B. Kwiatuszewska-Sarnecka On asymptotic approach to reliability improvement of multi-state systems
with components quantitative and qualitative redundancy: series and parallel systems - RTA # 3-4, 2007, December - Special Issue

Kwiatuszewsk a-Sar necka Bozena
Gdynia Maritime University, Poland

On asymptotic approach to reliability improvement of multi-state systems
with components quantitative and qualitative redundancy:
seriesand parallel systems

Keywords
reiability improvement, limit rdiability functions

Abstract

The paper is composed of two parts, in this part after introducing the multi-state and the asymptotic approaches to
system reliability evaluation the multi-state homogeneous series and parallel systems with reserve components are
defined and their multi-state limit reiability functions are determined. In order to improve of the rdiability of
these systems the following methods are used: (i) a warm duplication of components, (ii) a cold duplication of
components, (iii) a mixed duplication of components, (iv) improving the reliability of components by reducing

their failurerate. Next, the effects of the systems’ rdiability different improvements are compared.

1. Introduction

Mogt real systems are very complex and it is difficult
to andyze and to improve ther reliability. Large
numbers of components and subsystems and their
operating complexity cause that the evaluation of their
reiability is complicated. As a rule these are series
systems, paralld systems or “m out of n” systems
composed of a large number of components. One of
the important techniques for reliability evaluation of
large systems is the asymptotic approach. The
mathematical methods are based on the limit theorems
of order statistics distributions considered in a wide
literature. These theorems generated investigations on
limit rdiability functions for systems with two-state
components. Next, more general systems with multi-
state components began to be considered. The
asymptotic approach is also very useful in reliability
improvement of large multi-state systems because of
simplifying the calculation.

2. Multi-state and asymptotic approach

In multi-state reliability analysis presented in this

paper it is supposed that:

- E;, 1 =1,2,...,n, are components of a system,

- all components and a system under consideration
havethe state set {0,1,...,2},

- the state indices are ordered, the state O is the worst
and the state z is the best,

- Ti(u), i = 1,2,...,n, are independent random variables
representing the lifetimes of the components E; in the
state subset {u,utl,...,z} while they were in the state
zat themoment t = 0,

- T(u) isarandom variable representing the lifetime of
asystemin the state subset { u,u+1,...,zZ} whileit was
in the state z at the moment t = 0,

- the system state degrades with timet without repair,

- g(t) isacomponent E; state a thetimet, t > 0,

- §(t) isasystem state at the moment t, t > O.

Definition 2.1. A vector

R (t) =[R (t,0), R (tD....R (t, 2],
tT(¥¥),i=12,..n,

where

R (t,u) =P(e ()2 u| & (0) = 2) = P(T; (u) >t),
tT(¥¥),u=01..,z2

is the probability that the component E; is in the state
subset {u,u+1,...,z} at thetimet, t T (-¥,¥) while it was
in the state z at the moment t = 0, is called the multi-
state reliability function of a component E,.

Definition 2.2. A vector
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R, () =[R,(t,0), R, (tD).... R, (t, 2],
t1(-¥.¥%),

where

R, (t,u) = P(s(t) 3 u| s(0) = 2) = P(T(u) >1),
tT1(-¥¥),u=01...2
is the probability that the system is in the state subset
{u,u+l,....z} at themoment t, t | (-¥,¥) whileit wasin
the state z at the moment t = O, is called the multi-state
reliability function of a system.
In the asymptotic approach to system reliability

analysis we are interested in limit distributions of a
standardized random variable

(T(u) - ba(u))/an(u), u=1,2,...,z,
where T(u) is the lifetime of the system in the state
subset {u,u+1,...,z2 and a_ (u)>0, b ()T (-¥,¥),u=
1,2,...,z, are some suitably chosen numbers, called
normalizing constants.
Since

P((T(u) - b, (u))/a,(u)>1)

=P(T(u) >a, (Ut +b,(u))
=R, (a, (Ut +b,(u),u), u=12,...z
where
R, () =[R,(t,0), R, (t1),....R (t,2)], tT(-¥ ¥),

is the multi-state rdiability function of the system, then
we assume the following definition.

Definition 2.3. A vector

Ay =[LA (t)D),...At 2] tT(-¥¥),
is called the limit multi-state reliability function of the
system if there exist normalizing constants a,(u) > 0,

ba(U) T (-¥ ,¥) such that

lim R, (a, (u)t +b, (u),u) =A (t,u)
tT CA(U), u= 1,2,...,2,

where Ca(, isthe set of continuity points of A(t,u).

The knowledge of the system limit reliability function
allow us, for sufficiently large n, to apply the following
approximate formula

R, (t) =A ((t- b, (W)/a,(u),), tT(-¥¥). (1)
3. System reliability improvement

3.1. Reliability improvement of a multi-state
series system

Definition 3.1. A multi-state system is called a series
system if its lifetime T(u) in the state subset
{u,u+1,...,7Z} isgiven by

T(U) =min(T, (W}, u=12,..2

— Ei | HE |- B En [ —

Figure 1. The scheme of a homogeneous series system
Definition 3.2. A multi-state series system is called
homogeneous if its component lifetimes T;(u) in the

state subsats {u,u+1,...,zZ} have an identical distribution
function

Fi(t,u) = F(tu),u=12,..zt1 (¥ ¥),i=12,...n,

Thereliability function of the homogeneous multi-state
series system is given by

R, (3 =[LR, Y, R, 2],
where

R, (tu) =[R@Et,W]", tT(-¥,¥),u=12,..z2
Definition 3.3. A multi-state series system is called a
system with a hot reserve of its components if its
lifetime T(u) in the state subset {u,u+1,...,7} is given
by

T ) =min{max{T, (W}}, u=12...z

1EiEN 1£j£2

where Tjy(u) are lifetimes of components in the basic
system and Ti,(u) are lifetimes of reserve components.

The reliability function of the homogeneous multi-
dtate series system with a hot reserve of its
componentsis given by

IR @t,) =[1, IR,®t1),..., IR, (2],
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where

IR, @ (t,u) =[1- (F(t,u))?]", t T (-¥,¥). 2)
Lemma 3.1. If
(i) IA @ (t,u) =exp[-V(t,u)],u=12,..,z isnon-

degenerate reliability function,
(i) IRO@u), t 1T (¥¥), u=12..,7z2 is the
reliability function of non-degenerate multi-

state series system whit a hot reserve of its
components defined by (2),

(i)  a(u)>0 by (U (-¥¥),u=12..z2
then

im R ® — A ® Tc._
l!@”;! IR, (a, (Wt+b,(u) =1A®¢u),tT C -,
u=12,...,z

if and only if
I!@n; n[F (a, (ut+b, (u)]* =" V(tu), tT C,,

n
u=12,..,2

Proposition 3.1. If components of the homogeneous
multi-state series system with a hot reserve of its
components have multi-state exponentia reliability
functions

and aq(u) = %  ba(U) =0, u=12,....2,
then

IA®(tu=1t<0,
IA @ (t,u) = exp[-t],t3 O,u=1.2,...,2,
isitslimit reliability function.
The proof of Proposition 3.1 isgivenin[9].
Corollary 3.1. The reliability function of exponentia
series system whit a hot reserve of its components is

given by

IR @ (t,u)=1,t<0,

IR, (t,u) @xp[- | 2(Wnt?],t3 0,u=12....z. (3)

Definition 3.4. A multi-state series system is called a
system with a cold reserve of its components if its
lifetime T@(u) in the state subset {u,u+1,...,2} is given
by

2
TO) = min{ alTij (u}, u=12,...z2
I j=

where Tiy(u) arelifetimes of componentsin the basic
system and Ti,(u) arelifetimes of reserve components.
The reliability function of the homogeneous multi-state
series system with cold reserve of its components is
given by

IR,? () =[1 IR,” (t1).... IR,?t.2],
where

IR @ (t,u) =[1- F(t,u)* F(t,u)]", tT (-¥¥), (4
u=12,..,2

Lemma 3.2. If

(i) IA @ (t,u) = exp[-V(t,u)] u=1.2,...,z isnon-
degenerate reliability function,

(i) IRP@tu), t T (-¥¥), u=12..7z is the

reiability function of non-degenerate multi-
state series system whit a cold reserve of its
components defined by (4),

(i) an(u)>0, by (U (2¢.¥),
then

lim 1R, (a, ()t +b, () =IA @), tT C
n

1A ?

u=12,..,2
if and only if

lim n{F (a, (W)t +b, (W) * F(a, (Wt +b, (W)]

= V(tu), tT C,

g, u=12,..2

Proposition 3.2. If components of the homogeneous
multi-state series system with a cold reserve of its
components have multi-state exponentia reliability

functions
and a,(u) :i, b,(u)y=0,u=12,..,
| (u)vn
then
IA @(tu=1,1t<0,
IA @ (t,u)= exp[-t]], t3 O, u=12,...,2
isitslimit reliability function.

The proof of Proposition 3.2 isgivenin[9].
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Corollary 3.2. The reliability function of exponentia
series system whit a cold reserve of its components is
given by

IR @(t,u)=1,t<0,

IR @ (t,u) @xp[- 1 2(u)nt?/2],t3 O, (5)
u=12,..,z

Definition 3.5. A multi-state series system is called a
system with a mixed reserve of its components if its
lifetime T®(u) in the state subset {u,u+1,...,7} is given
by

T®O (u)

: , L2
=min{ min{ma(T; (W}}, min {47, (W},
u=12,..,2

where Tjy(u) are lifetimes of components in the basic
system and Ti,(u) are lifetimes of reserve components
and s, s, where si+ s, = 1 are fractions of the
components with hot and cold reserve, respectively.

Thereliability function of the homogeneous multi-state
series system with a mixed reserve of its components is
given by

Iﬁn(S) (t ;)) = [1! Iﬁn(S) (t11)7"" Iﬁn(S) (t’ Z) ]’
where

IR, (t,u) =[1- (F(t,u))’1*"[1- F(t,u)* F(t,u)]*2", (6)
tT (¥ ¥),u=12..z

Lemma 3.3. If

(i) IA®@tu) = exp[-V(tu], u=12..7zis
non-degenerate reliability function,

(i) IR @ (tu), tT(-¥,¥),u=12,..,7zisthe
reliability function of non-degenerate multi-

state series system whit a mixed reserve of its
components defined by (6),

(i)  a(u)>0 by (U (¥¥),u=12..z2
then

PN ) — 1A ® Tc.
lg@rg IR, (&, (ut+b, (u)) =1A P (t,u), tl Cx,
u=12,..,2

if and only if

lim 2ns,[F (a, ()t + b, (W)]

+ns,[F(a,(u)t +b,(u))* F(a,(u)t +b,(u))] =" V(t,u),
th c;,u=12,..2z

Proposition 3.3. If components of the homogeneous
multi-state series system with a mixed reserve of its
components have multi-state exponential reliability
functions

and an(u)=I 1

u)\/ﬁ ’

b,(u)=0,u=12,...z

then

IA (t,uy=1fort<o,

IA (t,u) = exp[-(2s:+Sy) t72] ,t3 O, u=12,...,2
isitslimit reliability function.
Corollary 3.3. The reliability function of exponentia
series system whit mixed reserve of its components is

given by

IR @ (t,u)=1,t<0,

IR, (t,u) @expl- 1 2(u)n(2s, +s,)t*/2],t3 0,  (7)
u=12,...,z

Proposition 3.4. If components of the homogeneous
multi-state series system have improved component
reliability functionsi.e. its components failure rates

| (u) isreduced by afactor r (u), r (u)i <0,1>,
u=12,..zie

R(tu)=1t<0,
R (t,u) = exp[-1 (u)r (u)t], t3 0, I (u)>0,

u=12,...,z

and ay(u) = b,(u)=0,u=12,...z

1
| (u)r (un’

then

IA @ (tu=1,t<0,

IA @ (t,u) =exp[-],t3 0,u=1.2,...,2
isitslimit reliability function.

Corollary 3.4. The reliability function of exponentia
series system whit improved reliability functions of its
components is given by
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IR “(t,u)=1,t<0,
IR “(t,u) =exp[- | (u)nr (u)t], t3 0,u=12,...,z (8)

3.2. Réliability improvement of a multi-state
parallel system

Definition 3.6. A multi-state system is called a parallel
system if its lifetime T(u) in the state subset
{u,u+1,...,7Z} isgiven by

T(W=maqT, W}, u=12,..2

Figure 2. The scheme of a homogeneous parallée
system

Definition 3.7. A multi-state parallel system is called
homogeneous if its component lifetimes T;(u) in the
state subsats {u,u+1,...,zZ} have an identical distribution
function

Fit,u) = F(tu),u=12,..zt1 (¥ ¥),i=12,...n

Thereliability function of the homogeneous multi-state
paralld system is given by

R, () =[L R, (tD,...,R,(t,2)],
where

R, (t,u)=1- [F(t,u)]", tT(-¥¥),u=12..z
Definition 3.8. A multi-state parallel system is called a
system with a hot reserve of its components if its

lifetime T(u) in the state subset {u,u+1,...,7} is given
by

T u) =max{max{T, (W}}, u=1.2,...z

1EiEN 1£jE2

where Tjy(u) are lifetimes of componentsin the basic
system and Ti,(u) are lifetimes of reserve components.

Thereliability function of the homogeneous multi-state
paralld system with a hot reserve of its components is
given by

IR, () =[1, IR,“ (tD),..., IR,“(t2)],

where
IR, (t,u) =1- [(F(t,u))?]", t T (-¥ %), (9)
u=12,..,2
Lemma 3.4. If
(i) IA @ (tu) = exp[-V(t,u)], u=12,..,2 is non-
degenerate reliability function,
(i) IR®@tu), t T (-¥¥), u=12..z is the

reiability function of non-degenerate multi-
state parallel system whit a hot reserve of its
components defined by (9),

(i)  a(u)>0 by (U (-¥¥),u=12..z2

then

lim 1R, (@, Wt +b, @) =1A (L,u), tT Cp4,

u=12,..,2
if and only if

lim 2n[R(@, (Wt +b, )] 2V(t), tT Cy,

u=12,..,2

Proposition 3.5. If components of the homogeneous
multi-state parallel system with a hot reserve of its
components have multi-state exponential reliability
functions

1 _log2n
and el =y MY =G

,u=12,...,z2
then

1A P1) =1 -exp[-exp[-t]], tT (-¥¥),u=12..7z
isitslimit reliability function.

Proof: Sincefor all fixed u, we have

an(u)t+bn(u):”|'%2”® ¥ asn® ¥
u

for tT (-¥,¥),u=12,...,z

Therefore

V(t,u) = lim 2nR(a, (U}t + b, (u)
= lim 2nexp[- | (u)(@, (u)t +b;, (u))]

= l!@rg 2nexp[-t- log 2n]
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=exp[-t],tT (- ¥,¥),

which by Lemma 3.4 completes the proof.

Corollary 3.5. The reliability function of exponentia
paralld system whit a hot reserve of its components is
given by

IR @ (t,u) @L- exp[- exp[-| (u)t +log2n], (10)
th (-¥,¥),u=12,..,2

Definition 3.9. A multi-state parallel system is called a
system with a cold reserve of its components if its
lifetime T¥(u) in the state subset {u,u+1,...,7} is given
by

2
TOWU =max{aT, (W}, u=12..z
£iEn j=1

where Tjy(u) are lifetimes of componentsin the basic
system and Ti,(u) are lifetimes of reserve components.

Thereliability function of the homogeneous multi-state
paralld system with a cold reserve of its components is
given by

IR,?(t>)=[1, IR,? (t,1),....IR,?(t2)],
where

IR @ (t,u) =1- [F(t,u)* F(t,u)]", (11)
tT (¥ ¥),u=12..z

Lemma 3.5. If

(i) IA @ (t,u) = exp[-V(t,u)], u = 1,2,...,z, iS non-
degenerate reliability function,

(i) IR@tu), t T (-¥¥), u=12..z is the
reliability function of non-degenerate multi-
state parallel system whit a cold reserve of its
components defined by (11),

(i)  a(u)>0 by (Ul (¥¥),u=12..z2

then

lim IR, (a, (Wt-+b, () =1A @ (t,u),

tic,,u=12..z
if and only if

lim n{1- F(a, (Wt +b, (W) * F (@, (W)t+b, (W)

=V(tu),tT C,u=12...z2

Proposition 3.6. If components of the homogeneous
multi-state parallel system with a cold reserve of its
components have multi-state exponential reliability
functions

1 expll by ()] _
)" T @b,

and a,(u) = n, u=12,...z
then

IA®@ (tu) = 1 - exp[-exp[-t]], tT (-¥.%),
u=12,.,2

isitslimit reliability function.
Proof: Sincefor all fixed u, we have

a,(Wt+b (U)® ¥ asn® ¥, tl (-¥,¥), u=
1,2,....z.

Therefore
V(t,u)

=lim ni1- F(a, (W)t-+b, (W)* F (a, ()t +b, (W)]
= lim r(L+1 (U@, (Wt +b, (W)

expl- | (U)(a, (Ut +b, (W)

= lim L+ +1 ()b, (4) expl- (¢ +1 (Wb, (W)]

» 1+t | ()b, (u) _
=% Vel W] el @b, @) Y

=exp[-t] for tT (-¥,¥),

which by Lemma 3.5 completes the proof.

Corollary 3.6. The reliability function of exponentia
paralld system whit a cold reserve of its components is
given by

IR, (t,u) @- exp[- exp[- | (U)t+I (Wb, (W],  (12)
tl (-¥,¥),u=12..z

Definition 3.10. A multi-state parallel system is called
a system with a mixed reserve of its components if its
lifetime T®(u) in the state subset {u,u+1,...,7} is given
by
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T (u) = max{ mex{max(T, (W)},

2
Jmax (8T, (W)},
u=12,..,z

where Tjy(u) are lifetimes of components in the basic
system and T (u) are lifetimes of reserve components
and s, S, where si+ s, = 1 are fractions of the
components with hot and cold reserve, respectively.

Thereliability function of the homogeneous multi-state
parallel system with mixed reserve of its components is
given by

IRn(S) (t ;)) = [1! IRn(?)) (t11)7"" IRn(S) (t,Z)],
where

IR, (t,u) =1- [(F(t,u))*]*"[F(t,u)* F(t,u)]*=", (13)
tT (¥ ¥),u=12..z

Lemma 3.6. If

(i) 1A @(tu) =exp[-V(t,u)], u=12,..,2z isnon-
degenerate reiability function,

(ii) IR @ (t,u), t1T(-¥,¥),u=1.2,..7z istherdiability
function of non-degenerate multi-state parallel
system with a mixed reserve of its components
defined by (13),

(iii) an(u) >0, b, (W)l (-¥,¥),u=12..72

then

lim IR ®(a, (u)t+b, (u)=1A®tu)tl C,,
n® ¥
u=1,...,z,

if and only if

lim 2ns; [R(a, (u)t +b, (1))]

+ns,[1- F(a, (u)t +b, (u))* F(a, (u)t +b, (u))]
=V(tu), tT C,u=12,...2

Proposition 3.7. If components of the homogeneous
multi-state parallel system with a mixed reserve of its
components have multi-state exponentia reliability
functions and

1 expll (Wb, )] _
| (b, (u)-1" 1 (u)b, (u) ?

a (u) =

then

IA® (t,u) =1 - exp[-exp[-t]], t] (¥ ¥),u=1,...,2
isitslimit reliability function.

Proof: Sincefor all fixed u, we have
a,(Ut+b, (U)® ¥ asn® ¥, tl (-¥,¥),

and

;® Dasn® ¥, tl (- ¥,¥).
[ (u)b,(u)-1
Therefore

V(t,u) = lim n{2s, epl- 1 (u)(@, (W)t +b, (W)]
+5,[(A+1 (U)(@, (Wt +b, (W)
expl- 1 (u)(a, (W)t +b, (W)]]
= lim nexpl- | (U)(@, (W)t +b, (W)

s, (U)(@, ()t +by, (u)

S, +25

[1+
S,l (u)(@, (u)t +b, (u))

]
= lim exp[- | (u)a, ()]

exp[- | (u)b, (u) +log ns,l (u)b, (u)

[1++o()]][1+o(1)] = exp[-1],
th (-¥,¥%),u=12,...2

which by Lemma 3.6 completes the proof.

Corollary 3.7. The reliability function of paralle
system whit a mixed reserve of its componentsis given

by

IR, (t,u)
@ expl- expl- %t +( ()b, (u)- 1],
th (-¥,¥), u=12,..2 (14)

Proposition 3.8. If components of the homogeneous
multi-state parallel system have improved component
reiability functions i.e. its components failure rates
| (u) isreduced by afactor r (u), r (u)i <0,1>,
u=12,..,z and
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_ 1 _ logn —
an(u) = m, br(u) =T (o W@’ u=12,...,z
then
IA @ (t,u)=1- exp[- exp[-t]],t T (-¥,¥),
u=12,..,2

isitslimit reliability function.

Corollary 3.8. The reliability function of exponentia
paralld system whit improved rdiability functions of
its components is given by

IR,“(t,u) @- exp[- exp[-1 (W) (U)t+logn],  (15)
tlh (-¥,¥),u=12,...,2

4. Comparison of reliability improvement
effects

The comparisons of the limit reliability functions of the
systems with different kinds of reserve and such
systems with improved components allow us to find
the value of the components decreasing failure rate
factor r (u), which warrants an equivalent effect of the
system reliability improvement.

4.1 Series system

The comparisons of the system rdiability improvement
effects in the case of the reservation to the effects in
the case its components rdiability improvement may
be obtained by solving with respect to the factor
r (u) =r (t,u) thefollowing equations

1A ((t- b,(u)/a,u)

=IA O((t- b, (u)/a,(u),u=12,..2 (16)
k=123
The factors r (u) =r (t,u)decreasing components

failure rates of the homogeneous exponential multi-
state series system equivalent with the effects of hot,
cold and mixed reserve of its components as a solution
of the comparisons (16) are respectively given by

k=1 r@u=r¢u=Il@t, u=12..z
k=2 r(U=r(tu)=" (;)t L u=12,..z2
2s +5s,

k=3 r(u)=r(t,u)=

[ (ut, u=12...z

4.2. Parallel system

The comparisons of the system rdiability improvement
effects in the case of the reservation to the effects in
the case its components rdiability improvement may
be obtained by solving with respect to the factor
r (u) =r (t,u) thefollowing equation

1A @((t- b,(u)/a,()

=1A ®(t- b,(u)/a,(u),u=12,...z (17)
k=123
The factors r (u)=r (t,u) decreasing components

failure rates of the homogeneous exponential multi-
state paralld system equivalent with the effects of hot,
cold and mixed reserve of its components as a solution
of the comparisons (17) arerespectively given by

k=1r(u)=r(tu)=1- log2

, u=1.2,...,z
I (u)t

| (u)b, (u)- logn

k=2r(u)=r(tu)=1-

[ (u)t

u=12,.,2

k=3

r(u)=r(t,u) _ (Wb, () -1 (U)|bEL(J;J) -1

1 (u)b,(u) - 1- logn
[ (u)t
u=12,..,2
5. Conclusion

Proposed in the paper application of the limit multi-
state reliability functions for reliability of large
systems evauation and improvement simplifies
calculations. The methods may be useful not only in
the technical objects operation processes but also in
their new processes designing, especidly in their
optimization. The case of series, parallel and "m out of
n” (in part 2) systems composed of components having
exponential rdiability functions with double reserve of
their components is considered only. It seems to be
possible to extend the results to the systems having
other much complicated reliability structures and
components with different from the exponential
reiability function. Further, it seems to be reasonable
to elaborate a computer programs supporting
calculations and accderating decision making,
addressed to reliability practitioners.
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