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Abstract

The paper is composed of two parts, in this part the multi-state homogeneous ,, m out of n” systems with reserve
components are defined and their multi-state limit reliability functions are determined. In order to improve of the
reiability of these systems the following methods are used: (i) a warm duplication of components, (ii) a cold
duplication of components, (iii) a mixed duplication of components, (iv) improving the reliability of components

by reducing their failure rate. Next, the effects of the systems’ reliability different improvements are compared.

1. Introduction

Presented paper is continuation of a work about
reiability improvement of large system. In the first
part of this work are defined the component’s and
system’s multi-state reliability functions and next the
asymptotic approach are brought forward. There are
presented results concerned with improvement of large
series and paralld systems, their multi-state limit
reiability functions in case when the systems have
reserve components and in case when the reliability of
components is improved by reducing their failure rate.
As the main result are found the forms of reducing
their failure rate factor for both kinds of large systems.

2. Reliability improvement of a multi-state ,,m
out of n” system
Definition 2.1. A multi-state system is called an ,, m out

of n” system if its lifetime in the state subset
{u,u+l,...,7Z} isgiven by

TU) = Ty ey (W), M=1,2,..,n, u=12,...7

where T ., (U) isthe mth maximal order statisticsin

the sequence of the component lifetimes

T, (u), T, (u),..., T, (u).

Figure 1. The scheme of a homogeneous ,,m out of n”
system

The above definition means that the multi-state ,, m out
of n” system is in the state subset {u,u+1,...,z} if and
only if at least m out of n its components is in this state
subset and it is a multi-state paralld system if m=1
and it isamulti-state series system if m=n.

Definition 2.2. A multi-state ,m out of n” system is

called homogeneous if its component lifetimes T;(u) in

the state subsets have an identical distribution function
Fi(t,u) = F(tu),u=12,...zt1 (-<¥¥),i =12,...,n

Thereliability function of the homogeneous multi-state
»mout of N” system is given ether by

RM(t») =[LR™ (t,1),...R™ (2],

where
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RO (t,u) =1- & ()R Wl [F € u]™
tT(-¥¥),u=12..2

or by
R™ty =[LRMEY ... R (2],
where
RVGw=4 (1)IFCuITREWI™ 1 (¥ %),

m=n-m u=12,..,z
Definition 2.3. A multi-state system is called an ,, m out
of n” system with a hot reserve of its components if its
lifetime T(u) in the state subset {u,u+1,...,7} is given
by

TO(U) = T ey (U), M=1,2,..,n,u=12,....7,

where T .., (U) isthe m-th maximal order statisticsin

the sequence of the component lifetimes

Ti(u) = lTj?z({Tij wy, i=12,.,n, u=12...z

where T;y(u) are lifetimes of components in the basic
system and Ti,(u) are lifetimes of reserve components.

Theredliability function of the homogeneous multi-state
.,m out of n” sysem with a hot reserve of its
components is given either by

IROY (t) =[1, IR (1,2),..., IR (t.2)],

where

IRO (t,u) =1- a( )[1 (F,w) 2] TFEw®™ , (1)
t1 (-¥¥),u=12..z7

or by
ROy = [1, IR (D) ... IROY(t,2)],
where

IROT (¢, u)

5” ( JIF @)L (FEu)?e, )
m—n m, tl(¥¥)u 1,2,....z

Lemma 2.1.
case 1: If

() IA O™ ¢ y)=

u=12,.
function,
(i) IR (t,u)is the reiability function of non-

degenerate multi-state ,m out of n” system
with a hot reserve of its components defined by
(16),

(i)  a(u)>0 by (U (-¥¥),u=12..z2

(iv) m=constant (m/n® 0, as n® ¥ ),

then

e 1 oVt )]

,Z, isnon-degenerate reliability

|—0

||m|R<1>n (a, ()t +b, (W) =1A @t u),
t1 Cai,u=12..z
if and only if

lim n[1-F (a, (Wt +b, )] = V(tw), tT Cy,
u=12,..z

case 2: If
() IA (l)(m)(t ) 1 1 vt 'Ljd
[ u=1l-— o e 2dx,
N2p  -¥
u=12,.,z isnon-degenerate reliability
function,
(ii) IROY (t,u) is the reliability function of

non-degenerate multi-state ,m out of n”
system with a hot reserve of its components
defined by (16),

(iii) a,(u) >0, b, (U (-¥,¥),u=12,..z2

(iv) m/n® m, 0<n<l,asn® ¥,

then

lim IRV (2, (Ut +b, (W) =1A O (t,0),
n
t] Ca,u=12,...2

if and only if
lim (n+D[1- F?(a,(u)t+b, (u)]- m —n(t.u),
n+1
u=12,..,2
case 3: If B _
0 &9 = EC ey,
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m=n-m, u=12,..,z isnon-degenerate
reliability function,
(ii) IR®™ (t,u) isthereliability function of non-

degenerate multi-state ,mout of n” system
with a hot reserve of its components defined

by (17),
(iii) a,(u) >0, b, (U (¥¥),u=12..z
(iv) n-m=m =constant (M/n® lasn® ¥),

then

lim IR;™ (a, (U}t +b, (1) 1A O™ ¢ u),
tiC ., u=12,.

1A ?

if and only if

lim n[F (a, (u)t +b, ()] Z=V(tu)tic,,
u=12,...z

Proposition 2.1. If components of the homogeneous
multi-state ,, m out of n” system with a hot reserve of its
components have multi-state exponentia reliability
functions

and

case 1 m = constant,

_ 1
an(u) = (), n()—m|092n u=12..z

then

IA 0™ (tu)=1- & exp[_ 4 exp[-exp[-t]],

i=0

tT (¥ ¥),u=12..z2

case?2 m/n® m, 0<n<l, n® ¥,

an(u):L, bn(u):i 1- m,

| (u)2vn+1 I (u)
u=12,.,2
then
2
R 1 t X
1A O™ u =1- — e 2dx,
N2p -¥

tT (¥ ¥),u=12..z2

case3 n- m= m=constant, (m/n® 1, n® ¥),

= —1 = =
a,(u) = 7 n ,bh(u)=0,u=12,...,z

then

IA O™ u)=1, t <0,

2i

mt
™ t,u) = a

A @ exp[t]t30u 1.2,..z

isitslimit reliability function.

Proof:
case 1: Sincefor al fixed u, we have

a,(wWt+b,(U)® ¥ asn® ¥.
Therefore

V(t.u) = lim n[L- F2(a, (Ut +b, ()]
= lim n2exp[-1 (u)(@, (U}t +b, ()]
- exp[- 2| (u)(a, (u)t+b, ()]
= lim 2nexp[- 1 (u)(@, (u)t + by (u))]
[1- - expl- 1 (U)(a, (Wt +b, ()]
= lim exp[- t][2nexp[ -1 (u)b, ()]
- nexp[- t]exp[- 2| (u)b, (u)]]
= lim exp[- t][2n1- ni2 exp[- t]]
n® ¥ n n
—exp[-t], tT (-¥,¥),u=1.2,...72
which by case 1 in Lemma 2.1 completes the proof.
case 2: Sincefor al fixed u, we have

a,(wWt+b,(U)® ¥ asn® ¥,

moreover

1- F2(ay(u)t +b,(u)
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=2exp[- 1 (u)(a, (u)t +b, (u))]
- exp[- 21 (u)(a, ()t +b, (u))]

= 21- 1 (U)(a, (W)t +b, (1)
+§I 2 (u)(@, ()t +by, ()]

- [1- 2 (u)(a, (u)t+Db, (u))

1
(n+1)

* % 412 (u) (@ (W)t + b, (W) ]+ 0(——)

=1- | *(u)(a, (Wt +b, (W)* +of

(n+1))’

next
(n+D[1- F*(a, (Ut +b,(u)l]- m

/m(n- m+1)
n+1

(e =i

n(1- m) 1
1[- - -
:”m(n+ | il t+m O(Jn_ﬂ)] m
n®¥ m(n- m+1)
n+1

= fim YT MO _ g vy,
n® ¥ m

u=12,...,z

which by case 2 in Lemma 2.1 completes the proof.

case 3: Sincefor all fixed u, we have

t
a,(ut+b, (u)= <0 fort<0
" " | (uWn
and
t
a,(uWt+b, (u)= 30 fort2 0,
" " | (uWn
then

F?(a,(ut+b, (W) =0, t<0
and

F*(a, (W)t +b,(u))

=[1- exp[- 1 (u)(a, (W)t +Db, )11

=[1- expl- ﬁ]]z, t3 0.

Therefore

V(t,0) = lim niF (a, (Wt +b, W)]* =0, t <0,

u=12,.,2

and

v (t,) = lim n{F (2, (W)t +b, (W)]?
= lim r{1- exp[- #}]2

t

Jn

=limn[ +o(i)]2 =t%,t3 0,
n® ¥ n

7

u=12,.,2
which by case 3 in Lemma 2.1 completes the proof.

Corollary 2.1. The reiability function of exponential
.,m out of n” sysem with a hot reserve of its
components is given by

casel

|R(1)$1m) (t,u) @.- 'gle)(p[' i(l (u)t- log 2n)]

i=0 i!

exp[- exp[- | (u)t +log2n], (3
tl (-¥,¥),u=12..z

case?2

N

! 2 dx (%)

=

IROT (t,u) @

«%>~

where

A=2I (u)«/n+1t_ 2yn+1y1- m
Jm Jm

u=12,..,z

AT (-¥,¥), (9

case 3

IRO™ (t,u)=1, t <0,
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mll nt]* (u)f DVnI™ 1 2 @nt?], ()

IROY (t,u) @

t30,u= 1,2,..., z
Definition 2.4. A multi-state system is called an ,, m out
of n” system with a cold reserve of its components if
its lifetime T@(U) in the state subset {u,u+l,...z} is
given by

T W) = Ty ey W), M=12,..nu=12..2

where T ., (u) isthe mth maximal order statisticsin
the sequence of the component lifetimes

2
Ti(u=4a T;(u),i=12,.nu=12..2
j=1

where Tjy(u) are lifetimes of components in the basic
system and Ti,(u) arelifetimes of reserve components.

Thereliability function of the homogeneous multi-state
.,m out of n” sysem with a cold reserve of its
components is given either by

IRA () =[1, IR®™" (t,2),..., IRZ™" (t,2)],
where

IRAT (t,u)

=1- '_%{:(i”)[l- F(t,u)* F(t,u)]’

=%F (t,u)* F(u)"™' (7)
tT (¥ ¥),u=12..z2

or by

ROty =11, IR?" ) ,... IR2 ¢, 2)],
where

IR® (Mt )

( JIFtu)* FLul'[1- FLu)* FEu]™ , (8)
t1 (¥,¥),m—n mu=12,..,z

ﬁ 9)03\

Lemma 2.2.
case 1: If

u=12,.
function,

(i) IR‘Z)ﬁm) (t,u) isthe reliability function of non-
degenerate multi-state ,m out of n” system
with a cold reserve of its components defined
by (24),

(i)  a(u)>0 by (U (-¥¥),u=12..z2

(iv) m=constant (m/n® 0, as N® ¥ ),

then

VOO v, u,

Z, 1S non-degenerale reliability

lim IRE” (a, (Wt +b, (W) = 1A O™ t,u)
n

Cia,

if and only if

lim n[F (@, (U)t-+B, (W) * F (@, (W)t +b, (W)]]

=V(tu),tT Cy, u=12,..z2

case 2: If
() |A (2)(m)(t ) 1 1 vt 'Ljd
[ u=1l-—— o e ?dx,
NZ2p o o-¥
u=12,...,z isnon-degenerate reliability
function,
0) IR?\" (t,u) is the reliability function of non-

degenerate multi-state ,m out of n” system
with a cold reserve of its components defined

by (24),
(i) a,(u) >0, b, (U (¥¥),u=12,..72
(iv) m/n® m, O<n<l,asn® ¥,

then
lim IR? (™ (@, (Wt +b, (W) =1A @™ (t,v),
tl Ca,
if and only if
jim (N DIL- F (@, (Wt +b, (W) * F (@, (W)t +b, (W) - m

i
n® ¥ /m(n- m+1)
n+1

=n(t,u),u=12,...z

case 3: If

0 AT = é’“m‘ U -Vt )],
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m=n-m, u=12,..,z isnon-degenerate
reliability function,

(ii) IR@{™ (t,u) isthe reliability function of non-
degenerate multi-state ,,mout of n” system
with a cold reserve of its components defined
by (25),

(iii) a,(u) >0, b, (U)T (-¥,¥),u=12,..z2

(iv) n-m=m =constant (m/n® lasn® ¥),

then

lim IR (a, ()t +b, (u)) =1A @™ (t,u),

n® ¥

t1C

1A 7
if and only if

rl1|®r‘Q nF(a, (u)t +b, (u)* F(a, (Ut +b, (W] =V (t,u),
tiCy,u=12,...,2

Proposition 3.2. If components of the homogeneous
multi-state ,,m out of n” system with a cold reserve of
its components have multi-state exponential reliability
functions

and

casel m=constant,

1 expll (u)b,(u)]

a,(u) = Q) , (Wb, (u) =n, u=12,..,z
then
IA @™ (t,u) = 1- r_?;_ile"p[" " expl-expl-4],

i=0 |

tT (¥ ¥),u=12..z2

cae?2 m/n® mo<n<l n® ¥,

I =t

an(u) = Vv

| (un+1’ I (u)

,u=12,..7z

then

2
t_L

1A @™ (¢t u)=1- 1 ® 2dx, tT (-¥.¥),

V2p ¥

u=12,..,2

case3 n-m=m =constant (M/n® 1, n® ¥),

a(u) = i, ba(W=0 u=12,..2

Jnl (u)
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then

IA @™ u)=1, t<o,

_ 20
IAF(Z)(m) (t1u) = némti_l exp[-tz] ’ t3 01 u= 172""’27
i=0 I:

isitslimit reliability function.

Proof:
case 1: Since for al fixed u, we have

a,(Ut+b (U)® ¥ asn® ¥, tl (-¥,¥).
Therefore

V(tu) = limn[1+1 (u)(@, (ut+ b, (W)]

exp[- 1 (u)(@, (u)t +by, (u))]

1+t
n®n; r{m

| (u)b, (u)
—— —— —]exp[-1]
expll (u)by, (u)]

=exp[-t], tT (-¥,¥), u=12,..2
which by case 1 in Lemma 2.2 completes the proof.

case 2: Sincefor al fixed u, we have

R R
an(u)t+bn(u)—|(u)mt+l(u) 1-m

®i 1- m>0asn® ¥
I (u)

and

1- F(a, (u)t+b,(u))* F(a, (u)t+b, (u))
=[1+1 (u)(@, (Wt + b, (u)]

expl- 1 (u)(@, (u)t +b, (U))]

=[1+1 (u)(a, (u)t + b, (W)l

[1- T (u)(@, (u)t +b, (U)) +
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1,, , 1
1)@, ()t +b, ()* - o(—)]
2 n+1 L (1+tf)e>(p[_ tv2

MR
-1- %| () (@, (Ut +b, (u))?

2
:t_+o(1), t3 0.
. n n
-o(—)], tT (-¥,¥).
n+1 ( ) Therefore
Therefore v(t,u) = lim n[F (&, (u)t + b, (1)
n

v(t,u)

* F(a, ()t +b, (u)]
fim MDA~ F (@, (ut+ by (W) * F (@, (Wt +b, (W)]- m

= li
n® ¥ m(n- m+1) _ t/2 tJ/2
U oner = lim n[1- (1+ f)exp[ ﬁ]]
Jyml- m 2
(n+1[- L T 0(7)] —limn+od) =2, t5 0 u=
i \/nT rI1|®m¥ n[ - +o(n)] te,t30,u=12,..z
n®* m(n- m+1)
n+1 which by case 3 in Lemma 2.2 completes the proof.
\/7 Corollary 2.2. The reliability function of exponentia
=lim mid- mt+od _ =-t,t1 (-¥,¥), »m out of n” system whit a cold reserve of its
n®* Jml- m components is given by
casel

which by case 2 in Lemma 2.2 completes the proof.

RO o @ §EP - b )]

case 3: Since for all fixed u, we have i=0 il
_ expl- exp[- | (Wt+ (Wb, W], (9

an(u)t+bn(U)—I (u)\/ﬁ<0 for t<0 (0 C¥.¥) u=12..2
and case?2

A (Wb, ()= (tfx/ﬁ SO fort=0. IR®M” (t,u) @.- % %e_xzd (10)
then where

F(a,(ut+b,(u)=0 for t<0 Aol (u)\/n+1t_ Vn+1J1- m ey, A1)
and Jm Jm

F(a, (U)t + b, () * F(a, (Wt +b, () case 3

=[1- [L+1 (u)(a, (W)t +b, ()] IROY (=1, t<0,

expl- 1 (U@, (W)t + b, (W)] IRY” (¢, )]
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nm[l (u)ﬂ/ﬁz'

t30u 12,...2

exp[- 1 2(u)nt2 /2], (12)

Definition 2.5. A multi-state series system is called an
»,m out of n” system with a mixed reserve of its
components if its lifetime T®(u) in the state subset
{u,u+l,...,7Z} isgiven by

TO(U) = T mo ), M=12,.,n,u=12,..2

where T .., (u) isthe mth maximal order statisticsin
the sequence of the component lifetimes

T = (rax{madT, ()}, max (AT, W},
i=12,..n,u=12,...,z

where Ty(u) are lifetimes of components in the basic
system and Ti,(u) are lifetimes of reserve components
and s, S, where si+ s, = 1 are fractions of the
components with hot and cold reserve, respectively.

Thereliability function of the homogeneous multi-state
.,m out of n” system with a mixed reserve of its
components is given either by

IROY () =[1, IR®Y (t,1),..., IR (t,2)],

where
RO (0 =1- & (7 )- (Feu)?)
[1- F(t,u)* F(t w2 [Ft,u)

[F(t,u)* F(t,u)]""%2 (13)
tT (¥ ¥),u=12..72

or by
IRO™(ty =[1, IR (D) ... IR (t,2) ]
where

RO M0 =4 (1)@= Few Few

|| SD°3\

[1- (F(tu)?]™VL1- F(tu)* Ft,w]™P2, (14)
tT (¥ ¥),m=n-mu=12,..z

Lemma 2.3.

case 1: If
O APy =1- TV o0 vy,
i 0 il
u=12,.,z isnon-degenerate reliability
function,

(i) IR‘S)%m) (t,u) is the reiability function of non-
degenerate multi-state ,m out of n” system
whit a mixed reserve of its components
defined by (30),

(iii) a(u) >0, by (U (-¥¥),u=12..z2

(iv) m= constant (m/n® 0, as n® ¥ ),

then

lim IR (@, (Wt +b, () = 1A O™ t,u)
n
tl Ca, u=12,..z2

if and only if

lim n{s,[1- [F (@, (W)t +b, (1)]?]
+S5[1- F(a, (W)t +b, (1) * F (@, (Wt+b, ()]

=V(t,u), tT Cy,, u=1.2,..2

case 2: If
1 -v(t,u) LZ

- A @™ - gLt 2 -

0] 1A (tu= 1 @ _2 e 2dx, u
1,2,...,z, is non-degenerate reliability function,

(ii) IR®S™ (t,u) isthe reliability function of non-
degenerate multi-state ,m out of n” system
whit a mixed reserve of its components
defined by (30),

(i)  a(u)>0 by (U (-¥¥),u=12..z2

(iv) m/n® m, 0<n<1,przy n® ¥,

then

lim IR? (™ (a, (Wt +b, () =IA @ (t,u),
t] Ca,u=12,...2

if and only if

lim

n® ¥

(n+D[s,[1- [F(ay (W)t +by, (u)]1*]

/m(n- m+1)
n+1
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S;[1- F(a, (u)t +b, (u))* F(a, (u)t +b, (u))]] -
\/m(n-m+1) case2 m/n® m0<m<l, n® ¥,
n+1
Jm/2
a,(u) = ,
=n(t,u),u=12,..,z I (u)y(2s, +s,)(n+1)
21- m
case 3. If S+,
" V) then
() AT = & eV )],

m=n-m u= 1,2,...,2, is non-degenerat
reliability function,

(ii) IR (t,u) istherdiability function of non-
degenerate multi-state ,,mout of n” system
with a mixed reserve of its components
defined by (31),

(iii) a,(u) >0, b, (U)T (-¥,¥),u=12,..z2

(iv) n-m=m =constant (M/n® lasn® ¥),

then

lim IR (a, (W)t +b, W) =14 @™ ¢t u),
t1 Cx

1A

u=12,...,z
if and only if
lim n[s,[F (a, (W)t + b, ()] ?

+s,[F(a, (u)t +b, () * F(a, (u)t + b, (u))]]
=V (t,u)
tic,, u=12..z

Proposition 2.3. If components of the homogeneous

multi-state ,, m out of n” system with a mixed reserve of
its components have multi-state exponential reliability
functions

and

case 1 m = constant,

1 expll (ub, (W]

a,(u)= )’ 25 +5,1 (Wb, (W) =n,u=12,.,2
then
AO™ ¢y =1-% e’(p[ I]exp[-@<p[-t]],

i=0

tT (¥ ¥),u=12..z2

2
t . X

1 A
—— & ?dx,
NP -¥

tT (¥ ¥),u=12..z2

1A O™t uy=1-

case3n-m=m =constant (M/n® 1, n® ¥ ),

_ V2
| (u)y/(2s,+s,)n

b,(uy=0,u=12,...z

n

then
1A @™ (,u)=1, t<o,
_ 2i
1A O™ (¢ u) = ém—exp[t] t30,u=12,..72

isitslimit reliability function.

Proof:
case 1: Sincefor al fixed u, we have

a, (U)t+b, (U)® ¥ asn® ¥ for t1 (-¥,¥),
and

1-[F(a, (Wt+b, W)

= 2exp[- | (u)(a, (W)t +b, ()]

- expl- 21 (u)(@, (Ut +b, (W)] T (-¥,¥),

1 F(a, (Ut +b, ()* F (a, (W)t +b, (1))

=[1+1 (u)(a, (Ut +Db, (W)l

expl- | (u)(@, (Ut +b, ()], tT (-¥,¥).

Therefore
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V(t,U) = lim n{s,[1- [F(a, (Wt +b, (W)]°]
+S5l1- F(a, (Wt +b, (W)

* F(a, (Ut +b, (W)]]

= lim[ns,[2exp[- 1 (u)(a, (W)t +b, (u))]

- exp[- 2| (u)(@, (u)t+Db, (u))l]
+ns,[1+1 (u)(@, (U)t +by, (u))]

expl-1 (u)(a, (u)t+b, (u))]]

= lim[ns, 2exp[- | (u)(@, (W)t +by, (W))]

[1- 1/2exp[- | (u)(@, (u)t +b, (U))]]

1+ (u)a, (u)t

+nsel (Wb W=7 )

]

exp[- I (u)(@, (u)t +by, (u)]]

=limexp[- ]ins, 2exp[- | (u)b, (u)]

n® ¥
[1- %exp[- fexpl- 1 ()b, (W]

1+t

+ns,| (u)b, (U)[1+m

]

exp(- 1 (u)b, (U)]]

= lim exp][- t][ns; 2exp[- | (u)b, ()]
- ns, exp(- t] exp[- 2| (u)b, (u)]
+ns,l (u)b, (u) expl- 1 (u)b, (u)]
+ns,[1+t]exp[- | (u)b, (u)]]

=l ool

[1- 2

n@s + 1 Wb Ws)? Y

S,

" nus) —Y

—exp[-t], tT (-¥,¥),u=12..72

which by case 1 in Lemma 2.3 completes the proof.

case 2: Sincefor al fixed u, we have

a t+b (1) ® —— 2™ o asney,
[(u)\2s +s,
tT (-¥,¥).
and

1~ [F(a (Wt + by (W)

= 2expl- | (u)(ay ()t +b, (W)]
- expl- 21 (u)(@, (U)t +b, ()]
= 21- 1 (u)(a, (W)t +b, ()
+§I 2 (u)(@, (U}t +by, ()]

- [1- 2 (u)(@, (u)t+Db, (u))

#2402 )@, (W +b, (@)*] + o)
=1- 1 ()@, )t +b, () +ol——),
tT (-¥,¥%),

1— F(a, (Wt+b, (U)* F(ay (Ut +b, (1)
=[L+1 (U)(a, (Wt +b, (W)]

[1- 1 (u)(a, (u)t+by, (u)

#2120 (@, (Wb, (W)° - o)
-1 %| > (u)(a, (@t +b, )7 - o L),
tT (-¥,¥).

Therefore

s[1- [F(a, (Wt +b, W)]°]
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+S,[F(a, (W)t +b, (U))* F(a, (u)t +b, (u))]
=s,[1- | *(u)(a, (Wt +b, (W)*]

+s[1- %I 2 (u) @, ()t +b, ()] +o(ni+1>

=1 231—2”2' (W@, (Wt b, W) +0l—1)

_ Jmi-m

t+m- o(niﬂ), th (-¥,¥),

Vn+1
next
n(t,u) = lim (n+D[s[1- [F (@, Wt +b, u)]°]
n® ¥ M
n+1

L St F (@, (u)t+by, (U))* F(a, (u)t+b, (W)l - m

m(n- m+1)
n+1
mil- m 1
. (n+1)[- o t+m-o( " )I-m
ne¥ m(n- m+1)

n+1

 jim YT MErod _ g (-¥,¥),
n® ¥ Jﬁ%{fﬁ§

u=12,...,2

which by case 2 in Lemma 2.3 completes the proof.

case 3: Sincefor all fixed u, we have

a,(ut+b, (u) = V2 <0,t<0
I (U)y/(2s; +s;)N
and
t/2
b = 30,t30,
a, (u)t +b, (u) ades o !
then

F(a, (ut+b (u)=0, t<0,

andfor t3 0
[F(a, (u)t+b, ()]
=[1- exp[- 1 (u)(ay, ()t +b, ()II*,
F(a, (ut+b, (u))* F(a,(u)t+b,(u)
=[1- [+ (u)(@, (W)t +b, (u))]

exp[- 1 (u)(a, (u)t+b, (U)]] -

Therefore
V(t,U) = lim s, [F (@, (Wt +b, (W)]?
+S,[F (8, (Wt +b, () * F (@, (W)t +b, (W)]
= lim[ns;[1- exp[- | (U)(@, ()t +b, (W)
+,[1- [1+1 (U)(a, (W)t + b, (W)]
expl- 1 (U)(a, (Ut +b, (W)T]
= lim[ns,[1 (u)(a, (Ut +b, W)]?

+1ns,[1 *(u)(a, (W)t +b, (u))*

i %| 2(u)(a, (Ut +b, ()]

=lim nlzsl; >2 (1 (Wa, ()]

2
=lim n[t—]=t2, t30,t1 (-¥,¥), u=12,..2
n® ¥ n

which by case 3 in Lemma 2.3 completes the proof.

Corollary 2.3. The reliability function of exponential
»,m out of n” system with a mixed reserve of its
components is given by

casel

RO 1y @ §EPL I W - b, ()
i=0 i!

exp[- exp[- | (u)t+1 (Wb, (W)], (15
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tl (-¥,¥),u=12..z

case 2

IROM (t,u) @ f %e X7dx, (16)
where

A:I (u)\/(251+sz)(n+1)2t 2/n+11- m a

I T

tl (-¥,¥),u=12..z

case3
IR (t,u) =1, t <0,
RO () & [l (u)\/(2sl+s2)nt/f ”

expl-12(u)(2s, +s,)nt* /2], (18)
t3ou=12,...,2

Proposition 2.3. If components of the homogeneous
multi-state ,m out of n” system have improved
component reliability functions i.e. its components
failure rates | (u) is reduced by a factor r(u),
rui <0,1>,u=12,..z

and

casel m= constant,

.1 _logn _
an(u) = r )’ br(u) Tor @ O @ u=12,...z
then
A= 1 3P epreqra)

tT (-¥.%),

cae?2 m/n® m, 0<n<l n® ¥,

_ log(1/m)
(1) = I(u)r(u)«/n+ \/ ) = | (u)r (u)’

u=12,..,z

then

N

-

R R ] (-¥ ¥),

V2p

IA @ ¢ ) =

cae3 n-m=m constant (m/n® 1, n® ¥ ),

a,(u) = ,bh(u)y=0,u=12,...,z

1
nl (u)r (u)

then

IA @™ u)=1, t<o,

_ g
IA @™ ¢ u) = ”amt_—l expl-t], t3 0
i=0 1!

isits limit reliability function.

Corollary 2.3. The reliability function of exponentia
»mout of n” system with improved reliability functions
of its components is given by

casel

lexp[ il (u)r (u)t- logn)

|—0 i!

(m)

IRWn™ (t,u) @-

exp[- exp[- | (u)r (u)t+logn], (19
tl (-¥,¥),u=12..z

case?2

IROY (t,u) @ %ﬂo%exzdx (20)
where

A= @@V Vnstm o

Jfom

tl (-¥,¥),u=12..z

Jm

case 3
RO (tu) =1, t <0,
IRDT™ (t,u)

@: m[I (U)r (U)nt]

t3 0, u= 1,2,..., Z

exp[- | (u)r (u)nt], (22)

3. Comparison of reliability improvement
effects
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The comparisons of the limit reliability functions of the
systems with different kinds of reserve and such
systems with improved components allow us to find
the value of the components decreasing failure rate
factor r (u), which warrants an equivalent effect of the
system reliability improvement.

3.1. The“m out of n” system

The comparison of the system reiability improvement
effects in the case of the reservation to the effects in
the case its components rdiability improvement may
be obtained by solving with respect to the factor
r (u) = r (t,u) the following equations

1A @™ ((t- b, (W) /a, (u))

=1A O™ (¢t b, (W) /a, (W), (23)

u=12,..,2k=1223.

The factors r (u)=r (t,u) decreasing components
failure rates of the homogeneous exponential multi-
state ,mout of n” system equivalent with the effects of
hot, cold and mixed reserve of its components as a
solution of the comparisons (23) are respectively given

by

k=1

casel r(u)=r(t,u)=1- Il?—uz)t ,u=1.2,...,z
case2 r (U) = 2,/1- m- 2(1- ImzL;rTIogm
u=12,..,2

case3d r(u)=rtu=I@ut,u=12,..,2

k=2

casel r (u)=1- | (Wb (W)~ logn

[ (u)t
=1- M, u= ]_,2’___’2,
[ (u)t
case? r (u) = Vlr-nm_ L- T:u;nr:tOgm, u=12...2

| (ut

case3 r(u)=r(t,u)= > ,u=12,....z

k=3
| (u)b, (u)- logn
| (ut

caselr (u)=1-

L C RN O C) P
I (u)t

case?2

r(u):\/2(281+82)\/1- m 2(1- m+mlogm
m lwm

u=12,...,z

@s+s) @ |

case3 r(u)=r(t,u) = > 2y Z

4. Conclusion

Proposed in the paper application of the limit multi-
state reliability functions for reliability of large
systems evauation and improvement simplifies
calculations. The methods may be useful not only in
the technical objects operation processes but also in
their new processes designing, especidly in their
optimization. The case of series, paralld (in part 1) and
» mout of n” systems composed of components having
exponential rdiability functions with double reserve of
their components is considered only. It seems to be
possible to extend the results to the systems having
other much complicated reliability structures and
components with different from the exponential
reiability function. Further, it seems to be reasonable
to elaborate a computer programs supporting
calculations and accderating decision making,
addressed to reliability practitioners.
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