottleneck queues and to find confidence
intervals associated with increasing a given high level of queue proportional to N in client stations.
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1. Introduction

Consider a large closed queueing network containing a server station (infinite-server queueing
system) and & identical single-server client stations. The total number of customers (units) is NV , where
N is assumed to be a large parameter. The departure process from client stations is assumed to be
autonomous. Queueing systems with autonomous service mechanism have been introduced and
originally studied by Borovkov [6, 7]. The formal definition of these systems in the simplest case of
single arrivals and departures is as follows. Let A(¢) denote an arrival point process, let S(¢) denote a
departure point process, and let Q(¢) be a queue-length process, and all these processes are started at

zero (A(0) = S(0) = O(0) = 0). Then the autonomous service mechanism is defined by the equation:
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O(1) = A(t) - [T{O(s-) > 0}dS (1).

The queueing systems with autonomous service mechanism have been studied in many papers (e.g.
Abramov [1, 3, 4], Fricker [8, 9], Gelenbe and lasnogorodski [10]). In the present paper we study a
closed client/server network (see Figure 1).

Figure 1. An example of client/server
network
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are k client stations in total, and each
of client station is a subject to breakdown. The lifetime of each client station is a continuous random
variable independent of lifetimes of other client stations and has the probability distribution G(x).

All client stations are assumed to be identical, and a unit transmitted from the server chooses each
one with equal probability. (For this reason the network is called symmetric.) Therefore, if there are
[ available client stations in time ¢, then the rate of arrival to each of these client stations is AN, /.

The  departure  instants  from  the jth  client  station (j=12,....k) are

SinrSina TS inaSinva T & ina T nsr- Where each sequence &, ,.&,,,,.. forms a strictly
stationary and ergodic sequence of random variables ( NV is the series parameter). The corresponding
point process associated with departures from the client station j is denoted

Sj,N (1) = il(ié’,w S tjs

i=1 I=1

and satisfies the condition
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Then, the relations between parameters A, ¢ and k are assumed to be

(1.1) L< 1,
ku

and

(1.2) i>1.
U

Condition (1.1) means that all of the client stations are initially non-bottleneck, i.e. the service rate is
greater than arrival rate. Condition (1.2) means that after one or other breakdown all of the client
stations become bottleneck. Denote

ly = max(l :i > 1).
I

the maximum number of available client stations when the client stations all are bottleneck. Then for
all / <1, the rest / client stations will be bottleneck as well.

The queue-length process in the j th client station is defined as

0,y (1) =4,, ()~ [1, ,(s-)> OS ,  (s).

where 4 , (¢) is the arrival process to the client station ;.

Let o <1 be a given positive number. We say that the network is at risk if the total number of units
in client stations exceeds the value aN. Assuming that at the initial time moment all of the units are in
the server station, the aim of this paper is to find a confidence interval [0,8) such that with given high

probability P (say P =0.95) the network will not be at risk during that time interval [0,8). For

networks with an arbitrary number of client stations this problem is hard, because the behaviour of
bottleneck queues is very complicated (see next section for explicit results). Therefore in the present
paper we study this problem for the case of network with two client stations only.

A large closed client/server queueing network with bottlenecks has been studied in many papers.
The bottleneck analysis of Markovian networks has been provided by Kogan and Liptser [11].
Abramov [1, 2, 3] has extended the results of [11] to non-Markovian networks. Specifically, [1] has
studied the variant of network with autonomous service mechanism in client stations. The results of [1]
have been then extended to networks with two types of node and multiple unit classes in [4]. However,
the contribution of the aforementioned papers is purely theoretical. All of them provide the bottleneck
analysis for the particular case of one bottleneck station and under the assumption that at the initial
time moment all of the units are concentrated at the server station.
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The detailed bottleneck analysis of the network including all cases related to bottleneck stations as
well as initial conditions has been recently done in Abramov [5]. The results of [5] are promising for
the solution of many applied problems. Specifically, the analysis of [5] is devoted to closed
client/server networks in semi-Markov environment requiring the study of these networks under most
general assumptions. The asymptotic solution of the problem of the present paper, as N increases
indefinitely, is based on the study of [5].

It is worth noting that reliability of computer systems themselves has been studied in many papers.
We refer the book of Xie, Dai and Poh [12], where a reader can find the detailed information related to
this subject. The confidence intervals that are studied in the present paper are related to reliability of
information, which heavily depends on reliability of the network.

The paper is motivated by significant practical problems in telecommunication systems. Support and
exchange of information is very expansive and often increases the related costs of the equipment itself.
On the other hand, reliable support of information is derivative from high reliability of equipment and
directly depends on that reliability. A special circle of practical problems is related to support of large
databases. Then “units" are associated with units of information (records), and “client stations" are
associated with users of a database. “Failing station" can be associated with absence of connection or
very low rate of exchange. Low exchange in certain stations can result in bottleneck of entire network
leading to destruction of a database.

The paper is organized as follows. In Section 2 we recall some of the results of [5] which are
necessary for our purpose and then adapt them to the case of symmetric network considered here. In
Section 3 we derive the distribution of the normalized queue-length processes in available client
stations. In Section 4 we establish results for confidence intervals in the particular case of two client
stations. In Section 5 we give a simple numerical example. In Section 6 we conclude the paper.

2. Bottleneck client stations

In this section we recall some results of bottleneck analysis of [5] corresponding to the cases
considered in the present paper. We start from the elementary case of / equivalent bottleneck stations
exactly, i.e. the case that at the initial time moment ¢ = Othere are / bottleneck stations is discussed.
For simplicity, assume that all of these / stations are absolutely reliable, and at the initial time moment
t =0 there are (1- )N units in the server station, 0 < £ <1, and the rest SN are distributed between
[client stations. So, because the network is symmetric, the assumption that there are approximately
PN /[ units in each client station in time ¢ =0, according to the law of large numbers, is reasonable.

The assumption that the client stations are bottleneck means that A(1—-£) > [u .

The result on asymptotic behaviour of normalized queue-length in client stations follows from
Proposition 5.3 of [5] which related to an asymmetric network with bottleneck stations and arbitrary
initial queue-length. Recall this result.

Lemma 2.1. Assume that all client stations are initially bottleneck, and the initial queue-lengths in
client ~ stations are  asymptotically  equivalent to  NpP,,Np,...,NB,  correspondingly

(B, + P, +..+ B, £1), as N — oo. Then, the normalized queue-length in the j th client station in limit
as N — «is determined as
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(21) q]‘ (t) = ﬂj +{1 _Zﬂjj([ij (0) _,uj ]t _ﬂ‘j (O)J-I’(S)dS}

, A.(0)—u. k
(2.2) K1) = zf'l(k’() “) [1—exp[—z2/1j(0)D,
> 40

where q ,(t) denotes the normalized queue-length process in the j th client station in limit, i.e. q,;(t) is

the limit in probability of Q, , (t)/ N as N increases indefinitely.

In the notation of this lemma A4,(0)N denotes the instantaneous rate of units to the ; th client station in
time 7 =0, and ;N denotes the service rate in the j th client station. In our particular case the number
of nodes is /, the instantaneous rate of units to each client station is (1— £#)AN /[ and the service rate is
4N and all g,(t) are equal, i.e. g,(¢) = g(¢) forall j=12,...,I. Therefore in our case from this Lemma

2.1 we have the following statement.

Proposition 3.2. We have:

L0 =€+(l—ﬂ)ﬂw—ﬂ}t—@ | r(s)ds],

where

_|l1_ u (=P
(2.4) r(t)—(l (l—ﬂ)/lj(l |

3. Limiting normalized cumulative queue-length process

In this section we study the limiting (as N — o) normalized cumulative queue-length process in
client station. The limiting normalized cumulative queue-length process is denoted ¢(7). At the initial

time ¢ = Othere are k available client stations. Let 7,,7,,...,7, be the moments of their breakdown,
0<r <7, <..<r,.The above moments of breakdown are associated with the behaviour of the time-

dependent network which can be considered as a network in semi-Markov environment. Therefore one
can apply Theorem 5.4 of [5].

The random time interval [0, 7, ] is the lifetime of the entire system. Therefore ¢(¢)is to be
considered  during the aforementioned random interval [0, 7,]. Recall that
[, :max(l ) >1). Therefore, according to Theorem 5.4 of [5] we obtain that in the random

interval [0, 7,_, ), q(¢) = 0. Next, in the random interval [7,_, ,7,_, ,,) the equation for ¢(¢) is
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B q)=(A-lp)t—7,,) =2 [r(s)ds,

Tk-loy

where r(¢) is given by (2.4). Equation (3.1) follows from (2.1) and (2.2) as follows. Setting f =0,
I =1, and replacing ¢ with (-7, , ) from (2.1) we obtain:

gt)= (% - ,u}(t —Tyy,) _li j.r(s)ds.

0 Tk-19
Hence, taking into account that g(¢) =/,g(¢) we arrive at (3.1).

In the next interval [z, ,,,7,, ,,) , [, > 1, we have the following equation:

k—Iy+1 1- k—ly+1 A
(32 gn= % =gz, )] {{[ ql(r_; L ﬂ}(f ~Ti)
B [1- ql(rk_—lloﬂ A jr(s)ds}.

Therefore, in the time interval [z, , ,,,7;, .,)

(33) q(= q(rk—loﬂ) +[1- Q(Tk—/oﬂ ) - Q(Tk—/0+1 WA =l =)t - Th—tys1 )
~[1-g(r, )R [r(s)ds}.

Th—lg+1

In an arbitrary time interval [7,,7,,,), i =k —[,,k—1[, +1,....k -1, we have:

q(t) = q(z,) +[1-q(z) {1 - q(z)IA — pu(k = D))t = 7;)

~[1-g(z)]A[ r(s)ds}.

In the last endpoint 7z, we set g(¢) =1.

4. Confidence intervals

The formulae for the limiting normalized cumulated queue-length process are complicated.
Therefore in this section we obtain confidence intervals for the particular case of two client stations. In
this case only simple representation (3.1) is used, which in the case of two client stations looks as
follows:
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@) g0 =(A-mt=1)=2[r(s)ds,

7

where
4.2) r(s):[ —%)(1—5”)

The confidence interval is structured from two intervals. The first one is [0, 7,), where the limiting
normalized cumulative queue-length is zero. The second interval is [7,, €], where @ is a point where
q(0) < . Equations (4.1) and \(4.2) are defined for ¢ < z,, where 7, is a random breakdown point of
the second client station.

Let 6" be a point where ¢(8")=a. The point @  is a random point depending on 7,. However,

under the assumption that one or other client station is active, the length of the interval [ 7,,0" ] is fixed
and uniquely defined from (4.1) and (4.2).

Let us derive probability distribution of the process ¢(#). Clearly, that the probability that
q(t) = 0 coincides with the probability that the length of the interval [0, 7, ) is greater than ¢. Therefore,

43)  Plg(n=0)=[1-GOT".

Next,

44)  Plg()<y<1)=[-GOI1-G(t—1,)].

where ¢, is such the value of ¢ under which

4.5) (A— )t - ﬂjr(s)ds =y.

Equations \(4.3) and (21.4) are easily obtained by standard arguments of probability theory.

Then the probability that the limiting normalized cumulated queue will reach the value y before
absorbing at 1 is

j:’ [1- GOl - G(t —t,)]dt
[(0-Gu-1,)Pa

The problem is to find the value y < & such that
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j: [1- GOl - G(t —t,)]dt
(4.6) _ > P
jo [1-G(t—t )] dt

It is written the inequality rather then equality because the exact equality can be reached for
y > a, while for all y <« there must be inequality (4.6).

5. Numerical example
Consider the following example. Let A =4, £ =3, «=0.2, P=0.95, G(x)=1-¢"".

From (4.6) we have:

00
-2(t— _
J‘Oe (t ty)e 2t gy

[
0

-2,

=e

Solution of the equation e =0.95 yields ¢, =0.025647. From (4.5) we obtain:

L 0.025647
y=[etdt="[edt=025-025e""" =0.024375.
0 0

This value of y is less than « =0.2,and therefore this value y =0.024375 is the required value for a
confidence interval.

6. Concluding remarks

We found confidence intervals associated with increasing a given high level. The confidence
intervals that established in the present paper are random. They are obtained in terms of the parameter
v, which is the value of limiting cumulative normalized queue-length under which the probability that

the system will be active is not smaller than a given value P. Thus, the strategy is to observe the
cumulative queue-length process until the total number of units in client stations reaches the value
yN.As soon as the total number of units exceeds this value there is not enough confidence that the

system and/or information will be available.
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