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ABSTRACT 
 

A non-stationary approach to reliability analysis of two-state series and consecutive “m 
out of k: F” systems is presented. Further, the series-consecutive “m out of k: F” system is 
defined and the recurrent formulae for its reliability function evaluation are proposed. 
Moreover, the application of the proposed formulae to reliability evaluation of the radar 
system composed of two-state components is illustrated.  

 
 
 
1  INTRODUCTION 
 
The basic analysis and diagnosis of systems reliability are often performed under the assumption 
that they are composed of two-state components. It allows us to consider two states of the system 
reliability. If the system works its reliability state is equal to 1 and if it is failed its reliability state is 
equal to 0. Reliability analysis of two-state consecutive “k out of n: F” systems can be done for 
stationary and non-stationary case. In the first case the system reliability is the independent of time 
probability that the system is in the reliability state 1. For this case the main results on the reliability 
evaluation and the algorithms for numerical approach to consecutive “k out of n: F” systems are 
given for instance in Antonopoulou & Papstavridis (1987), Barlow & Proschan (1975), Hwang (1982), 
Malinowski & Preuss (1995), Malinowski (2005). Transmitting stationary results to non-stationary time 
dependent case and the algorithms for numerical approach to evaluation of this reliability are 
presented in Guze (2007a), Guze (2007b). Other more complex two-state systems are discussed in 
Kołowrocki (2004). The paper is devoted to the combining the results on reliability of the two-state 
series and consecutive “m out of n: F” systems into the formulae for the reliability function of the 
series-consecutive “m out of k: F” systems with dependent of time reliability functions of system 
components Guze (2007a), Guze (2007b), Guze (2007c). 
 
2 RELIABILITY OF A SERIES AND CONSECUTIVE “M OUT OF N: F” SYSTEMS 
 
In the case of two-state reliability analysis of series systems and consecutive “m out of n: F” 
systems we assume that (Guze 2007c):  
− n is the number of  system components, 
− ,iE ,,...,2,1 ni =  are components of a system,  
− iT  are independent random variables representing the lifetimes of components ,iE  ,,...,2,1 ni =  
− ),,0 ),()( ∞∈<>= ttTPtR ii  is a reliability function of a component ,iE  ,,...,2,1 ni =  
− ),,0 ),()(1)( ∞∈<≤=−= ttTPtRtF iii  is the distribution function of the component iE  lifetime 

iT , ,,...,2,1 ni =  also called an unreliability function of a component ,iE  .,...,2,1 ni =  

In further analysis we will use one of the simplest system structure, namely a series system. 
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Definition  A two-state system is called series if its lifetime T is given by    
 

   T = }.{min
1 ini

T
≤≤

 

 
The scheme of a series system is given in Figure 1. 

 

 
Figure 1. The scheme of a series system 

 
The above definition means that the series system is not failed if and only if all its components are 
not failed or equivalently the system is failed if at least one of its components is failed. It is easy to 
motivate that the series system reliability function ),()( tTPtn >=R  ),,0 ∞∈<t  is given by    

   )(tnR  = ∏
=

n

i
i tR

1

)( , ).,0 ∞∈<t                                    (1) 

 
Definition 2. A two-state series system is called homogeneous if its component lifetimes Ti have an 
identical distribution function    

 
   F(t) = P(Ti  ≤ t), ),,0 ∞∈<t  i = 1,2,...,n, 
 
i.e. if its components Ei have the same reliability function    
 
   ),(1)( tFtR −=  ).,0 ∞∈<t  
 
The above definition results in the following simplified formula     

   )(tnR  = [R(t)]n, ),,0 ∞∈<t                                          (2) 
for the reliability function of the homogeneous two-state series system. 
 
Definition 3. A two-state system is called a two-state consecutive “m out of n: F” system if it is 
failed if and only if at least its m neighbouring components out of n  its components arranged in a 
sequence of E1, E2, …, En, are failed. 
 
After assumption that: 
− T  is a random variable representing the lifetime of the consecutive “m out of n: F” system,  
− ),,0 ),()()( ∞∈<>= ttTPtm

nCR  is the reliability function of a non-homogeneous consecutive “m 
out of n: F” system, 

− ),,0 ),()(1)( )()( ∞∈<≤=−= ttTPtt m
n

m
n CRCF  is the distribution function of a consecutive “m 

out of n: F” system lifetime T , 
we can formulate the following auxiliary theorem (Guze 2007c). 
 
Lemma 1. The reliability function of the two-state consecutive “m out of n: F” system is given by 
the following recurrent formula 

E1 E2 En .    .    . 
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).,0for ∞∈<t  
 
Definition 4. The consecutive “m out of n: F“ system is called homogeneous if its components 
lifetimes Ti have an identical distribution function 
 
   F(t) = P(Ti  ≤ t), i =1,2,… , n, ),,0 ∞∈<t  
 
i.e. if its components Ei have the same reliability function 
 
   R(t) = 1 - F(t), ).,0 ∞∈<t  
 
Lemma 1 simplified form for homogeneous systems takes the following form. 
 
Lemma 2. The reliability function of the homogeneous two-state consecutive “m out of n: F” system 
is given by the following recurrent formula 
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3 RELIABILITY OF TWO-STATE SERIES-CONSECUTIVE “M OUT OF K: F” 
SYSTEM 

 
To define a two-state series-consecutive “m out of k: F” systems, we assume that  
 
   Eij, i = 1,2,...,k, j = 1,2,...,li,  
 
are two-state components of the system having reliability functions    

 
   Rij(t) = P(Tij  > t), ),,0 ∞∈<t   
 
where  
 
   Tij, i = 1,2,...,k, j = 1,2,...,li,  
 
are independent random variables representing the lifetimes of components Eij with distribution 
functions   
 
   Fij(t) = P(Tij  ≤ t), ).,0 ∞∈<t   
 
Moreover, we assume that components ,1iE  ,2iE …, ,

iilE  i = 1, 2, …, k, create a series subsystem 
,iS  i = 1, 2, …, k, and that these subsystems are arranged in a sequence ,1S ,2S …, .kS  

 
Definition 5. A two-state system is called a series-consecutive “m out of k: F” system if it is failed if 
and only if at least its m neighbouring series subsystems out of k its series subsystems  arranged in a 
sequence of ,1S ,2S …, kS , are failed. 
 
According to the above definition and formula (1) the reliability function of the subsystem iS  is 
given by 

   ∏
=

=
i

iil

l

j
ij tRt

1

)()(R                        (5) 

and its lifetime distribution function is given by 

   ∏
=

−=−=
i

ii

l

j
ijilil tRtt

1

),(1)(1)( RF              (6) 

for i = 1,2,... , k, ).,0 ∞∈<t   
 
Hence and by Lemma 1 denoting by )(

21
t(m)

,...,l,lk,l k
CR  ),( tTP >=  ),,0 ∞∈<t  the reliability function of the 

series-consecutive “m out of k: F” system, we get the next result. 
Lemma 3. The reliability function of the two-state series-consecutive “m out of k: F” system is 
given by the following recurrent formula 
 
 

=)(
21

t(m)
,...,l,lk,l k

CR  
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).,0for ∞∈<t  
 
Motivation. Assuming in (3) that )()( ttR

iili R=  and ),(1)()( tttF
ii ilili RF −==  we get formula (7) 

and next considering (5) and (6) we get (8). 
 
Definition 6. The series-consecutive “m out of k: F” systems is called regular if 
  
   llll k ==== K21 , .Nl∈  
 
Definition 7. The series-consecutive “m out of k: F“ system is called homogeneous if its 
components lifetimes Tij have an identical distribution function 
 
   F(t) = P(Tij  ≤ t), i = 1,2,… , k, j = 1,2,…, li  ),,0 ∞∈<t  
 
i.e. if its components Eij have the same reliability function 
 
   R(t) = 1 – F(t), i = 1,2,… , k, j = 1,2,…, li, ).,0 ∞∈<t  
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Under Definition 6 and Definition 7, denoting by )(tl

(m)
k,CR ),( tTP >=  ),,0 ∞∈<t the reliability function  

of a homogeneous and regular series-consecutive “m out of k: F” system, from Lemma 3, we get 
following result. 
 
Lemma 4. The reliability function of the homogeneous and regular two-state series-consecutive “m 
out of k: F” system is given by 
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).,0 ∞∈<t  

 
4 APPLICATION 

 

Example 1. Let us consider the radar system. The system is composed of k = 5 radar towers. We 
assume that every radar tower is the series subsystem with components: a radar, an antenna, an 
emitter and a set. We assume that radar system is failed, if its two consecutive of five towers are 
failed. It means that we consider a regular two-state series-consecutive “2 out of 5: F” system. 
Considering formula (8) and after assuming that m = 2, k = 5 and l1 = l2 = l3 = l4 = l5= l = 4, we get 
the following reliability function for radar system: 
 
- for m = 2, k =1: 
 

   ,12
,,,,1 54321

=(t))(
llll,lCR  ).,0for  ∞∈<t                                 (10) 

 
- for m = 2, k = 2: 
 

∏ ∏
= =

−−=
2
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4
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54321
i j

ij
)(

llll,l tR(t)CR  )()()()( 14131211 tRtRtRtR= )()()()( 24232221 tRtRtRtR+  

 
            ),()()()()()()()( 2423222114131211 tRtRtRtRtRtRtRtR−  ).,0for ∞∈<t                    (11) 

 
- for m = 2, k = 3: 
 

(t)tR(t) )(
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(t)tRtRtRtR )(
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)]()()()([ CR= (t)tRtRtRtR )(
llll,l

2
,,,,124232221 54321
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)],()()()(1[ 34333231 tRtRtRtR−⋅  ).,0for ∞∈<t                                  (12) 
 

      - for m = 2 and k = 4 we get 
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- for m = 2 and k =  5: 
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)],()()()(1[ 54535251 tRtRtRtR−⋅  ).,0for ∞∈<t                                         (14) 

       
In particular case when we assume arbitrarily that the lifetimes Tij of the components Eij, i = 1, 2, 3, 
4, 5, j = 1, 2, 3, 4, of the radar towers Si, i = 1, 2, 3, 4, 5, have an exponential distributions of the 
form  
 

   )()()()()( 5141312111 tFtFtFtFtF ==== )(1 tF= },exp{1 1tλ−−= ),,0for ∞∈<t ,01 >λ               (15) 
 

   )()()()()( 5242322212 tFtFtFtFtF ==== )(2 tF= },exp{1 2tλ−−= ),,0for ∞∈<t ,02 >λ              (16) 
 

    )()()()()( 5343332313 tFtFtFtFtF ==== )(3 tF= },exp{1 3tλ−−= ),,0for ∞∈<t ,03 >λ               (17) 
 

   )()()()()( 5444342414 tFtFtFtFtF ==== )(4 tF= },exp{1 4tλ−−= ),,0for ∞∈<t ,04 >λ               (18) 
 
i.e. if the ralibility functions of the components Eij, i = 1, 2, 3, 4, 5, j = 1, 2, 3, 4, of the radar towers 
Si, i = 1, 2, 3, 4, 5, are given by 
 

   )()()()()( 5141312111 tRtRtRtRtR ==== )(1 tR= },exp{ 1tλ−= ),,0for ∞∈<t ,01 >λ               (19) 
 

   )()()()()( 5242322212 tRtRtRtRtR ==== )(2 tR= },exp{ 2tλ−= ),,0for ∞∈<t ,02 >λ               (20) 
 

   )()()()()( 5343332313 tRtRtRtRtR ==== )(3 tR= },exp{ 3tλ−= ),,0for ∞∈<t ,03 >λ               (21) 
 

   )()()()()( 5444342414 tRtRtRtRtR ==== )(4 tR= },exp{ 4tλ−= ),,0for ∞∈<t ,04 >λ               (22) 
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considering  (10)-(14) and (15)-(22) we get the following recurrent formula for the reliability 

)2
,,,,5 54321

(t)(
llll,lCR  of a regular and non-homogeneous radar system 
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                       })(3exp{3 4321 tλ+λ+λ+λ−+ },)(2exp{ 4321 tλ+λ+λ+λ−+  ).,0for ∞∈<t  
 
5 CONCLUSIONS 

 
The paper is devoted to a non-stationary approach to reliability analysis of two-state series and 
consecutive “m out of k: F” systems. Two recurrent formulae for two-state reliability functions, a 
general one for non-homogeneous and its simplified form for regular and homogeneous two-state 
series-consecutive “m out of k: F” systems have been proposed. The formulae for a regular and non-
homogeneous two-state series-consecutive “m out of k: F” has been applied to reliability evaluation 
for radar system. The considered radar system was a regular and non-homogeneous two-state 
series-consecutive “2 out of 5: F” system. 
The input and structural reliability data of considered radar system have been assumed arbitrarily 
and therefore the obtained its reliability function evaluation should be treated as an illustration of 
the possibilities of the proposed methods and solutions only. 
The proposed methods and solutions may be applied to any two-state series-consecutive “m out of 
k: F” systems. 
 
 
6 REFERENCES 
 

1. Antonopoulou, J. M. & Papstavridis, S. (1987). Fast recursive algorithm to evaluate the reliability of a 
circular consecutive-k-out-of-n: F system. IEEE Transactions on Reliability, Tom R-36, Nr 1,  83 – 84. 

2. Barlow, R. E. & Proschan, F. (1975). Statistical Theory of Reliability and Life Testing. Probability 
Models. Holt Rinehart and Winston, Inc., New York. 

3. Guze, S. (2007). Wyznaczanie niezawodności dwustanowych systemów progowych typu „kolejnych k z 
n: F”. Materiały XXXV Szkoły Niezawodności, Szczyrk.  

4. Guze, S. (2007). Numerical approach to reliability evaluation of two-state consecutive „k out of n: F” 
systems. Proc.1st Summer Safety and Reliability Seminars, SSARS 2007, Sopot, 167-172. 

5. Guze, S. (2007). Numerical approach to reliability evaluation of non-homogeneous two-state consecutive 
„k out of n: F” systems. Proc. Risk, Quality and Reliability, RQR 2007, Ostrava, 69-74. 

6. Hwang, F. K. (1982). Fast Solutions for Consecutive-k-out-of-n: F System. IEEE Transactions on 
Reliability, Vol. R-31, No. 5, pp 447-448. 



S. Guze – RELIABILITY ANALYSIS OF TWO‐STATE SERIES‐CONSECUTIVE “M OUT OF K: F” SYSTEMS 

 
R&RATA # 2(13) part 1  

(Vol. 2) 2009, June 
 

 

87 

7. Kołowrocki, K. (2004). Reliability of Large Systems, Elsevier. 
8. Malinowski, J. & Preuss, W. (1995). A recursive algorithm evaluating the exact reliability of a 

consecutive k-out-of-n: F system. Microelectronics and Reliability, Tom 35, Nr 12, 1461-1465. 
9. Malinowski, J. (2005).  Algorithms for reliability evaluation of different type network systems, WIT, (in 

Polish), ISBN 83-88311-80-8, Warsaw. 


