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Introduction

In this paper we consider the Laplas model described by the following autoregressive random sequence

(1

P >t)= , t>0, P(n, <t)= , 10,

Our problem is to calculate a distribution of a reaching moment 7. This problem was put before the authors
of this paper by A.A. Novikov. The problem origins in the risk theory and in the reliability theory. M.
Jacobson found approximate solution of this problem by martingale technique. V.V. Mazalov suggested to
solve the problem for R <1approximately by some recurrent procedure which includes a compressing
operator. In this paper we apply some recurrent integral equalities to find accuracy solution represented by
mixtures of exponentials. This solution is illustrated by numerical calculations. Our solution may be used for
an arbitrary R and when as R so X depend onk .

exp(—At) exp(At)
2 2

1. Main results

Denote X,f =0, X,’f‘s = XR¥ | s=1,...,k, and designate fork >1
T, (x)=P(X,>x,72k), x20, S, (x)=P(X,<x,72k), x<0,
P(t=k)=T,(X).
Denote

. _ 1 . _ 1
B (ks f) =oxp ~4xEE (b)) Bty = 238 (1)),

. f 1 . f 1
B (ks j) =exp -2 (1] ). Btk =exe 2kl 1),
Al (k,S,j) = B] (k,S,j)—B4_l (k,S,j), A2 (k,S,j) =B2 (k,S,j)—B3_1 (k,S,j),
A4 (k,s,j)sz_1 (k,s,j)—Bs(k,s,j), As(k,s,)) =Bl_1 (k,s,j)— B, (k,s,J).

Theorem 1. The following formulas are true for k>0, and for x>0

T (x)= ];Z; f s j eXp(—j;;j + ];Z; by ks ; exp(fj) T Cris (2)
with X5 <x < X5 for some s € {1,...,k} and for x<0
= Ax
Si(0= % de o1 ®
and
P(r=k)= a0 xp(~2). @
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Here
1 1
aloozi,bloozo,clO:O,dm:E,cH:O (5)
and
2j
ak+1k+l—sj:_akk—sj—1m’0<j§k_s+1’1ésgk’ (6)
R :
bk+1k+l—sj=_bkk—3‘j—lm’0<~]Sk_s+1’1£s£k’ (7)
=1 d, . s=1k=t| A (k,t,j)a, ,_, . A, (k,t,j)b,,_, :
aklkl—ozl D ki 1 ( J)}kktj_i_ 5 ( ]).kkt] N
TR 01+ R D5 1-R/*! 1+ R/
k=s| By (k,s,j)ayj_s i By(k,s,J)byj_s i
S Blles Dy By oS Doics i ) oo cpy, (8)
j=0 1-R/" 1+ R/*
1 & ks A3(k,t’j)akk—s1 Ay (kot, j) by iy ;
bpsiksi—s0 =5 : +
‘ 2\ S5 20 1+ R/ 1- R/
ks By (kys, j) g joy j Ba(koss j)by iy
+Ei{ LR g H1s55k beioo =0, )
Chil ktlos = Ch ks — W00 EXP(—AX), 1S5 <k, €44y =0y =0, (10)
1( k1 dy ; k k=s a ;_ k=s by ;_
dyo== A SLg(kys, )+ T4, (k,s 11
k+10 2[]§01_RJ+1 AEIJEOI-FR‘]-H 3( ]) gzljg j+1 4( .]) ( )
R2U+D )
dk+1j+1:_dkjl_R2(j+l)’OS]Sk_l' (12)
2. Theorem 1 proof
It is obvious that
T (x )_M, x>0, Sl(x):eng/m, x<0, (13)
and
P(T=1)=qugixj.
Calculate now for x>0
0 min(x,XR) _ _ XR _
Q(x)z(j'dg(”)_ ] dn(ujjmqml(xun ~- dﬂ(uj(l—emﬂﬂ(xu»j.
—o0 R 0 R 2 min(x,XR) R 2
As a result obtain
Tz(x):1(exp(—/ix)—Rzexp(—;txD—lexp(—/iX)+
2(1-R?) R)) 2
(14)
+exp(/lx)exp( -AX (1+R)) L 0<x<XR.
4(1+R)
T (x )_exp( Ax)( 1 2_exp(/i(R—l)X)  XR<x<X. (15)
1-R 2(1-R)

Calculate now for x <0

SZ(X)Z_};dSI(@@_W} @d‘g{R] ar (RDW
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As a result obtain

S, (x) =ex p(ix)Ez 4(;;R) 4(S>R)j

exp(Ax) 1
+ 5 (2(1 R)+2(1 R)(l exp( /IX(1+R))))

In an accordance with (14) - (16) assume by an induction that for x>0 the formula (2) is true and for x <0
the formula (3) takes place. Then for x>0

(16)

T (x) = Jy (%) + 5 (%) + 5 (x) + T4 (x). (17)
Here
-1 “Ax)k=1 d, ;
Jl(x)—de (Rjexp( 2(x u)) _ exp(2 X)j:01+;]f+1' (18)

Calculate now

@(x):-mm(xf“)dr e

exp(—Ax) k k=t a; _, ; 1 min(x, XE7)
:LZ Zkk;,ilexp(—/tu( j”_lD + (19)
2 =1 j=01—R R mm(x XfH- ‘)
mm(x Xk ')
exp( —Ax) k k=t bryy 1
5 ZZI+R1+1eXp Au Rj“_l , x2>0.
t=1j=0 min(x,X,fIlH)
Then we have for X ,f:lz‘s <x<X ,’f:ll‘s
Xin u
Jy(x)=- : ) ] )di (Rj = = g9 exp(—AX)+
min(x, X},
(20)

k—s Ax ) k—s ( Ax j
+ a s - €X - |+ b s . eX — |+c i
EO kk-s j P( R EO k k—s j CXP R s

and

B X u exp(—A(x—u))
Jy(x)= | )di(RJZ =

min(x,X,lH

mm(max(x Xk ‘) X,{,H)

k k—s a .
_exp(4x) §. K5 kk_s.jlexp(—/”tu( 1. 1+1D +
2 szlj:Ol"r‘R]Jr R/* mm(max(x Xk S)X}Hl)
(21)
k k=s b min(max(x, X{17),X},,)
G tenl))
2 s=1j= —0l—R R/* R/ min(max(x,X;fI]z’s),X)m)
forse{l,...k},
J3(x)=J,(x)=0, s=k+1. (22)
From (17) - (22) we have for x>0, s e{L,...,k}
“Ax)k=1 d,
Tk+1(x)z_akooeXP(_ﬂX)”Lexp( 4x) b (23)

2 jol+RM

exp( Ax) k k=t Qg ( ( 1 D
i — L exp| -4 —
2 ,21,201 R P T R

min(x,X,fIlz” )
+

k+1-t
mm(x X )
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1n1n(x XEHE ’)

+

exp( Ax) k k=t bkk,, ( ( 1 )j
—_— exp| Au +1
2 tzljzo 1+ i P R/

mm()c XfH- ’)

k—s AX Ax
+Zakk qjexp(R]_,_]j Zbkk Yjexp(R )+ckk st

j=0

exp(Ax) k k=t a;,_, 1 m
_,_MZ s kk—tj exp(—lu(RjH +1D

: +1
2 t=1j=0 1+ R/ min(max(x,X,fIlz’s ),X}M)

exp(/tx)isz Ly exp(/lu( 1 _1D

2 Sjol-RrRM R/

in(max(r (). XLy )

+

min(max(x, X{17), X1, )

min(max(x,X,{fIlz’S % X1 )

and for s=k +1
exp(-Ax)kl  dy;
2 jol+RM
k+1 1)

exp( Ax)ikzt [ p[_ﬂu( 1 _IDmin(x,Xﬁ?’)
2 t=1 j= ol— R]Jrl RJH mm(x Xih

+
k k-t b
exp( /1x)Z S5 Kkt o p(lu( }+1+1D

2 i=1j=0 1+ R/

Tiii (x) = (24)

mm(x,XkLz ’)

min(x,X,fIll”)

Using the formulas (2) rewrite the formulas (23), (24) as follows: for s € {L,...,k}
- k=t d, . stk=t| A (k,t, j)a, ., . A (k,t,j)b, .,
Tk+1(x):exp( /”LX)[Z ki, [ 1 (k2 /) kket) b (K.t ) kktj:|+

, . , 25
2 01+ RN D5 1-R/* 1+ R/ @)

k—s|:Bl (k,S,j)ak k—s j BZ (k’S’j)bk k—sj:D
+ Z - + - -
I_RJ+1 1+R/+l

Jj=0

Ax Ax
Lhos| P\ = e |kos i OP| it [kkes
+

+
25 1- R/ 1+ R/

k=s Ax Ax
+2 a; Sjexp( RJ”)+ Z by - Yjexp(RjH)+ckk_S —a, oo exp(—AX)—

=0
_exp(4x) i ksl Ay (Kot j)ag +A4(k,t,j)bk k=sj |
2 1+ R/ 1-R/*

t=s+1 j=0

exp(—ﬂx)a exp(lij
_kz—:s|:B3 (k,s,j)a, ki, By (k,s,j)b; k_SjD—lkf i ks j . R )k k=s

=0 1+ R/ 1-R/* 2% 1+ R/ 1-R/*

k+1—S ﬂ/x k+1-s /Ix
= 2 gy ge1-s j CXP Yl 2 bt ks exp T Chat ka1s>
Jj=0 R j=0

for s=k+1

- k-1 d, ; s—Lk=t| A (k,t,j)a, ,_, . A, (k,t,j)b, ,_, ;
Tk+l(x):exp( /Ix)[ ki [ 1 (k2 /) kk—tj ) (K1, /) kkt]:|+

2 - . .
2 o l+ RN D5 1- R/ 1+ R/

(26)

k—s|:Bl (kos,j)ay s ; Ba(kys,j)by sy
+X . + -
1-Rj+l 1+R/+1

D = G100 €Xp(—4x).

=0
Calculate now for x<0
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Skﬂ(x)=_105k(;j(1 exp(— i(x u)) [de ( j A%Hd]k(ZjJexp(ﬂ(x_LO): 27)

) 0 2

1
d, .ex 1 . +
,zo ks P Rf+l { 2 1+Rf+1 2(1—R1+1)}

1 k=1 dy ; exp(Ax) exp(ﬂx) ko kos Gy s 1
2]20 1- R]-'—1 32:11 ]E:O Rﬂ—l (_/Iu(RjH ’ 1))

k+2-s
exp(/ix) k ks by ( ( 1 DXM
exp| Au| ———1 =
2 3211201 R P R/

k+2-s
Xk+1
+
k+1-s
Xk+]

k+1-s
Xk+]

k-1 Ax 1 1
_Jgodkj exp(RjJrl)[l_z(l_'_Rj+1)_2(1_Rj+l)J+

s s Ay i)
2 j=0 1— R/t s=17=0 1+ R/ 1— Rt = k+l j R

From the equalities (13) - (16), (25) - (27) we have the formulas (4) - (12). Theorem 1 is proved.

Remark 1. Obtained formulas remain true in a case of variable boundary and interest rate:
Xy =R Xy +my, t=inf(k: X, 2 X (k))
then we rewrite
Xf=0, X0 =X(k), X/ =min(X/JR,_,. X (k)), R} =1, R/ =R/ R, ,,

and replace R’ by R,{Ill and R’ by R,{H in previous formulas,1< j<k—1, k>1, without assumption

R, <1.

Remark 2. The proof of Theorem 1 contains sufficiently complicated and long symbol
transformations. The transformations create manifold mistakes. To avoid these mistakes we examined the
transformations by numerical calculations.

Remark 3. Suppose that X=1, R=0.5, 1=0.4491 then in an accordance with Theorem I we obtain
Table 1.

k P(r=k)

10 0.03052

20 0.00512968
30 0.000861841
40 0.000144798
50 0.0000243276

60 | 4.08729x107°°
70 1 6.86708x1077
80 | 1.15374x1077
90 |1.93841x10°%
100 | 3.25672x107°

Table 1.

The authors thank A.A. Novikov for useful discussions.
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