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In this paper we consider an autoregressive random sequence
Xk :RXk—l +77k—1’ XO =0,
with0< R <1 and assume that 7, has exponentials mixture distribution with

!
P(n >1t)= 2P exp(—4,1) .

Our problem is to calculate a distribution of a reaching moment z=inf(k:X, > X). This
problem origins in the risk theory, in the financial mathematics, in the statistics of random
processes and in the reliability theory. Interest to mixtures of exponentials as approximations of
distributions with heavy tails is initiated by papers [1], [2]. At first look this problem may be solved
by martingale technique. But in different applications when R >1 or R, X depend on £ or we need a
distribution of a jump over X it is too complicated. In this paper we apply some recurrent integral
equalities to get over these difficulties. We solve the considered problem in symbols and illustrate
obtained solutions by numerical calculations.

Denote the deriving moment for this sequence reaching some boundary and designate

X/ =XR/, k>1,0<j<k-1, Xf=0.
Theorem 1. The following formula are true for k >1 :

A,
T, (x)=P(X, >x,72k)= Zzakk 51rexp[ R/x) M
r=1j=0
X]]{{—S-%—l <x< X]]{{_S , S :1,,..,k N and
I
P(r=k)= Zlakoorexp(_ﬁrX)' ?
Here for 1<r,q<I

A00r = Pr>
(3)

pq A fo— —tjr

A1 k+l-s 0 ¢ —[(S il)tz,ljzorzl /1 RJJrlﬂ A(k7t7Qara.j)+
H(s#k+1)Y qurikkle(k,s,q,r,j), 1<s<k+1, “)
j=r= 4, =R/ A,
. oy Patisir o <<k 5)
k+l k+l-sj r o /lr _Rj/lq i ’ ’
with
A
N k+2-s r
B(k,S,q,l",])—eXp(_inl (Rj+1_/1‘1jj’
. . - ﬂ’r
A(kataqar:]) :B(k,t,q,r,])—eXp(—X;f:ll t(Rj+1 _ﬂLIjj :
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!
Proof. As T (x)=Y p,exp(-4x), 0<x<X, so we have an equality
r=1

!
P(r=1)=Y p,exp(—4,X) and (1)-(3) are true.
r=l1
Denote Q, (x)=P(RX, >x, 72k +1)and calculate

!
0 (x)= % 2 eXp(—

’1”‘) ,0<x<XR.
R

Then we have

min(x,XR) ¢
L()== [ X pyexp(-4, (x-u))d0i ()=
11 A, exp(—4,x . A,
b S ool o4

=1
[ 1 A Ax
r e A x)—e -1, 0<x<XR,
qzlrzlpqp’z —m(Xp( ) Xp( RD g

)(1 exp(—X (4. —R4,))), XR<x<X.

So

A.x
T2(x) z426222 s;rexp( j X§3< <X s 5:152’
r=1j=0

with

H aleq 2 pqpr s

!
aZqu = leqpr
r=

ﬂ’r
A, —R2, 2 R/?,

i}"
mA(l,l,q,r,O), A(1,1,g,r,0)=(1-exp(=X (4, — R4, ))).,

!
a009 = )3 Pyby
r=1 ,, q
!
Then we have P(r=2)=3 a,(,, exp(-4,X). So for k=1 the formulas (4), (5) are true also.
r=l1
Assume that the formulas (1), (2) are true for fixed & then

A Au _
~dQ, (u) = ZZam,rR,»:lexp( R,H)du XEF <us X s=1k.

r=1j=0

So
min(x,X,lH) /

T (x)=— (f) (Elpq eXp(_/lq (x_“))ko(“)z

k min(x,X;xll ) =s ¢ Qs jrP, j’r eXp —A X uﬂ«
=y | >3 Z / qu+1 ( B )exp( R +ul )duz

5= 1m1n( XE ‘)J 0g=1r=1
ZI: ! pqﬂ‘r exp(_ﬂ’qx)akk—sjr
i=0g=1r=1 A, —RJ+1/1q

k—s

k
=2

s=1

A4 (k,s,q,r,j),0<x< X,

~

with

R]+1 RJ+1
From another side we search 7, (x) as follows:

[ k+l-s

A,
Tk+1(x) 21 21 Afev1 k+1- ?jrexp( Rx) Xllc{j:lz T<X<Xk+1 T: S=17"'7k+1'
r J=

Al(k,s,q,r,j):exp(—min(x,X,fIlz‘s)( Ay /?,qD— exp( mln(x XfH- Y)( A ﬂq)j
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So for s =1 we have

[k Ax\ k1L Lp Ay iy A.x
D ak+1kjrexp(_Rjj =y 3y ey exp(—4,x)—exp| —

r=1;=0 j=0g=1r=1 A, —Rj+1/1q R/
and obtain (4), (5). For 2<s<k+1we have
1 k+l-s Ax) slk=t 1 1 p A exp(—-A,x)a,,_, . )
2 X Gy k+l—sjrexp(_r~) =y yyy-t ( (.IH) L A(k,s,q,r,j)+
r=l j=0 t=1 j=0g=1r=1 A, —RT2,
k=s 1 I p A exp(—/l x)akk_ - A
+I(s#k+1 77 1 ‘W(B k,s,q,r,j)—ex (—x( ) D)
( )]EOEIEI /’L,-R“%CI (k.sq,r.J) = exp R Y

As a result obtain (2), (4), (5).
Denominators in (4), (5) may be small or even zero. This circumstance creates difficulties in
calculations. These difficulties may be got over by a following statement.

Lemma 1. Suppose that \,,...,\, are different positive numbers and R=m/n where m,n are

integers and mutually simple. Then for any €>0 satisfying inequalities |4, —lj‘ >2¢, 1<i#j<I,

there are rational numbers 711,...,71, so that

hi=R|<e, A =R, 1<i= <l k>0. (6)
Proof. Denote L=mn for any >0 there are integers N,k,...,k; so that
1.2 /1,.—&<5, 1<i<l,
NL 2 N| 2
then
- ey & L+1
;-1 <. with L ALEPYy
NL

As ‘ki—lj‘>28 SO /i,.;t/ij, 1<i# j<I. Each pair of integers (k,L+1,L), 1<i</, has not
joint divisors larger 1 so (k,L+1)n* =(k;L+1)m*, 1<i=j<I, k>0.

Remark 1. Suppose that X =1,R=0.9,1=13and L;, p;,1<i<l,are described by Table I
then in an accordance with Theorem 1 we obtain Table 2.

i A Pi
1 [ 4.491 0.193963 k| Px=k)
2 | 1.422 0.651199 3 10.267786
3 10.371 0.147817 6 | 0.214032
4 10.076 0.006832 9 10.001387
5 10.014 1.88x10~ 12 ] 0.000051
6 |0.03 4.61x10°° 15| 1.621x107°
7 | sx107* L 11x10~ 18 | 4.747x107°
8 | g8x10 5 65%10~° 21| 1.345x107°
9 | 16x107° 6.35%107"! 24 | 3.755x107"
10 | 2.9x107 150%10-"2 27| 1.042x107"*
11| 54x1077 363%x10°14 30| 2.9x10™
12 9.7x107® 8.61x107' Table 2.
13 ] 1.5x107* 1.72x107"

Table 1.
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Remark 2. The results of Theorem 1 remain valid for variable boundary
t=inf(k: X, > X (k))
with the replacement of the designations
X/ = min(X,{:}R,X(k)) s J=look—1, Xf =0, X?=X(k), k>1.

Remark 3. Obtained formulas are true for variable R :
Xy =R, _ X, +nm, 0SSR, <1,
with the replacement of the designations
X/ =XR], Rl =R[R,,, 0<j<k-1, R’ =1, Xf=0.

Remark 4. In an accordance with (2) we have that a jump of X,, k=1, over a level X may
be characterized by the following formula:
r-100, €XP(=4, (X +))

P(X, >X+y/r=k)=z ;
2100, eXp(—4.X)

b
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