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Abstract

The semi-markov model of the system operation process is proposed and its selected parameters are defined.
There are found reliability and risk characteristics of the multi-state series- “m out of k” system. Next, the joint
model of the semi-markov system operation process and the considered multi-state system reliability and risk is
congtructed. The asymptotic approach to reliability and risk evaluation of this system in its operation process is

proposed as well.

1. Introduction

Many technical systems belong to the class of complex
systems as a result of the large number of components
they are built of and complicated operating processes.
This complexity very often causes evaluation of
systems reliability to become difficult. As a rule these
are series systems composed of large number of
components. Sometimes the series systems have either
components or subsystems reserved and then they
become paralld-series or series-parald reliability
structures. We meet these systems, for instance, in
piping transportation of water, gas, oil and various
chemical substances or in transport using belt
conveyers and elevators.

Taking into account the importance of safety and
operating process effectiveness of such systems it
seems reasonable to expand the two-state approach to
multi-state approach in their rdiability anaysis. The
assumption that the systems are composed of multi-
state components with reliability state degrading in
time without repair gives the possibility for more
precise andysis of their reiability, safety and
operational processes’ effectiveness. This assumption
allows us to distinguish a system reliability critical
state to exceed which is either dangerous for the
environment or does not assure the necessary level of
its operational process effectiveness. Then, an
important system reliability characteristic is thetime to
the moment of exceeding the system rdiability critical
state and its distribution, which is called the system
risk function. This distribution is strictly related to the

system multi-state reiability function that is a basic
characteristic of the multi-state system.

The complexity of the systems’ operation processes
and their influence on changing in time the systems’
structures  and  their  components  reliability
characteristics is often very difficult to fix and to
analyse. A convenient tool for solving this problem is
semi-markov modelling of the systems operation
processes which is proposed in the paper. In this
model, the variability of system components reliability
characteristics is pointed by introducing the
components  conditional  reliability  functions
determined by the system operation states. Therefore,
the common usage of the multi-state system’s limit
reiability functions in their reliability evaluation and
the semi-markov model for system’s operation process
modelling in order to construct the joint general system
reliability model related to its operation process is
proposed. On the basis of that joint model, in the case,
when components have exponential reliability
functions, unconditional multi-state limit reliability
functions of the series- m out k, system are determined.

2. System operation process

We assume that the system during its operation process
has v dijferent operation states. Thus, we can define
Z(t), tl <0,+¥ >, as the process with discrete states

from the set

Z={z,2,,...,2,}.

5 Ly
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In practice a convenient assumption is that Z(t) is a
semi-markov process [1] with its conditional sojourn

times g, a the operation state z, when its next
operation stateis z,, b,1 =12,...,v, b* I. Inthis case
this process may be described by:

- the vector of probabilities of the initia operation
states [ py, (0)] 1, -

- the matrix of the probabilities of its transitions
between the states [ py ]y, »

- the matrix of the conditional distribution functions
[Hy ()], Of thesojourntimesq,, b?*l.

If the sojourn times q,,, b, | =12,...,v, bt I, have
Waeibull distributions with parameters a,, by, , i.e, if
for bl =12,...,v, b1 [,

Hy @) =P(gy<t)=1- e(p['autbblL t>0,

then their mean values are determined by

1

My = E[le]:at;|bur(1+bi)1 (1)
bi

bl=12..v, btl.

The unconditiona distribution functions of the process
Z(t) sojourn times g, at the operation states z,
b=12,...,v, aregiven by

Hy (1) :élpbl[l- exp['autbbl t]],

\

=1- & py e(p['autbbl]’ t>0, )
I=1
b=12,...,v,

and, considering (1), their mean values are
M, =E[q,] = |é—1pb| My,
1

n -
=& pblablbbl F(“‘i) ,b=12..yv, (3)
1= by

and variances are

Dy =D[a, ] = E[(@,)°]- (Mp)?, (4)

where, according to (2),

E[(Gs)?] = 32dH, ()

0
=4 p 23, b, exp[-a,tP ]t o-1dt
|a1 Py Ot @y by expl-a,t™ ]
A g

2

:é pblat_nbiur(l*‘i), b=12,..v.
1= by,

Limit values of the transient probabilities
p,(t) =P(Z(t)=12,), t30, b=12..v,

at the operation states z, are given by
Vv
Pp=limp, () =P, M, /ap,M,;, b=12..v, (5
t® ¥ 1=1

where M, are given by (3) and the probabilities p,
of the vector [p,],,, Satisfy the system of equations

[Pyl =[Py ][Py]

p, =1

1

Qo<

1
[
i
|

3. Multi-state series- “mout of k" system

In the multi-state rdiability analysis to define systems
with degrading components we assume that all
components and a system under consideration have the
rdiability state set {0,1,...2}, z% 1, the reliability
states are ordered, the state O is the worst and the state
z is the best and the component and the system
reliability states degrade with time t without repair.
The above assumptions mean that the states of the
system with degrading components may be changed in
time only from better to worse ones. The way in which
the components and system states change is illustrated
in Figure 1.

transitions

worst state

Figure 1. lllustration of states changing in system with
ageing components
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One of basic multi-state reliability structures with
components degrading in time are series- “m out of

k,” systems.

To define them, we additionally assume that E;, i =
12,0k, = 12000 ko 1y Dol o TN, are
components of a system, Tj(u), i = 1,2,..k, | =
1.2, i, Koy 1y, T2l o T N, are independent random
variables representing the lifetimes of components E;;
in the state subset {u,u+1,..., 7}, while they were in

the state z at the moment t = 0, g;(t) are components E;;
states at the moment t, tl <0,¥), T(u) is a random

variable representing the lifetime of a system in the
reliability state subset {u,u+1,...,zZ} while it wasin the
reliability state z at the moment t = 0 and s(t) is the
system reliability state at the moment t, t1 <0, ¥).

Definition 1. A vector
Ri(t») = [Ri(t.0), Rj(t,1)...., Ri(t.2)], tT <0,¥),
where

Rj(t,u) = P(e(t) * u | &;(0) = 2) = P(Ty(u) > 1)

for t1 <0,¥), u=01,..2i=12..k,j=212..1,is
the probability that the component E; is in the
reliability state subset {u,u+1,...,z} at the moment t,

t1 <0,¥), while it was in the reliability state z at the

moment t = 0, is called the multi-state reliability
function of a component E;;.

Definition 2. A vector
R () =[L R (10), R{Y (t,1),... R (t.2)],
where

R () =P(s(t)® u|s(0)=2) =

P(T(u) > 1)

for t1 <0,¥), u=0,1,...,z is the probability that the
system isin the reliability state subset {u,u+1,...,2} at
the moment t, tT <0,¥), while it wasin the reliability

state z at the moment t = 0, is called the multi-state
reiability function of a system.

It is clear that from Definition 1 and Definition 2, for
u=0, wehaveR;(t,0) = Land R{") (t,0) = 1.

Definition 3. A multi-state system is called series- “m
out of k,” if its lifetime T(u) in the state subset

{u,u+1,..., 7} isgiven by

T(U) =T, gy (W) » U=12,,2,

where Ty _maq (U) ism-th maximal statisticsin the
random variables set

T; (u) :QieQ{Tij w},i=12,..k,u=12,..,2

Definition 4. A multi-state series- “m out of k,”
systemiscaled regular if I;=1,=.. —I =1, I,TN.

Definition 5. A multi-state series- “m out of k,”
system is called homogeneous if its component
lifetimes T; (u) have an identical distribution function,

i.e
F(t, u)=P(Tij (u) £1), t1 <O,¥), u=12...,2,
i=12,..k,, ]=12,..

i.e. if its components E; have the same réliability
function, i.e.

R(t,u)=1- F(tu), tT1 <0,¥),u=12,...,z
From the above definitions it follows that the reliability

function of the homogeneous and regular series- “m
out of k,” systemisgiven by [3]

RO (3 =[1 R (1), R (t,2),..., Ry (t,2)],(6)

where

R (t,u)
@)
=1- & {0 IR w2~ R™ (¢,
for tilzz 0,¥),u=12...z2

or by
—(m) _ra (M) —(m) —(m)
Rkn|n (t1>) _[1' RI<n|n (t11)1 RI<n|n (t12)1 ey RI<n|n (t1 Z)]1 (8)

where

Riai (LU :§ (o)i2- Re@uITRM G (9)
for t1 <0,¥), u=12,..z M=k, - m

-188 -



J.Soszyniska Systems reliability analysis in variable operation conditions - RTA # 3-4, 2007, December - Special Issue

where K, isthe number of series subsystems in the“m
out of k,” systemand |, isthe number of components
of the series subsystems.

Under these definitions, if R{") (tu) = 1 for t £ 0,
u=12..,z,o0 R (tuy=1fort£0, u=12,..,2
then

¥
M(u) = oR{ (t,u)dt, u=12..., 2 (10)
0
or
¥ __
M(u) = oR(D (t,u)dt, u=1.2...., 2 (12)
0

is the mean lifelime of the multi-state non-
homogeneous regular series “mout of k,” system in
the rdiability state subset {u,u+1,..,2z},and the
varianceis given by

D[T (u)] = 2§R<k’:,>n (t,u)dt - E*[T(u)], (12)
or by
D[T(u)] = zf‘jﬁ W (t,uydt - EZ[T(u)]. (13)

The mean lifetime M (u), u=12,...,z of this system
in the particular states can be determined from the
following relationships

M(u)=M(u)- MUu+1), u=12,..,z- 1

M(2) = M (2). (14)
Definition 6. A probability

r(t) =P(s(t) <r |S(0) =2) =P(T(r) £1), tT <0,¥),
that the system is in the subset of states worse than the
critical stater, r T{ 1,...,z2 while it was in the reliability
state z at the moment t = O is called a risk function of
the multi-state homogeneous regular series “m out of
k,” system.

Considering Definition 6 and Definition 2, we have

r) =1 R (tr), tT <0,¥), (15)

and if t is the moment when the system risk function
exceeds a permitted level d, then

t =r *(d), (16)

wherer'l(t), if it exists, is the inverse function of the
risk function r(t).

4. Multi-state series- “mout of k,” sysemin its
oper ation process

We assume that the changes of the process Z(t) states
have an influence on the system components E;

reiability and the system reliability structure as well.
Thus, we denote the conditiona reliability function of
the system component E; while the system is at the

operational state z,, b=12,...,v, by
[REP (A= (1, R €], ... R (1,2]],
wherefor t1 <0,¥),u=12,..,z, b=12..yv,
[ROD(t,u)]® = P(T® (u) >42(t) = z,)

and the conditional reliability function of the system
while the system is at the operational state z,
b=12,...,v, by

[R™ (3P =1, [RD, D], .. [R, (t.2)]

for t1 <0,%¥),u=12,..,2 b=12..n,
where according to (7), we have

[R™ (t,u]® =PT® () >z(t) = 2,)

(i Jrre.un @1

0

o3

1-

oA{1- [[R(t,u)]® 1" ]* Tfor tT < 0,¥),
u=212,..,z, b=12,..n,

or by
[RM )®=[1, [RM ]®, ... [RT) (t,2)]®

for t1<0,%),u=12..2 b=12..n,
where according to (9), we have

(RO wI® =PI ) >4z = 2,)
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D[k b) 11 B
=4 ( n)[1 [[R(t,u)]®7'n M (u) @a p,M,(u) for u=12,...,z (19)
i=0 b=1
[[RE W11 for t1 < 0,¥), where
u=212,...,z b=12..n. y
N My(u) = R 1® (t,u)dt, (20)
The rdiability function [R®V(t,u)]® is the 0
conditional probability that the component E; lifetime or
T” (u) in the reliability state subset {u,u+1,...,2 is
not less than t, while the process Z(t) is at the operation M, (u) = f‘iﬁk(ﬁ) 1®) (t, u)dt, (21)
state  z,. Similarly, the rdiability function o ™"
[RID u]® o [RM (¢,w]® is the conditiona  4q

probability that the system lifetime T® (u) in the
reliability state subset {u,u+1,...,z} isnot lessthant,

while the process Z(t) is at the operation state z,. In

the case when the system operation time q is large
enough, the unconditional rdiability function of the
system

R, (09 = [1, R (LD, .., R (t.2)],
where

R,ﬁ'n‘j),n(t,u) =P(T(u)>t) for u=12,...,z,
or

RM (3 =1 RM (tD),,... R (t.2)],
where

RIM (t,u) =P(T(u)>t) for u=12,..z,

and T(u) isthe unconditional lifetime of the system in

thereliability state subset {u,u+1,..., z}, isgiven by
R, (L) @2 py[R, (Lu)]®, (17
or
R™ (t,u) @a Pel R, W] (18)

for t3 0 and the mean values and variances of the
system lifetimes in the reliability state subset
{u,u+l,...,z} are

[T W)= 28R, (LU Vd- ETO W), (22)
or
OIT® W] =2R(™ (L WIVdt- ETOM]  (23)

for b=12,..,n, t3 0, and p, aregiven by (4).
The mean values of the system lifetimes in the
particular reliability states u, by (14), are

M(u)=M@u)- Mu+1),u=12..,2z-1
M (2) =M (2). (24)

5. Large multi-state series- “m out of k"
system in its operation process
Definition 7. A rdiability function

A () =[1LA (tD,.. A 2] tT (-¥,¥%),

where

A (t,u) =élpbA ® (¢, u),

is called a limit rdiability function of a multi-state
homogeneous regular series- “m out of k,” system in
its operation process with reliability function

R (t ) =1 RMY (tD) ... RN (2],

or
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RM(t, >) =[1, RID(tY),.... RIV(t,2)],

where R (t,u), RIY (t,u), u=12..
by (17) and (18) if there exist normalising constants

., Z, are given

a®” ) >0, b W) (-¥,¥), b=12...v,
u=12,...,z

such that for t1 C. A B ,u=12,...,z, b=12,...,v,

lim[R™ (a” ()t +b” (W), w]® =A © (t,u),

or
I|m[R(m) @ (u)t +b® (u),w)]® = A ®(t,u).

Hence, the following approximate formulae are valid

R (1) @ pA O (2 (b)” ), (25)
u=12,...,z
or
- p®
R (t,u) @a pPA ® (L2 On 20 u), (26)

u=12,...,z
Thefollowing auxiliary theoremis proved in [7].

Lemma 1. If

(i) limk, =¥ , m= constant
n® ¥

(% ® 0and k, ® ¥),
(i) A ™ (t,u)
=1- & p, & exp[-V® (t,U)]—[V(b) fnt’U)]l
b=1 i=0

is a non-degenerate reliability function, .

(i) Remy & 3 =13 R (D), R (¢, 2)],
tl (-¥,¥),
where

RIT, () @4 pylRy (0]

is the reliability function of a homogeneous regular
multi-state series- “mout of K " system, where

R, tu)]®

=1- E( RO @l - [RY @ uy

i=0

th (-¥¥), u=12,..,z,

is its reiability function at the operationa state z,
then

A ™M, y=[1, A ™t)),.A™t,2)],

th (-¥,¥%),

is the multi-state limit rdiability function of that
systemif and only if [7]

lim k,[R® (2 (Ut +b{ (u),u)]"

=V ®(t,u), tT C

V(b)(u)’
u=212,...,.z,b=12,....v

(27)

Proposition 1. If components of the multi-state
homogeneous, regular series- “mout of k,” system at
the operational state z,
(i) have exponential reiability functions,

R® (t,u) =1for t <0,

R® (t,u) = exp[- 1 ® (u)t] for t3 0, (28)
u=12,....z, b=12,...,v,

(i) m=congtant , k, =n,1, >0,

L () _ 1 (b) — 1

(“I) an (U) I (b) (U)In, n I (b) (U)I Ogn1
u=12,...,z,b=12,..,v,

then
AMEy=[L A™tD....A" {2, (29)

tI ( ¥ ¥),

Where

AP @ =1- 4 p, & el ep(-1) *P 2Pl (ao)

for tT (-¥,¥), u=12,..,zis the multi-state limit
reliability function of that system , i.e. for n large
enough we have

-191-



J.Soszyniska Systems reliability analysis in variable operation conditions - RTA # 3-4, 2007, December - Special Issue

t- b (u)

R(m)
b
ay’ (u)

KnIn

(tu) @- & p, & expl- exp(- )
b=1 i=0

_t- b (u)
IR
i!
@- 4 p, & el ep(-1 Ul - logn)]
_exp[-il @ ()l t-ilogn] 31)

i!
for tT (-¥,%),u=12,...,2

Proof. For n large enough we have

a® Wt +b® (1) =195 ¢ for 1] (-¥,¥)
1 ® !,
u=12,...,.z,b=12,...,v.

Therefore, according to (28) for n large enough, we
obtain

R® (@ (u)t + b (u),u)

=exp[- | © (u)(@” (u)t + b (u))]

=@<p['t'lﬂ] for tT (-¥,¥), u=12,....2,

b=12,..,v.
Hence, considering (27), it appears that

[V (&u]® = lim k,[R® @ Wt + b ()"

L -t-logn, _ )
=lim n@q@[ln—I ] =exp[-t]

n

for tT (-¥,¥),u=12..,2b=12..,v,
which means that according to Lemma 1 the limit
reiability function of that system is given by (29)-(30).

The next auxiliary theorem is proved in [7].

Lemma 2. If

Q) km®h, 0<h <1 for n® ¥,

n

m-h :o(i),

K, /K,
R V(b) (t,u) 2

R 1 vy X

iA®tu=1-—28 o exp[- =]dx,

( ) ( ) \/Eb:lpb v p[ 2]

is a non-degenerate reliability function,

v (t,u) isanon-increasing function

(i) R (¥ =[1 R (tD,...RY (¢, 2)],
tT (-¥,¥%), where

ik (LU) @4 i[RI, T (-¥,%),

where

kn.In

is the reliability function of a homogeneous regular
multi-state series- “mout of K " system, where

[R & w]®

=1- AR @l - [RY @ uy oy

i=0

tT (-¥.¥), u=12...,2z,b=12..\v,

isits reliability function at the operational state z,,
then

A®t,y=[, A ™y, A "¢z,
tT (-¥,¥%)

is the multi-state limit reliability function of that
systemif and only if [7]

lim YK +1R" (& Wt +b (u),u)]® - h]

—,(b) N —
=v™(t,u) fortl Cv(b)(u)’ u=12,...,z2, (32
b=12,..,v.

Proposition 2. If components of the multi-state
homogeneous, regular series- “mout of k,” system at
the operational state z,
(i) have exponential reliability functions,
R® (t,u) =1for t <0,
R® (t,u) = exp[- | ® (u)t] for t3 O, (33)
u=212,..v,b=12...v,

(i) “®h,0<h<lforn® ¥,k =n, | >0,
K

J1-h

G () (e — O () =" logh
(a0 =g e B = e
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u=12,..,z2,b=12,...v,

then
AP y=L AN Y,..A" ), (34)
th (-¥,¥%),
where
2
~(h 1 v t X2
AM(tuy=1- —=—4ap, oe 2dx (35)

T2 o

for tT (-¥,¥),u=12,...,z

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

t- b (u)
- v P X
Rkn In (t U) @- \/—p:l:lp _¥b e 2dx

1
vZp

Jhn( ® wyipt+logn )

v Jih X

X4 py, o) e 2dx (36)
b=1 _¥

for tT (-¥,%¥), u=12...,z

Proof. Since, for sufficiently large n, we have

J1-h
al” (u)t +b® (u) = (b)l ( t- logh) >0
(ul,  4hn

for tT (-¥,¥), u=12,...,z2,b=12,..v,

then according to (33) for sufficiently large n, we
obtain

R® @ (u)t + b (u),u) ,

=exp[- 1 ® (u)(ay?” ()t + by ()]

1 41-h -
T t- logh)] for t1 (-¥,¥),

u=12,...,.z,b=12,...,v.

Hence, considering (32), it appears that

v (t,u)

_lim VK, + AR @ (u)t + bl (u),u)]" - h]

h
Jn+i(expl-1, (lvr" "’Igh)]-h)
=lim n
ne ¥ Jhit-h)

Jn+1(exp[- vi-h t+logh]- h)
=lim \/ﬁ

no¥ h{-h

Jn+ih el Y- 1)
=lim \/ﬁ

no¥ h{-h

Jn+1h(- Ji-h t+o(\/1- h t)- 1))

n® ¥ h 1 h
h(l- h) J1-h
= lim o L Jhn V

ne¥ Jh(t-h)
=-tfortl (-¥,¥),b=12...v,

which means that according Lemma 2 the limit
reiability function of that system is given by (34)-(35).

The next auxiliary theorem is provedin [7].

Lemma 3. If
i)k ® ¥, km® 1, (k, - m® m = congtant

n

for n® ¥,
_ —(b i
(i)A ™ (t,u)= & p,a exp[-V" (t,u)][\/i(+”)]
b=1 =0 H

is a non-degenerate reliability function,
(i RM (¢ ¥=[L RM (tD,..RM (t,2)],
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tT (-¥,¥), where
Rl (t,U) @4 py[Rio, LW]®, th (-¥,¥),
b=1

is the reliability function of a homogeneous regular
multi-state series- “mout of k,” system, where

—(m)
[ Rkan (t)] ®

="8" (% )iL- [R® )1 [R® @) 0,

tl (-_¥,¥), u=12,..,z,b=12,...,v,

isitsreliability function at the operational state z,,
then

A™ty=[1, A™¢D,..A ™t 2],

th (-¥.¥),

is the multi-state limit reliability function of that
systemif and only if [7]

limk, I, F®@® u)t +b® (u),u)
n® ¥

—\/ (b) T
=V ¥ (t,u) fortl C\7(b)(u) (37
u=212,...,z, b=12,...,v

Proposition 3. If components of the multi-state
homogeneous, regular series- “mout of k,” system at
the operational state z,
(i) have exponential rdiability functions,

R® (t,u) =1for t <0,

R® (t,u) = exp[- | ® (u)t] for t3 O, (38)
u=12,..,z, b=12,...,v,
(i) k,® ¥, Li@rgkn- m=m = constant ,
1
(iii) al (u) :m1 b{”(u) =0,
u=212..,z,b=12,..,v,
then
Y=L A (ED),..A M, 2)], (39)
T (-¥,¥),
where
{ 1, t<O,
A (M v
AT p deprat, o @

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

R, (tU)
il t <0,
i
v m t- p® (u)
| 9 _ n
@
it b0
T [ (b) ]
. a
It t30,
| I
1 t<0,

d b=1 (41)
i
I
|

Proof. Since
t
a®Wt+b®P(u)=————— <0 for t<O,
DY ) =
u=12,..,z2,b=12,...v,
and
t
a® Wt +b®Uu)=—————30fort3 0,
n ( ) n ( ) I(b)(u)lnkn
u=12,..,z2,b=12,...v,

therefore, according to (38), we obtain

F‘b)(ar‘]b) (ut +br‘1b)(u),u) =0 for t <O,
u=12,..,z2,b=12,...v,

and

F® (@ ()t +bf (u),u)

=1- exp[- L] fort3 0, u=12,...,2,
Kol
b=12,..,v.
Hence, considering (37), it appears that

v O (t, u)
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= Ii®n; annF‘b) (aT‘]b) (u)t +br‘1b) (u),u)=0 for t <0,
n
u=12,..,z2,b=12,...v,

and

VO )= limk,l,FO @ ()t +b® (u),u)

. t
_r|1l®rg knln(l' @(p[' W])

n'n

. t
=limk,l, (1- 1+W' o(W))

=tfort30, u=12..,2 b=12..,yv,

which means that according Lemma 3 the limit
reiability function of that system is given by (39)-(40).

The next auxiliary theorem is provedin [7].

Lemma 4. If
() limk, =k k>0, 0<m£k, liml_ =¥,
n® ¥ n® ¥
(i) A (t,u) = & p,A ®(t,u) isanon-degenerate
b=1
reliability function,
(i) Ry, (& 9 =[1 (Y (tD)....

tT (-¥,¥), where

R("” (1, 2)],

v
Rt (0 @2 po[REY (0]
is the reliability function of a homogeneous regular
multi-state series- “mout of k,” system, where

(R, tu)]®

=1- & (" [R” (w1~ R )1

th (¥¥), u=12,..,2,b=12..\,

isitsreliability function at the operational state z,,

then
A))=[1 A@tD,...A{2]tT (-¥.¥%),

is the multi-state limit reliability function of that
systemif and only if [7]

lim[R® (& (u)t + by (), w]" =A ((,b) tu) (42

fortIC(b) W’ =12,..,z,b=12,.

where A P(t,u), u=12,..,
reiability function and

2, is a non-degenerate

A (t,u)

=1- évpb ag AP u- AP w43
for tT(¥¥),u=12..,z

Proposition 4. If components of the multi-state
homogeneous, regular series- “mout of k,” system at
the operational state z,
(i) have exponential rdiability functions,

R® (t,u) =1for t <0,

R® (t,u) =exp[- |  (u)t] for t3 O, (44)
u=12,...,z, b=12,...v,
(i) k,® k k>0,1,® ¥, m=const,
1
(i) al” (u) = W b® (u) =0,
u=212,..,z2,b=12,...v,
then
APt y=[L A" ED....A{" (2], (45)
t1(-¥.¥%),
where
A" (tu)
il t<O0,
T
v m]ak )
I S 2 _$17i
ot &P Ak deol-ul (46)
T
T
{1 expl- 1", t3 0,

is the multi-state limit reliability function of that
system, i.e. for n large enough we have

A§™(t,u)
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1 t<Q,

) t- brﬂb)(u) i
al (u) l

il t<0,

*Sexpl-t1 © )1, 7'

I b= Cizogl g

a (47)

b1 et @@L, 2o
:
I
)
Proof . Since
t
a® )t +b®u)=———— <0 for t <O,
WD) =
u=12,...,z2,b=12,...v,
and
t
30forts3 O,

al (Ut +bP (u) =———
P )=

u=212,...,z,b=12,....v,

n

therefore, according to (44), we obtain

[R® @® (u)t +b® (u),u)]' =1 for t <0,
u=12,...,z2,b=12...v,

and

[RY (& W)t +b (u), )] = expl- -] for £ 0,
u=212,...,z, b=12,...,v.
Hence, according (42)-(43), it appears that

AP (1) = lim[R® (@ (Wt +b (u),u" =1

fort<0,u=12,...,z, b=12,...,v,

and

Ag ()

= im[R® (& )t + b (W), u]"

= lim{expl- "

=exp[-t] fort3 0,u=212..,2,b=12,...,v

which, by Lemma 4, completes the proof.

6. Conclusion

The purpose of this paper is to give the method of
reliability analysis of selected multi-state systems in
variable operation conditions. As an example a multi-
state series“m out of k” systems are analyzed. Their
exact and limit reliability functions, in constant and in
varying operation conditions, are determined. The
paper proposes an approach to the solution of
practically very important problem of linking the
systems' reliability and their operation processes. To
involve the interactions between the systems' operation
processes and their varying in time rdiability
structures a semi-markov model of the systems
operation processes and the multi-state system
reiability functions are applied. This approach gives
practically important in everyday usage tool for
reliability evaluation of the large systems with
changing their rdiability structures and components
reiability characteristic during their operation
processes. The results can be applied to the reliability
evaluation of real technical systems.
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