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Introduction

This paper is devoted to algorithms of a calculation of ports reliabilities. A port is a no
oriented graph with fixed initial and final nodes. As accuracy so asymptotic formulas are
considered. Suggested algorithms have minimal numbers of arithmetical operations.

Using the article [1] results, in this paper algorithms of a calculation of asymptotic constants
for ports reliabilities are constructed. These algorithms allow to estimate an influence of some arc
reliability on a port reliability and to obtain an invariance condition when this influence is absent.

In solid state physics, surface physics and in nanotechnologies recursively defined ports are
of large interest. An example of such a structure is in the monograph [2, fig. 7.7]: where each arc of
a bridge scheme T is replaced by I'. In this paper linear upper bounds of arithmetical operations
numbers necessary to calculate as a reliability so its asymptotic constants are obtained. For a
comparison it is worthy to say that a number of arithmetical operations necessary to calculate a
reliability of a port increases as a geometrical progression of port arcs number.

1. Preliminaries

Consider a port T with a final number U of nodes, a set W = {w= (u,v),u,ve U} of arcs and
fixed initial u, and final u’nodes. Denote R a set of all ways R in the port ', which connect the
nodes u, and u’. Suppose that ® # @ . Consider the sets

ﬁl={AcU,u0 e A u’ eEA}, L=L(A)={(u,u'): ueA,u'EA}

and £= {L(A), Ae ﬂ} - the set of all sections in I'. Correspond for each arc we W a logic

variable a(w)=1(the arc w works), where /(B) is an indicator function of an event B. Denote a

quantity which characterizes a connectivity between the nodes u,,u" in T by

B=V Aa(w). (1)

ReR. weR
Suppose that a(w),we W , are independent random variables,

P(a(w) = 1) = pw(h), qw(h) :1—pw(h) ,
where 4 is some small parameter : 2 — 0. In [1] the following statements are proved.
Theorem 1. Suppose that p,(h)~ exp(—h_d(w)), h—0, where d(w)>0,weW. Then

—lnP(ﬂ=1)~h_D and D=D(F)=%1inrnaxd(w).
ER, WeR,

Theorem 2. Suppose that gq,,(h)~ exp(—h'dl(w)), h—0, where d,(w)>0,weW . Then

-InP(B=0)~ ™ and D, =D, (') = maxmind, (w).

Lel weL
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Theorem 3. Suppose that pw(h)~hg(w),h—>0, where  g(w)>0,weW. Then

InP(f=1)~GInh and G:G(F):gﬁn T g(w).
ER weR

Theorem 4. Suppose  that gq,,(h)~ R h 50, where g (w)>0,weW, then
InP(B=0)~G Inh and G, = Gl(r)=r?in Y g (w).
€L wer
The constants G,G, [3] may be interpreted as a length of a shortest way or a minimal ability
to handle of cross-sections in the port I' correspondingly. In a definition of the constants D,D, a

summation is replaced by a maximization. So the constants D, D, may be interpreted as a pseudo-

length of the shortest way or a minimal pseudo-ability to handle in the port T".
Remark 1. Suppose that 7(w) are independent random variables which characterize life

times of the arcs we W . Denote P(z(w)>¢)=p, (h) and put the graph ' life time equal to

r(I)=minmaxz(w). If h=h(¢) is monotonically decreasing and continuous function and
Re®R weR

h—0, t —> oo, then the theorems 1, 3 remain true if P(B=1) is replaced by P(z(I')>¢). If
h=nh (t) is monotonically increasing and continuous function and 2—> 0, t— 0, then the
theorems 2, 4 remain true if P(B=0) is replaced by P(z(I')<t). So it is possible to consider
widely used in the reliability theory the exponential and the Weibull distributions of arcs life times.
Denote I a port with the nodes set U = {ug,u,uy,u3} and with the arcs set (fig.1)
W={w1 =(u0,u1),w2 =(u0,u2),w3 =(u1,u3),w4 =(u2,u3),w5 =(u1,u2)} .
The node u, is initial and the node u; is final. The scheme T [4] is called the bridge scheme
and the arc w; — the bridge element in this scheme

U
W

w,
W, 4

U

Fig. 1. Bridge scheme T .

The scheme T reliability P=P(p,,...ps) in a suggestion that the arcs w,..,ws work
independently with the probabilities p,,..., ps is calculated by the formula

P=ps[1=(1=py)(1=p,) [ 1=(1=p3) (1= p4) |+ (1= ps)[ 1= (1= p1p3 ) (1= P2p4) ] 2)

To make these calculations it is necessary n(I:) =14 arithmetical operations.

2. Element wise analysis

Remark that in an accordance with the formula (1) the logical function g = ﬂ(a(w),w € W)
has all properties of the monotone structure [2, rn.7]:
a)ﬂ(a(w)zl,we W)zl, b)ﬂ(a(w)zo,we W)=0,
¢) B(a (w),we W)Sﬂ(az(w),we W), if o (w)<a, (w),weW .
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Fix an arc ve W and using the complete probability formula [2, §7.4] obtain the following
formulas:

P(B=1)=P(a(v)=1)F +P(a(v)=0)F’ 3)
FJ =P(B(a(w).weW. wevia(v)=5)=1),6=0,1,
and
F'<F'. “4)
Define the graph T'° by an exclusion of the arc v=(u,u") from the graph T' and the graph

I'! by a gluing of the nodes u,u’ in the graph I'Y. Using the previous section results and the
formulas (3), (4) obtain the following statements.

Theorem 5. Suppose that pw(h)~exp(—h_d(w)),h—>0, where d(w)>0,weW . Then
—InP(B=1)~h"" where D=min[max(d(v),D(Flv)),D(Fe)] p(rl)<p(r?).

Theorem 6. Suppose that qw(h)~exp(—h_dl(w)),h—)0, where d;(w)>0,weW . Then
—InP(B=0)~h" where D=min[max(a’l(v),Dl(Flv)),Dl(Fg)] py(r)<py(r0).

Theorem 7. If p, (h)~h*"), h—>0, where g(w)>0,weW .Then mP(f=1)~GInh and
G=min[g(v)+G(Flv),G(F8)] 6(r)=c(r?).

Theorem 8. If qw(h)~hg‘(w),h—>0,where g (w)>0,weW . Then nP(f=0)~G Inh and
Gl=min[g1(v)+Gl(Flv),Gl(Fg)], G,(r!)<G ().

Remark 2. The constants D,D,,G,Gido not depend on d(v).d,(v),
correspondingly if and only if D(Flv)zD(FO) D, (Fl)zD (FO) G( ) ( ) G, (Flv
The fig. 2, 3 show how the parameters d(v),g(v) influence on the constants D(T'), G

—~
=
~—

G(T)
I G(rg)
NETE |
4(v) " g(v)
Fig. 2. Fig. 3.

Example. Consider the port I (fig. 1) with independently working arcs W,...,ws and show
how the element wy reliability influences on the port reliability on an example of the constants

D(l_“), G(l_“) from the theorems 5, 7. Define the port ngs by an exclusion of the arc wy from the

graph T and the port flws by a gluing of the nodes u,,u, in the graph I:OWS .
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U
Wi Wy w "
1 3
U Us u0<><>' Uy
W2 W4 W2 W4
Uy
. =0 . =t
Fig. 4. Port T'y, Fig.5. Port I'y,

If p,, (h)~ exp(—h’df ), h— 0, with d; =d(w,) >0, then it is easy to obtain the formulas
D(I:?v5 ) = min(max(dl,d3),max(d2,d4)) , D(l_“lw5 ) = max(min(dl,dz),min(d3,d4 )) ,

p(r)= min[max(dS,D(Flws )),D(FOWS )} .
Here the equality D(l_"?v5 ) = D(I:IWS) is true in one of the following eight conditions:
1) dy>d >d,,2) dy>d =d,,3) d,2d,=d,,4) d, >d, >d,,
If p, (h)~h%,h—0,with g, =g(w;)>0,i=1,...,5, then it is easy to obtain the formulas
G(F?V5 ) = min((g1 +g3),(g2 +g4)) , G(l“iv5 ) = min(gl,g2)+min(g3,g4),
6(T) :min[g5 +G(r,).6(rs, )} .
Here the equality G(l“?v5 ) = G(l“lw5 ) is true in one of the following two conditions:
1)gs>g3.8,281,2) 83284.8128>-
Remark 3. If the graph T is constructed by an addition of the arc wy = (u,,u;) to the port T’
then D)= min(d(,,D(I:)), G(I')= min(gé,G(l_")) where dg,g, are appropriate parameters of the arc
we . As the graph [ is complete (each two its nodes is connected by some arc) so these formulas

may be spread to a case when we take interest to a connectivity of each two nodes of the graph I
(this scheme is an analog of a transformer electrical scheme). For this purpose it is necessary to
renumber the graph T nodes.

3. Ports superposition

Define recursively a class of bridge schemes B :

1) the arcs w;,w,,..., working independently with the probabilities p,, p,,..., belong to B,

2) if the ports T,,..,I's € B consist of nonintersecting sets of arcs then their superposition
I'=I(T,,...I's) belongs to B.

A number of arcs in the superposition I" is m(I")=m(T;)+...+m(Ts) where m(T;) is a
number of arcs in the port I';. The reliability of the superposition I equals to P(R,...,A) and is
calculated by the formula (2) and needs

n, (F’)znp (1:)+np (F1)+...+np (FS)
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arithmetical operations where »(I';) is a number of arithmetical operations necessary to
calculate the

reliability P.

If n,([,)<n, (T)(m(r,)~1),1<i <5, then

n, ()< n, (F)(m(F’) - 1) . (%)
So a number of arithmetical operations necessary to calculate the reliability of the port

I e B has a bound which is linear increasing by a number of the port I’ arcs.
For the superposition I'"=TI'(I'},..I's) of the ports I';,..I'se®B it is easy to obtain the

recurrent formulas

D(I)=min max D(I'; ), Dy (I") = max min D (T';) (6)
G(I')=min ¥ G(I;),G (I'")=max ¥ G (T;) (7)
Re® iy eR LeL jwel

Here ®,, £ are the sets of ways and cross sections in the graph I'. The constants
D(T;),D(I;),G(T;), G (T;), i=1,...5,
are calculated by the theorems 1-4 formulas. The formulas (6), (7) allow analogously to (5) to
construct linear by m(I’) wupper bounds for numbers of arithmetical operations
np ('), np, ("), ng (T"), ng, (I')  which are necessary to calculate the constants
D(I"), D (T"), G(I'), G (I'):
np (T7) < np (r)(m(r') ~1), np (M) <np, (r)(m(r') -1),

ng (F') <ng (F)(m(r') - 1) , NG, (F’) <ng (F)(m(F') - 1) .

For a comparison remark that a number of arithmetical operations necessary to define the
shortest way length or the minimal cross sections ability to handle in general type graphs [5] is
significantly larger.

Remark 4. The constructed algorithm of a recursive definition of a port reliability for the
class B with the generating scheme I' and the upper bound (5) may be spread to a case of a finite

set ¢={I'} of generating schemes with a replacement n(l:) in the formula (5) by maxn(T). For
T'eqg

example it is possible to construct ¢ by the graphs with two arcs which are connected parallel and
sequentially.
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