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ABSTRACT

The semi-markov model of the system operation process is proposed and its selected parameters are
defined. There are found reliability and risk characteristics of the multi-state “m out of /”-series
system. Next, the joint model of the semi-markov system operation process and the considered
multi-state system reliability and risk is constructed. The asymptotic approach to reliability and risk
evaluation of this system in its operation process is proposed as well.

1 INTRODUCTION

Many technical systems belong to the class of complex systems as a result of the large
number of components they are built of and complicated operating processes. This complexity very
often causes evaluation of systems reliability to become difficult. As a rule these are series systems
composed of large number of components. Sometimes the series systems have either components or
subsystems reserved and then they become parallel-series or series-parallel reliability structures.
We meet these systems, for instance, in piping transportation of water, gas, oil and various chemical
substances or in transport using belt conveyers and elevators.

Taking into account the importance of safety and operating process effectiveness of such systems it
seems reasonable to expand the two-state approach to multi-state approach in their reliability
analysis (Kolowrocki 2004). The assumption that the systems are composed of multi-state
components with reliability state degrading in time without repair gives the possibility for more
precise analysis of their reliability, safety and operational processes’ effectiveness. This assumption
allows us to distinguish a system reliability critical state to exceed which is either dangerous for the
environment or does not assure the necessary level of its operational process effectiveness. Then, an
important system reliability characteristic is the time to the moment of exceeding the system
reliability critical state and its distribution, which is called the system risk function. This
distribution is strictly related to the system multi-state reliability function that is a basic
characteristic of the multi-state system.

The complexity of the systems’ operation processes and their influence on changing in time the
systems’ structures and their components’ reliability characteristics is often very difficult to fix and
to analyse. A convenient tool for solving this problem is semi-markov modelling (Grabski 2002,
Kolowrocki & Soszynska 2005, Soszynska 2006 a, b, Soszynska 2007 a, b, c) of the systems
operation processes which is proposed in the paper. In this model, the variability of system
components reliability characteristics is pointed by introducing the components’ conditional
reliability functions determined by the system operation states. Therefore, the common usage of the
multi-state system’s limit reliability functions in their reliability evaluation and the semi-markov
model for system’s operation process modelling in order to construct the joint general system
reliability model related to its operation process is proposed. On the basis of that joint model, in the
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case, when components have exponential reliability functions, unconditional multi-state limit
reliability functions of the “m out /,”-series system are determined.

2 SYSTEM OPERATION PROESS

We assume that the system during its operation is operating in v, v € N, different operation
states. After this assumption we can define the system operation process Z(¢), ¢t e€<0,+0>, with
discrete states from the set of states

Z={z,,2y,..,2,}.

In practice a convenient assumption is that Z(¢f) is a semi-markov process (Grabski 2002,
Kolowrocki & Soszynska 2005, Soszynska 2006 a, b, Soszynska 2006 a, b, c) with its conditional
sojourn times 6,, at the operation state z, when its next operation state is z,, b,/=12,...,v, b=/ In
this case this process may be described by:

- the vector of probabilities of the initial operation states [ p, (0)]

Ixv>

- the matrix of the probabilities of its transitions between the states [p,, ]

wy o

- the matrix of the conditional distribution functions [H,,(¢)],,, of the sojourn times 6,,, b#l.
If the sojourn times 6,,, b, [ =1,2,...,v, b= [, have Weibull distributions with parameters «,,, S,
re., if for b,1=12,....,v, b #1,

H, (t) =P(6, <t)=1-exp[-a,t™], t>0,

then their mean values are determined by

1

B 1 _
M, =E[0,]= ablﬂbl I(1+—), b,l=12,..v, b#l. (1)
bl
The unconditional distribution functions of the process Z(z) sojourn times 6, at the operation

states z,, b=12,...,v, are given by

H,(t) = glpb,[ 1 -expl[-a, ™ f]], =1- Z‘,lpbl exp[—a, ™', t>0, b=12,..,v, (2)

and, considering (1), their mean values are

1

v v I 1
M, =E[6, ] =lzlp,,,M,,, = 121 Py TA+—),b=12,..v, 3)
= = bl
and variances are
Db ZD[gb] ZE[(eb)z]_(Mb)z, (4)

where, according to (2),
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2

0 v © v - 2
E[(eb)z] = .[szHb(t) = lzlpbl.[tzablﬂbl eXP[_ablfﬂbl 170 dt ngbzabzﬂbl r+—)),b=12,.yv.
0 = 0 = bl

Limit values of the transient probabilities
p, () =P(Z(t)=2z,), t=20, b=12,...,v,

at the operation states z, are given by

Py =limp, ()= 7,M, /Z:lir,M,, b=12,...,v, ®)]

t—w

where M, are given by (3) and the probabilities 7, of the vector [r,], , satisfy the system of
equations

(7, ]1=[7, 1Py ]

ZV‘/Z] =1.
=1

3 MULTISTATE “M OUT OF L”- SERIES SYSTEM

In the multi-state reliability analysis to define systems with degrading components we assume
that all components and a system under consideration have the reliability state set {0,1,...,.z}, z >1,
the reliability states are ordered, the state 0 is the worst and the state z is the best and the component
and the system reliability states degrade with time ¢ without repair. The above assumptions mean
that the states of the system with degrading components may be changed in time only from better to
worse ones. The way in which the components and system states change is illustrated in Figure 1.
One of multi-state reliability structures with components degrading in time (Kolowrocki 2004,
Kolowrocki et. al 2005) are “m out of /, - series systems.

transitions

[

worst state best state

Figure 1. Illustration of states changing in system with ageing components.

To define them, we additionally assume that Ej;, i = 1,2,....k,, j = 1,2,...,1;, kn, 11, lz,...,lkn, n € N, are
components of a system, Tj(u), i = 1.2,...k,, j = 1.2,...,[;, kn, 1, 12,...,lkn, n € N, are independent
random variables representing the lifetimes of components Ej; in the state subset {u,u+1,...,z},

while they were in the state z at the moment 7 = 0, e;(f) are components Ej; states at the moment ¢,
te<0,0), T(u) is a random variable representing the lifetime of a system in the reliability state

11
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subset {u,u+1,....z} while it was in the reliability state z at the moment # = 0 and s() is the system
reliability state at the moment ¢, 1 €< 0, ).

Definition 1. A vector

Ri(t,) = [Ri(1,0), Ri(t,1),..., Ri(t,2)], t €< 0,0),
where

Ry(tu) = Ple(t) > u | e4(0) = 2) = P(Ty(u) > 1)

for te<0,0), u=0,1,....z, i = 1,2,....k,, j = 1,2,...,1;, is the probability that the component Ej; is in the
reliability state subset {u,u +1,...,z} at the moment ¢, ¢ e<0,), while it was in the reliability state z
at the moment ¢ = 0, is called the multi-state reliability function of a component Ej;.

Definition 2. A vector

R;:”jn t)=11, R,ﬁ:"}n (t,0), R;:”jn @n...., Rf{”}”}" (t,2)],

where

R\, (t) = P(s(1) 2 u | 5(0) = 2) = P(T(u) > 1)

for te<0,0), u = 0,1,....z, is the probability that the system is in the reliability state subset
{u,u+1,..,z} at the moment ¢, t e<0,), while it was in the reliability state z at the moment # = 0, is
called the multi-state reliability function of a system.

It is clear that from Definition 1 and Definition 2, for u = 0, we have R;(¢,0) =1 and R,ﬁ;”i (t,0)=1.

Definition 3. A multi-state system is called “m out of [/ - series if its lifetime 7(u«) in the state
subset {u,u+1,...,z} is given by

T(w)=minT,_, ., (), m<l,,u=12,..,z,

1<i<ky,
where T, _,, ., (u) 1s m;-th maximal statistics in the random variables set
T, (u), T, (u), ...,Tﬂi (w), i=1,2,..,k,, u=12,..,z

Definition 4. A multi-state “m out of /,”- series system is called regular if [y =L=...=1, =1,

n

and my =my=..=m, =m, l,,me N, m<l,

Definition 5. A multi-state “m out of / - series system is called homogeneous if its component
lifetimes 7} (u) have an identical distribution function, i.e.

12
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F(t,u)= P(Tl.j m)<1),te<0,0), u=12,..,z,i=12,..k,, j=12,..,1,
i.e. if its components £, have the same reliability function, i.e.
R(t,u) = 1- F(tu), t€<0,0), u=12,..,z.

From the above definitions it follows that the reliability function of the homogeneous and regular
“m out of /, - series system is given by (Kolowrocki 2004, Kolowrocki et al 2005)

R (1) =[LR"), (t1),... R, (1.2)],

(6)
where
RO, () =[1="S (2 JR@w)) (1= R(Ew]" 17 t€<0,0), u=12,...z, 7
or by
Riot, (6, =[1, Rigty (1), oo, Rity (2], ®)
where
ﬁ;:l,)zn (t,u) = [lnim (’;1 )[1 - R(t,u)]i[R(t,u)]/;z-i]kn , te<0,00), u=1,2,..,z,
)

where k, is the number of “m out of /,” subsystems connected series and /, is the number of
components of the “m out of /,” subsystems.

Under these definitions, if R,E,’:”),n (tu) =1 for t <0, u=12,..,z,0r ﬁi’,ffzn (t,u)y=1 for t < 0,

u=12,..,z, then

M) =] R™ (tudt, u=12,..,z, (10)
0
or
M) =1 R, (tuyde, u=12,..., 2, (11)
0

is the mean lifetime of the multi-state non-homogeneous regular “m out of /, - series system in the
reliability state subset {u,u +1,...,z}, and the variance is given by

DIT@)1=2 [t R™) (tu)dt — E*[T(w)], (12)
0

13
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or by
DIT(u)]=2 ft R, (tu)de - E*[T ()], (13)
0

The mean lifetime M (u), u =1,2,...,z, of this system in the particular states can be determined from
the following relationships

Mu)=Mu)-Mu+1), u=12,...z-1, M(z)=M(z). (14)
Definition 6. A probability

r(t) = P(s(t) <r|s(0)=z)=P(T(r) £ t), t €< 0,0),
that the system is in the subset of states worse than the critical state », » € {1,...,z} while it was in the
reliability state z at the moment ¢ = 0 is called a risk function of the multi-state homogeneous

regular “m out of /, - series system.

Considering Definition 6 and Definition 2, we have

r(6)=1- R{" (tr), 1€<0,), (15)
and if 71is the moment when the system risk function exceeds a permitted level o, then
r=r"(J), (16)
where r 7'(¢), if it exists, is the inverse function of the risk function r(z).

4 MULTISTATE “ M OUT OF L”- SERIES SYSTEM IN ITS OPERATION PROCESS

We assume that the changes of the process Z(¢) states have an influence on the system
components E; reliability and the system reliability structure as well. Thus, we denote the

conditional reliability function of the system component £, while the system is at the operational

state z,, b=1.2,...,v, by
(R (1,1 =[1, [R" (1, D], ..., R (1,:)] V],
where for re<0,0), u=12....,z, b=12,...,v,
[R (6,u)]” = P(T3" () > (|Z(1) = z,)

and the conditional reliability function of the system while the system is at the operational state z,,
b=12,..,v, by

14
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[R,§m>,n(t NP =11, [R(’") H1?,..., [R(’”)l (t,2)]?] for t e<0,00), u=12,..,z, b=12,...,v,
where according to (7), we have
(R, (o) = P> 2= z,) =01 = 5 (1 JIRGa)™Y (1= (RG] P11
=0

for te<0,0), u=12,..,z, b=12,..v,

or by

R (691D =T[1, [Res (&.D]?,..., [RE (1, 2)] for ¢ e<0,00), u=1.2,..,2, b=12,...v,

where according to (9), we have

R, (] ® = PTP @) > 47 =2,) =15 (2 )11~ [R@w) DT [[R(E0)] 171
i=0
for te<0,0), u=12,..,z, b=12,...,v.

The reliability function [R“” (z,u)]” is the conditional probability that the component E, lifetime
T,” (u) in the reliability state subset {u,u +1,...,z} is not less than ¢, while the process Z(?) is at the

operation state z,. Similarly, the reliability function [R(’”) @w)]® or [Re’, (tu)]® is the
conditional probability that the system lifetime 7" (x) in the reliability state subset {u,u +1,...,z} is

not less than ¢, while the process Z(¢) is at the operation state z,. In the case when the system
operation time is large enough, the unconditional reliability function of the system

R(™, (6) = [1, R( (1), RY) (621,

where
R,E;"}n (t,u)=P(T(u)>1t) for u=12,...,z,
or
—(m) —(m) =m
R0, (t,) =[1, Riya, 1),y Riya, (2,2) ],
where

ﬁgc’:,)zn (t,u) = P(T(u)>1t) for u=1.2,..,z,

15
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and T'(u) is the unconditional lifetime of the system in the reliability state subset {u,u +1,...,z}, is

given by

Ry (t,u) = El Py IR ()],
(17)
or

[Rirs, (t0)]? = 3 p, [Riey (6,20)] (18)
b=l

for +>0 and the mean values and variances of the system lifetimes in the reliability state subset
{u,u+1,..,z} are

M)z Y p,M,(u) for u=12,.,z,

(19)
where

Myw) = ] [RY7, (). (20)
or

M, ()= I [Ri, (6] dt, @1
and

DIT® ()] =2 :Ijt [RC) ()] ®dt - BT )], (22)

or

DIT® )] =2t [RY", (6] di — E*[T )] (23)
0

for b=12,.,v, t>0, and p, are given by (5).
The mean values of the system lifetimes in the particular reliability states u, by (14), are

Mw)=Mu)-Mu+1), u=12,.,z-1, M(z)=M(z). (24)

16
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5 LARGE MULTI STATE “M OUT OF L”- SERIES SYSTEM IN ITS OPERATION
PROCESS

Definition 7. A reliability function
H(t, ) =[L,H),...,H(t, z2)],t € (—0,0),

where
R(t,u) =3 p, [R(tu)]®,
b=1

is called a limit reliability function of a multi-state homogeneous regular “m out of /,”- series
system in its operation process with reliability function

Ri, ()= 1, R, (61 5ees R (1,2)],

or

Rionty (6)=[1, Ripty (61) s Riwty (£:2),

where R,E;"}n (t,u), ﬁgfr:,)zn (t,u), u=12,..,z, are given by (17) and (18) if there exist normalising

constants
a” () >0, b () e (=0,2), b=12,.,v,u=12,..z,

such that for re C

(R u=12,.,z,b=12,..,v,

11m[R(’") (a)” ()t +b" u),u)]” =[2(t,u)]”,
or

11m[R(’") @ @yt + b (u),u)]” =[R(t,u)]”.

Hence, the following approximate formulae are valid

Ry (t,u) = ZP [ ( (b)(()u) WP, u=12,..,z, (25)
or
- y ()
ﬁk(ﬁ,, (tiu) = [pr[gf( (ZZ)( (;l) W], u=12,...,z (26)

17
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The following auxiliary theorem is proved in (Kolowrocki et al 2005).

Lemma 1. If
(i) k, >k=const, [, =n, %—)0, m=const, as n — o,

— v m=1 (b)qi
(i) %)= py[1- zw
b=1 i=0 L

a non-degenerate reliability function,
(i) RIE,T,)I,, (t,)=[1, RIE,T,)I,, @0, ..., R,ﬁ:“,),n (t,2)], te(-0,00), is the reliability function of a

3

exp[-[V (t,u)] P ] is

homogeneous regular multi-state “m out of /, - series system, in variable operation conditions,

where

RIE:”)IH (t’u) = bz—:lpb [ng):";n (t’u)](b) 9 te (—OO’OO)’

where

R (] ® =11 =S (2 MREWIOT 1= REuI O 1, £ € (00,00), u=12,2, b=12,.,7,(27)

i=0

is its reliability function at the operational state z,,
then

2"t =[1,R" (1)), ... R (t,2)], t € (-00,0),
is the multi-state limit reliability function of that system if and only if (Kolowrocki et al 2005)

limn[[R(a'” ()t + b (u),u)]? 1=V (t,u)]”, teC =1,2,...,z,b=12,....v. (28)

pran® > ¥
Proposition 1. If components of the multi-state homogeneous, regular “m out of /, ’-series system
at the operational state z,
(i) have exponential reliability functions,

[R(t,u)]? =1for  t<0, [R(t,u)]® =exp[-AP )] for ¢>0,u=12,..,z,b=12,.,v,
(29)
(1) k, >k=const, [ =n, %—>O, m= const, as n — ©,

(iii) a'” ()= ,1<b>1(u) , b (u) =/1(+(u)10gn ,u=12,..,z,b=12,..v, (30)
then

() =[LR (L)), .., R (¢, 2)], t € (-00,00),
(€2
where

18
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mlex p[ t]

1—0

R (t,u) = Zpb[l = exp[—exp[—]]]' for te(-w,0) u=12,.,z,  (32)

is the multi-state limit reliability function of that system , i.e. for n large enough we have

—lexp[ itA? (u) + ilogn]

. exp[exp[-A" (u) —logn]]]* (33)
L

R(’”’ (tu) = Zpb[l

for t € (-0,0), u=12,...,z.
Proof. Since

t+logn

20+ b ) =
a u (b)( )

— o0 as n— oo forte(-w,), b=12,..,v,u=12,..,z,

then, according to (29) for n large enough, we obtain
[R(a,” ()t + by (w),1)]” = exp[-A" )@, )1 +b,” ()]
=exp[-t —logn] for ¢t € (—0,0), u=12,...,z, b=12,...,v.
Hence, considering (28), it appears that

[V (t,u)]” = lim n[R(aff) (u)t + bf?b) (u),u)]"” = lim nexp[—t — logn] = exp[—¢]

for t e (—0,0), u=12,..,z, b=12,...,v,

which means that according to Lemma I the limit reliability function of that system is given by
(31)-(32). [

The next auxiliary theorem is proved in (Kolowrocki et al 2005).

Lemma 2. If
(1) k,>k=const, I, =n, mn—ny, O<n<l,as n—> o,

2
. : ] D@ . .
(i) 7 (tu)= bgl Dy [ -—— [ e ? a’x]’c is a non-degenerate reliability function, where

hY; 27 -0

[v(t,u)]” is a non-increasing function

(i) Ry () =[L R} (D), ...., R{") (1,2)], te(-00,00), is the reliability function of a

homogeneous regular multi-state “m out of /, - series system, in variable operation

conditions, where

R(”’) (tu)= Zpb[R(m (t,u)]?, t € (-00,00),

and
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R ()] ® =01 =S (2 MREWIOT 1=[REuIP T 1 € (00,00, b=12,0v, 4=12,0,7,(12)

z:O

is its reliability function at the operational state z,,
then

gl ()= [1";}?(77) (D), .. 9;(77) (t,2)], t € (-00,00),
is the multi-state limit reliability function of that system if and only if

(b) (b) b) _
lim (n+D[R(a,”’ (u)t+b,” (u),u)]

no® {m(n—m+1)
n+l

(35)

", u)]? for tecC

v

Proposition 2. If components of the multi-state homogeneous, regular “m out of / -

at the operational state z,
(1) have exponential reliability functions,

[R(t,u)]” =1for t<0, [R(t,u)]? = exp[-A? (u)¢] for t>0, u=12,.,z, b=12,....v,

(1) k, > k=const, /, =n, mn—>77, 0<np<l, as n—> oo,

bib)(u) = l(b)l(u) log nn: ! , u=12..,z,b=12,..,v,
then
Rt =[LR @), ... 0" (t,2)], t € (-00,0),
where

W(nuhépb[l—\/—IeXp[——]dX] fort € (-0,00),u =12,....2,

u=12,..,z,

series system

(36)

(37)

(38)

(39)

(40)

is the multi-state limit reliability function of that system , i.e. for n large enough we have

a0 (u)—log%rl
0) —n

t=by 7 (u)
1 @Pw 2 v 1 (rtDym 2

n—m+1

R('”) (t,u) = zpb[l—

—00 —00

for t € (-0,0), u=12....,z.

X ko L X k
e f exp[—;]dx] = bglpb[l N [ expl 2]dx] (41)
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Proof. For n large enough we have

- 1 1
! nom+l + log ntl 0 for ¢ € (-0,0), u=12,....z, b=12,...,v.
AW\ (n+Dm AP W) m

a\” W)t +b" (u) =

Therefore, according to (37)-(38) for n large enough we obtain

[R(a” )t + b (1), )] = exp[-A? (u)(@” )t + b ()]

n

~ exp[—t n—m+1_10 n+1] -t n—m+1+0(L)] m
P (n+1)m & m (n+1)m ' n+l

for t € (—o0,0), u=12,...,z, b=1,2,...,v.

Hence, considering (35), it appears that

0 (]® = tim P DIR@] @0+ 57 (0,0) —m

. 1 (n+1)(n—m+1)
=1 - i - _
[m(n—m+1) ”I—r’l‘}’[ t+0(\/;)\/ m I=~
n+1

for t € (—o0,0), u=12,....z, b=12....,v,

which means that according to Lemma 2 the limit reliability function of that system is given by
(39)-(40). [

The next auxiliary theorem is proved in (Kolowrocki et al 2005).

Lemma 3. If

(1) k, >k=const, [ =n, %—)1, (n—m)— m =const, as n — o,

[V ()] T
1!

3 =

exp[-[V (t,u)]”’ 11" is a non-degenerate reliability function,

Gi) 7" (tw)=3p,[¥

b=1 i=0
(i) R™) (1) =[1, R") (t.1), ..., R{") (¢,2)], t € (—0,0), is the reliability function of a

(13

homogeneous regular multi-state “m out of /, - series system, in variable operation

conditions, where

R Lo mm) b
Rk(:?,, (t,u)= Y p, [Riyu, (t,u)]?, t € (—0,0),
b=1

and

R ] ® =S (5 )1~ [RGI DT 1= [RG0)]D77 , 1€(-00,00),u =120 2, b =12y, (42)
i=0

1s its reliability function at the operational state z,,

then
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f(ﬁ) (ta') = [1797(ﬁ) (tal): ...,ﬁ(%)(t,Z)], te (-OO,CO)’
is the multi-state limit reliability function of that system if and only if

lim n[F(a'” )t +bP w),u)]” = [V (t,u)]” for t e C e 4 =12z b=12,..v. (43)

1
Proposition 3. If components of the multi-state homogeneous, regular “m out of / “-series system
at the operational state z,

(1) have exponential reliability functions,
[R(t,u)]? =1 for 1 <0, [R(t,u)]"” = exp[-A? (u)t] for >0, u=12,...z, b=12,...,v, (44)

(1) k, > k=const, [, =n, mn—>1, (n—m)— m =const, as n—> o

(i) a® (u)= m BO )= 0, u=12,.2, b=12,...v, (45)
then
() =[LR (D), .., R (2, 2)], t € (-o0,00), (46)
where
—= 1 ‘ for ¢t <0,
Ao (tu) = bzl s [i %exp[—t]]" fort>0,u=12,..z, “7)
is the multi-state limit reliability function of that system , i.e. for n large enough we have
1 ) ' fort <0,
RE (= £y [§ 2200 N (48)

exp[-nA®” (w)]]*
u=12,...,z.

Proof. Since

a” )+ b () = —-— <0 for <0, u=12,..,2,b=12,..,7,
nA? ()

a? ()t + b (u) = >0 for t>0, u=12,.,2z, b=12,..v,

t
nA? (u)

then according to (44) we obtain

[F(a” )t +b" (u),u)]” =0 for t<0, u=12,..,z, b=12,...,v,
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and

[F(a” )t + b w),u)]” =1-exp[-A” (u)(@” W)t + b ()]

—l—exp[-1] for 20, u=12,...z, b=12,..v.
n

Hence, considering (43), it appears that

[V (t,u)]” = lim n[F(a” ()t + b (u),u)]” =0 for t <0, u=12,...,z, b=12,...,v,
and

V(1,01 = lim n[ F(a? ()t + b w),)]) = lim n[1 - exp[= 111 = lim n[ + o(1)] = ¢
n n

n—o pn
fort20, u=12,.,z, b=12,..,v,

which means that according to Lemma 3 the limit reliability function of that system is given by
(46)-(47). [

The next auxiliary theorem is proved in (Kolowrocki et al 2005).
Lemma 4. If

(1) k,=n,l,—>Il=const, m<l, , as n—> o

no

(i) #(t,u)= Zvj p, exp[—IV (1,u)]®'] is a non-degenerate reliability function,

(i) RY") () =[1, R{") (t,1), ..., R{") (¢,2)], t € (-o0,0), is the reliability function of a

homogeneous regular multi-state “m out of /, - series system, in variable operation

conditions, where

(m) (t Ll) Zpb [R(m) ([ u)](b)’ te (—O0,00),

and

m—1 . .
R (@] ® == (4 [REwI®T 1-[REuI® T £ € (00,00), 1 =122, b =120,

i=0

(49)
is its reliability function at the operational state z,,

then

R(t) = (LR, .. B(t,2)], ¢ € (~00,00),

is the multi-state limit reliability function of that system if and only if
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m-1 . . —
lim &, X (1 JtR@@? e+ 5 @)™ T [P @ @+ b @1 = ea)®  (50)

for ¢t C[V( o U= L,2,...z, b=12,...,v.
u

Proposition 4. If components of the multi-state homogeneous, regular “m out of / -series system
at the operational state z,
(i) have exponential reliability functions,

[R(t,u)]? =1for 1 <0, [R(t,u)]"” = exp[-A” (u)t] for >0, u=12,..,z, b=12....,v, (51)

(1) k,=n,l, > 1,1 € (0,00),m =const, m<1/,,

1
(b) _
(1i1) a, (u)= AP @ In y W=D ’
(52)
b (w)=0, u=12,..,z,b=12,.,v, (53)
then
fz (ta') = [1a§2 (t,l), '“a§2 (taZ)] s te (-OO’OO), (54)
where
Ib(tu) = 1 for t < 0, u=12,..,z,
(55)
I(tu) = Zvjpb exp[—t’"'”“] fort>0, u=12...,z, (56)
b=l

is the multi-state limit reliability function of that system , i.e. for n large enough we have

R,ﬂl':’,),” (t,u) = 1 for t < 0, u=12,..z,
(57)
L /
R/Em)l (t,l/l) ~ Zpb exp[—[tl(b) (U)[I’l[ n 1J]l/(lnerl) ]l—m+l] for ¢t > 0, w=12,..z.
notn bl _
(58)

Proof- Since

t
2® (u)[n(mlfl )]1/(1n —m-+1)

al? ()t + b (u) = <0 fort<0, u=12,.,z,b=12...,v,

and
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t
(b) (b) _ _ _
a,” ()t +b,” (u) = >0 for t>0, u=12,...,z,b=12,....,v,
/I(b) (u)[n(mlfl )]1/([” —m+1)

then, according to (51), we obtain
[R(a)” ()t + b (u),u)]” =1
and
[F(a® )t + b (u),u)]” =0 for t<0, u=12,...,z, b=1.2,...,v,
and

[R(a ()t + b (u),u)]? = exp[-A? ()@ )t + b (u),u)]

] =1-0(),

= exp| d
- - Iy N1, —m+1
[n ()] ey

[F(a” )t + b u),u)]” =1-exp[-A" )@l (u)t + b (u),u)] =1- exp[—w
n mfl "

t
= Iy ~q1 /(L —m+1) —o( 1l —m+1)
[n(m—l )] n

) for 120, u=12...,z, b=12,..,v.

Then for each i=0,1,...,m -1 we have
[[R(a,” ()t +by" ),u)] ] =1
and
[([F(@® @)t +bP u),u)] 1" =0 for t <0, u=12,...,z, b=12,...,v,
and
[[R(a” )t + b (),u)] ] =[1-0(1)] - 1as n—>oo for t >0, u=12,..,z, b=12,...,v,

t 1

®) ®) B)qln~i _ _
[[F(al” )t +b" (u),u)] ] _[[n(mlfl)]”””""”) 0(n1/<ln—m+1>

)"

¢ 1

_ _ lp—i _ _
= i 1"1 SURITEET [1 0([n( 1"1 SO )" for t>20, u=12,..,z, b=12,...,v.

From last equation we obtain

[[F(a® @)t +b ), u)] 1" =o() for i=01,...,m—2,t>0,u=12,.,z, b=12,..,v,
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ly—m+1
[F® (@® @)+ b (u),u)]® ]~ = t(—l) M—o()] for i=m—1,¢20, u=12,..,z, b=12,...v.
n mfl

Hence, considering (50), it appears that

7] = tim k, (7 JTRG@ @1 + 6 )] Y
n—o i=0

[[F (@ @)t + b u),u)]” 1" =limn-0=0 for t<0, u=12,.,z, b=12,...,v,

n—0

and

[V (t,u)]” = limk, mz_l(f )[[R(a,(lb) )t + b (u),u)]® 7
n—0 i=0

. tln —m+1
m—

[1 _0(1)] — tl—m+l

m—1 Iy

m—1

[[F(al” @)t +b" (u),u)]” 1" = limn(,") [1-o(1)]
for t>20,u=12,.,z, b=12,...,v,

which means that according to Lemma 4 the limit reliability function of that system is given by
(54)-(56). [

Proposition 5. If components of the multi-state homogeneous, regular “m out of [, -series system
at the operational state z,
(1) have exponential reliability functions,

[R(t,u)]” =1for t <0, [R(t,u)]” = exp[-A" (u)] for t20,u=12,..,2z b=12,..,v,
(59)
(1) ky=n, c<<l,clogn-1,>>s,¢>0,5>0, m=constant(% —0, as n—>o) or ml ->n,

n

O<n<l,asn—o>w,
1

(i) a\” (u)= —— , (60)
[[n()) ™ =17 ()L, —m +1)
b® (u)=— p log[1—[n(,")] "™, =122, b=12,...,v, (61)
then
‘@(l‘") :[laﬁ(t,l)a ...,%(l,Z)], te (_OO’OO)a
(62)
where
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F(tu) = bzl p, exp[-exp[f]] for ¢ € (-90,00),u =1.2,...., (63)

is the multi-state limit reliability function of that system , i.e. for n large enough we have

1
Y Zn —m+
Ri, (60) = 2 p, expl- exp[r[[n[m " l]]f" L1 27wy, ~m+1D)]

1 1
+1og[1—[n[ Ly ]] l”m”][[n[ ly J]l”’””—l](ln—m+1)] for t € (-0,0), u=12,..,z

m—1

(64)
Proof. Since
al” )t +b" (u) >0 for t e(~0,00), u=1.2,...,z, b=12,...,v,
and
a® )t +b" (u) -0 as n > for t e(~0,0), u=12,..,z, b=1,2,...,v,
then, according to (59) for n large enough, we obtain
[R(a@,” @)t +b,” (), )]” = exp[-2" (u)(a,” ()t + b, ()] for ¢ & (—0,00),
u=12,..,z, b=12,..,v,
and
[F(@® @)t +bP (u),u)]? =1-exp[-A? ()@ ()t + b (u))] for t € (—o0,0), u=12,...,z, b=12,...,v.
Moreover for n large enough, we obtain

[R(a ()t + b (u),u)]” = exp[-A? (u)(a (u)t + b (u))]

Yfor ¢t € (—0,0), u =1,2,...,z, b=1,2,...,v,

P w60 @)
and considering

a” (u) - 0 as n— oo for ¢ € (~o0,),
we obtain

[F(a )t + b w),u)]” =1-exp[-A" (u)(a” (u)t + b (u))]

n
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—[1 =27 w)a” W)t + o

) exp[~A" ()b,” ()]

) + 27 W)a (u) exp[~2" ()b ()]t

— 1 exp[-A® ()b ()] + o(—
a® (u)

for t € (—o0,0), u=12,....z, b=12,...,v.
Hence, for each i=0,,...,m -1 we have

1 i

[[R(a” )t + b (u),u)] ) =[1-o pOTIOIA iad

as n— o for te(—w,0), u=12,..,z, b=12,...,v,

and

[[F (@ @)t + by ),u)] 17~ = [1 = exp[-A? @)by” )] + (57— @)

+ A w)a” (u)exp[-A” )b )] =[1—exp[-A” @)b" (u)]+ o )

”’)( )

AP w)a,” ) exp[=A" (w)by” ()]

[+ (i

1-exp[-A” (u)b” (u)] + o( (b)l( ))

— l”

_[n(m 1) 0( (b)( ))] _m+l

! 1777 for e (=o0,00), u=12,..2, b=12,..7.

(l —m+D[1+o( pors )]

From last equation we obtain

[[F(@® )t +b" u),u)]?"" =o(1) for i=0]1,...,m-2, t €(—w0,0), u=12,.,z,b=12,..,v,

[[F (@ @)t + b @),u)] 1" = nln(," ™ [1+————=]""" [1-o()]
(1, —m+1)

for i=m—1,te(—0,0), u=12,..,z, b=12,..,v.

Hence, considering (50), it appears that

7 an]® = timk, S (7 IR@® @y + 5P (). [[F@® @yt + b w).u)] "
n—o iz
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= lim n(m’fl) [[F(ar(lb) (u)t + br(lb) (u),u)](b)]ln—mﬂ

t

(l—l)]ln""” =exp[t] fort e (—o,0), u=1,2,...,z, b=12,....v,
p —m +

= lim n(,,") [n(,")]™ [+

which means that according to Lemma 4 the limit reliability function of that system is given by
(62)-(64). [

Proposition 6. If components of the multi-state homogeneous, regular “m out of / -series system
at the operational state z,
(i) have exponential reliability functions,

[R(t,u)]? =1for  £<0, [R(t,u)]” =exp[-A" ()] for >0, u=12,.,2z,b=12,..,v,
(65)
(1) kn=n, l,-clogn~s,c>0,s € (—oo,oo),mzconstant(% —0,as n—>o) or

"% —>n,0<n<l, as n—> o,

(ifi) a (u)= — , (66)
[[n( )] =1 (), = m +1)
1
1 Ry
b (u) = —mlog[l—[n(mlfl)] ety =12, 2, b=12,...,v, (67)
then
§3([9') z[laﬁ;(tal)a ...,§3(t,Z)], te (-O0,00),
(68)
where
F(t,u) = 3. p, exp[-exp[f]] for ¢ € (-o0,), (69)
b=1

is the multi-state limit reliability function of that system , i.e. for n large enough we have

1

(m) v Zn Ly —m+1 (b) Zn _ln_lmﬂ
Ry (t,u) = 3 p, exp[—exp[t[[n ] —1] A7 ), —m+1) +log[l—[n ] ]
noln f) m—1 m—1

1
[[”(mln— J]’"—"“‘ 1, —m+ D] for € (<0,00), u=12,..... (79)

Proof- Since

a'” ()t +b" (u) >0 for 1 € (~0,00), b=12,..,v, u=12,.,z,
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and
a®w)—>0asn—oo, b=12,.,v, u=12,..,z,
then, according to (65) for n large enough, we obtain
[R(a® )t + b (u),u)]? = exp[-A? (u)(@” W)t + b (u))] for t € (—w0,0), b=12,....v,u=12,..., 2,
and
[F(@® )t + b (u),u)]? =1-exp[-A? (u)(a® ()t + b” (u))] for t e (~0,0), u=1,2,.,z, b=1.2,...v.

Moreover for n large enough, we obtain

[R(a” )t + b (u),u)]® = exp[-A? (u)(a” W)t + b (u))]

=[1- AP @)a'” ()t + o( exp[-A? w)b” ()] for t € (~0,0), u=12,...,z, b=1,2,...,v,

a,” (u))]
and

[F(a? )t + b ), u)]” =1-exp[-A" (u)(a@” ()t + b (u))]

=1-[1-2%w)a® )t + of

n

: O expl2" @

an

1

a,” (u)

=1-exp[-2” ()b " ()] +o( ) + A7 wa ) exp[-27 ()b (w))r

for t e (—o0,0), u=12,...,z, b=1,2,...,v.

Hence, for each i=0,1,...,m —1for n large enough, we have

[[R@® @)t + b2 ), u)] T =1 - 22 w)a® ()t + o(—(b)l( ))]" exp[~i2" (u)b,” (u)] > 1
a,’ (u

as n— o for te(—w,0), u=12,..,z, b=12,...,v,

and

[[F(a” ()t + b (u),u)]” 1" = [1-exp[-A" )b ()] + o( )

1
a’ (u)

+ 27 way” (u) exp[~A" )by ()}

n
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1

=[1-exp[-A” @)b” )]+ o(

e A w)ay? @) expl- A @by @],

(b)
al” (u 1—exp[-A? ()b (u)] + 0(%)

lp=i

1 T
)+

b
a,” ()

t

= (") + o I

(I, —m+D[1+o(

W)
for t € (—o0,0), u=12,...,z, b=12,...,v.
From last equation we obtain
[[F @)@, @) +8,” w),w)] "™ =o(1)
for i=0,1,..,m-2, t € (—0,0), u=12,..,z, b=12,...,v,

and

[[F(a® @) + b (w),u)]P 1 = nln(,")H17 [1+

t
G

I —m+1 _
N 1)] [1=o(D]

for i=m-1,te(-wo,©),u=12,.,z, b=12,..,v.

Hence, considering (50), it appears that
— m—1 .
7 (0] = lim &, S MRG0 @)t + b7 @)}
Nn—»00 i=0
[LF (@} @ + 5 @)™ = lim n(,) [[F (@ @1 + 5 w))] V"

t

(I, —m+1)

= lim n(,") [n(," )17 [1+ ' = explt] for t € (—o0,00), u =1,2,...,z, b=12,....v,
n—»00

which means that according to Lemma 4 the limit reliability function of that system is given by
(68)-(69). [
Proposition 7. If components of the multi-state homogeneous, regular “m out of [ -series system
at the operational state z,
(1) have exponential reliability functions,

[R(t,u)]? =1for ¢ <0, [R(t,u)]? = exp[-A1P (u)t] for t >0, u=12,..z, b=12,...,v, (71)

(1) ky=n, l,-clogn>>s,¢>0,5s>0, m=constant(”% —0,as n—>o) or

”% —->n,0<n<l,as n—>owo,

1

(i) o )= — —
A9 (u)logn(,,

(72)
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- 1
b® () = (b)l log(—2 ml+ cu=12,.,2,b=12,v, (73)
A (u) logn( n )
m f—
then
F,(1,) = [LI (1)), ... T5(1,2)], t € (-0,00),
(74)
where
I5(tu) = Evlpb exp[-exp[t]] for ¢ € (-00,0), u=12,...,z, (75)
b=l

is the multi-state limit reliability function of that system , i.e. for n large enough we have

logn| "

—~ v [, [, —m+1 [,
R,E )1 (t,u) = X p, exp[—exp[ﬂ(b) (u)tlogn —log[————logn 111
non b=l m—1 ( / J m—1

(76)
for t € (-0,0), u=12,...,z.
Proof. Since

a'? ()t + b (u) —» +0 as n— oo for t € (~0,0), b=12,..,v,u=12,..,z,
and

a,(lb)(u) —>0 as n— oo,
then, according to (71) for n large enough, we obtain

[R(@ ()t + b (u),u)]” = exp[-A? (u)(@” (u)t + b (u))] for t e (—o0,0), u=12,..,z, b=1.2,...,v,

and

[F(al” )t + b (u),u)]” =1—-exp[-A? w)(a!” ()t + b" (u))] for t € (~0,0), u=1,2,...,z, b=1,2,...,v.
Moreover for n large enough, we obtain

[R(a ()t + b (u),u)]” = exp[-A? (u)(a'” (u)t + b (u))]

=[1- 29 w)a” (u) + o(%())]exp[—ﬁf’” )b for t € (—0,00), u=12,..,z, b=12,...,v,
a,’ (u

and
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[F(a” @) +b," ),u)]” =1~ exp[-A? (u)(ay” ()t +by” w))]

~[1= A2 w)a? W)t + o(———)] exp[-2” ()b " (u)]

1
a” w)

=1-exp[-A? w)b!" (u)] +o( ) + AP w)a” (u)exp[-AP )" ()]t

“”( )

for t e (—o0,0), u=12,...,z, b=12,...,v.

Hence, for each i =0,1,...,m — 1 for n large enough, we have

[[R(a\” )t + b ), )] =[1- AP w)a? ()t + o(——)]" exp[-iA” ()b (u)] > 1

(b)( )

as n — oo for ¢t € (—o,0), u=12,..,z, b=12,...,v,

and

1

[LE@® @t + 5@ ),u)] P17 =1 - exp[=A® )b ® )] + o pors ))

+ 27 way” (u) exp[~A" )by ()}

AP w)a,” ) exp[=A" (w)by” (u)] s

= [1— exp[~A? ()b ()] + o(—— (,,)( ))]’”‘i [1+

1—exp[-A” )b,” )] +0(—57—)

a,” (u)

In=i

=[n(,") +o(—5— (b)( )>]’ ’"“[

t

]l,,—i
(L, —m+1)[1+0( (b)l(u))]

for t € (—o0,0), u =1,2,....,z, b=1.2,...,v.
From last equation we obtain

[[F(@® @)t +bP (u),u)]” 1" =o(1) for i=0,l,...,m—2, te(~0,00), u=12,.,z, b=12,..,v,

[LF(ay” ()t + b, ), 1" =nln(, ")) [1+ I 1= o()]

__t
(1, —m+1)
for i=m—1, te(~0,00), u=12,.,z, b=12,..v.

Hence, considering (50), it appears that
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et =m0 R 5 001
n—w =0

[LF (@ @)t + b ), u)] "™ = tim n(,/n) [F(@® @)t + b (u),u)]® 1

= limn(,") [n(,")]™ [1+ ;]’n"”” =exp[t] for t € (—0,0), u=12,...,2, b=1,2,...,v.
n—w0

(I, —m+1)

which means that according to Lemma 4 the limit reliability function of that system is given by
(74)-(75). [

The next auxiliary theorem is proved in (Kolowrocki 2005).

Lemma 5. If
(1) k,=n,Il,—>I=const, m<[ , as n—>x

(i) ()= p, exp[-[V ()] ] is a non-degenerate reliability function,
b=l

(i) R") () =[1L, R") (t.1), ..., R{") (1,2)], t € (—0,00), is the reliability function of a
homogeneous regular multi-state “m out of /, - series system, in variable operation
conditions, where

= 4 = (m)
R\ (6,0)= Y. p, [Riy, (6,1)]", £ € (—o0,%0),
b=1

and

RO, Ga]® =15 (2 1= [RG.0)] O VIR )] D17 17, 1€(200,00), 1 = 12,02, b =1,2,v, (T7)

i=0

is its reliability function at the operational state z,,
then

R(t,)=[LRLY), ... R(,z)],t € (-00,0),

is the multi-state limit reliability function of that system if and only if

tim &, [1=5 (% MIF@® @)t + 50 (.01 T [[R@® @)t + 50 @).)] P17 1=[7 ()] @ (78)

n—so0 =0

fort e C[V( )](b) , U= 1,2,...,z, b= 1,2,...,v.
u

Proposition 8. If components of the multi-state homogeneous, regular “m out of / -series system
at the operational state z,
(1) have exponential reliability functions
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[R(t,u)]” =1for t <0, [R(t,u)]” = exp[-A" (u)t] for >0, u=12,.,2z,b=12,.,v,
(79)
(i) k,=n, c<<l,clogn-1,>>s,¢>0,5>0, (/,—m)=m = const, (”% —las n—o),
1
(b) — (b) — _ _

u) a’’(u)= —, b, (w)=0, u=12,.,z, b=12,...,v, 80
( ) n ( ) /1(})) (u)[n(ﬁlﬁl )]1/(m+1) ( ) ( )
then

R, (1) = (LI, (L)), ..., (t,2)], t € (-00,00), (81)
where
Fo(tu)=1fort<0, (82)
F(tu)= Y p, exp[~t""fort>0, u=12,..,z (83)
b=1

is the multi-state limit reliability function of that system , i.e. for n large enough we have

R") (t,u)=1for t <0, (84)
, l 1/m+1
R™ (t,u) = ¥ p, exp[-[tA"” (u)n[_" J 1™ for t > 0, u=12,..z
e b=l m +1
(85)
Proof. Since
t
al? ()t + b (u) = —— <0 for t<0, u=12,.,z, b=12,...,v,
A0 @)1
and
a® ()t + 5P () = ! >0 for 120, u=12,..z, b=12,..,v,

AP @G
then, according to (79), we obtain
[R(a” (u)t +b (u),u)]” =1 for t<0, u=1.2,.,z, b=12,...,v,
[F(a® )t + b (u),u)]” =0 for t<0, u=12,..,z, b=1.2,...,v,
and

[R(a;” ()t + b, (u),u)]” = exp[=A" (u)(a,” ()t + b,") ()]

n
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[n(r)]" "

]=1-o0( ) for t>0, u=12,..,z, b=12,...,v,

! 1/(m+1
[nCr. )"

[F(al )t +b w),u)]” =1-exp[-2” ()@ (u)t + b (u))]

t t 1

= -0
Ly \L/(m+1 Iy \qL/(m+1 Iy \qL/(m+1
()] () [n(z4)] () ()] (D

=1-—exp[- for t>0,u=12,.,z, b=12,...,v.
p

Next, for each i =m +1,m +2,...,[, we have
[[R(a” )t +bP (u),u)] V1" =1 for t<0, u=1.2,....z, b=12,...,v,
[[F(@® ()t +b" (u),u)]”1 =0 for t <0, u=12,...z, b=12,...,v,

and

[[R(a” (u)t + b (u),u)] 1" =[1-o( 51 as n—ow

ln i
[ (l}'l 1)]1/(m+1) )]
nn sy
lOI‘ t >_ 0, u= I,2,..., Z, b = 1,2,...,\/,

i ! 1 i
[[F(a,” )t +b," w),u)] "] = & e 0<[n(%,,ﬂ)]lm )]

t ,
=———[l-0o()] for t>0, u=12,..,z,b=12,...,v.
[z )

From last equation we obtain

[[F(a® )t +bP (), u)]”] = o( y for i=m+2,m+3,.,0,, t>0,u=12,.,2z,b=12,..,v,

In
m+l1

m+l1
[[F(a? )t +bP (u),u)]?] = t—, [1-o()] for i=m+1,¢20, u=12,...z, b=12,...,v.

m+1

Since

1= 3 (4 JF@® @ + 62 @)Y [[R@® @)t + b ), u)] P17

i=0

1= 3 (P @ @+ b @)™ (TR (o)t + b ()]

i=0

b B[ MF @ @b @l T IR )+ B @), 0] 17

+1
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=1-[[F(a,” (e +5,” @),w)]” +[R(@,” ()t + b, (), )] ]"

+ lanﬂf ) [F(a(b) (u)f+b(b)(u) u)](b) [[R(a(b) (u)t+b(b) (W), u)](”)]’” ]

= 3(PNF @ @1+ b @.a0)” T R @)t + b w17
i=m+1

u=12,.,z,b=12,.,v,

then, considering (78), it appears that

7l = tim &, 11 = 3 (2 )07 © @ -+ b @) TR @+ 5 )] 17

i=

= limk, ZZQ JLF® (@ @yt + 6P @] T [[R@P @)t + b )] 177 ]

n—% i=m+

=limn-0=0 for t<0, u=12,....,z, b=12,...,v,

n—>x

and

7 (] = timk, [1 - 3 (0 JoF® @ @y + 5P @)l [TR@ @)+ 5P )01 17

i=0

“timk, 3 F @ @1+ b @l T IR @ + 5 (0,0] 71
i=m+l1

n—0

m+l
—limnGy S [1—o)] =™ for 120, u=12,.,z, b=12,..v.
n—»o n

m+1

which means that according to Lemma 5 the limit reliability function of that system is given by
(81)-(83). [

Proposition. 9 If components of the multi-state homogeneous, regular “m out of /, ’-series system
at the operational state z,
(1) have exponential reliability functions

[R(t,u)]” =1for t <0, [R(t,u)]” = exp[-A" (u)t] for 20, u=12,.,2z, b=12,.,v,
(86)
(i) kn=n, I,-clogn~s,c>0,s e (-0,0),(n—m)=m = const, (n% >lasn—ow»)

1
A7 @)nGi1

(iil) a” (u)= bPw)y=0, u=12,..,z,b=12,..,v, (87)

then
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EZ (ta') = [1"%2 (t,l), ...,%(f, Z)] 5 te (-O0,00),
where

Fo(tu) =1 fort <0,
Io(tu) = ip,, exp[—t" " fort>0, u=12...,z,
o

is the multi-state limit reliability function of that system , i.e. for n large enough we have

R") (t,u)=1for t <0,

1/m+1
R™ (t,u) = 3 P exp[—[m“’)(u)n[_" J ™" for¢t>0, u=12,..,z.
non b=l m+1

Proof. Since

t
(b) (b) _ _ _
a’ w)e+b, (u)= —— <0 fort<0,u=12,..,z, b=12,..,v,
AP @)[n()1H
and
a® )t + b (u) = ! >0 for 120, u=12,.,z, b=12,..v,

A7 @)[n()] "
then, according to (86), we obtain
[R(a” (u)t + b (u),u)]” =1 for t <0, u=12,...z, b=12,...,v,
[F(a® )t + b (u),u)]” =0 for t<0, u=12,..,z, b=1.2,...,v,
and
[R(@® )t + b (u),u)]? =exp[-A? (u)(a” (u)t + b (), u)]

t
- .. — . :1_ - .
[n( I, )]1/(m+1)] 0([}1( I, )]1/(m+l)

m+1 m+1

=exp[— ) for t>0, u=12,..,z, b=12,...,v.

[F(al ()t + b w),u)]” =1-exp[-2” ()@ (u)t + b (u))]

t t 1

=1—-exp[— —] = — —0 P
IC0) N (D) R CC) B

for t>0,u=12,..,z, b=12,..,v.

(Vol. 2) 2009, June

(88)

(89)

(90)

o1

92)
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Next, for each i =m +1,m +2,...,[, we have
[[R(a )t + b (w),u)] PV =1 for t <0, u=12,...,z, b=12,...,v,
[[F (@ )t +b" w),u)]”1 =0 for t <0, u=12,...,z, b=12,...,v,

and

[[R(a? ()t + b (u),u)] 1" =[1—0(W)1’n"' 51 as n—> o

for t>0,u=12,.,z, b=12,..,v,

, t 1 -
[[F(ay @)t +by ),u)]”] =[ — —of ——)]'
ZIC) A PTC | R
t ;
= W [1 —0(1)] for ¢ > 0, u= 1,2,...,Z, b= 1,2,...,V.
m+1

From last equation we obtain

[[F(a)” @)t +b" w),u)] 1 = o

——) for i=m+2,m+3,.,0,, t>0,u=12,..z b=12..v,
m+1

ZLﬁ+1

[[F(a” )t + b (),u)] T =

[I—o()] for i=m+1,¢>0, u=12,..,z, b=12,...,.

In
nmh

Since

1- % (fﬂ )[[F(aff’) (u)t + béb) w),u)]”7 [[R(ar(,b) W)t + br(zb) ).)]

i=0

=1- If(ﬁ” )[[F (@ @) +b" ), w)] T [[R(a” @)t + by (w),u)] 1"

i=0

b 3P NF@? @+ b @)Y (R (0t + b ) T

+1

=1-[[F(ay” @y +b @),1)]” +[R(a” )t + b (u),u)] 1"

b (P MFG @ b @, T IR @+ b 0]

i=m+

= %gf" )[[F(a,(,b) @)t + b w),)]” T[[R@? @)t + 5P (u),u)] @1~

i=m+
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u=12,.,z, b=12,..,v,then, considering (78), it appears that

m

7 6] = lim k, [1 - 3 (7 L@ @ + 5 (), ™1 [R(a” Gyt + b )17

i=0

“timk, (" PG 1+ 5P .01 IR @)+ b @)

n—0 +1

i=

=limn-0=0 for t<0, u=12,..,z,b=12,....v,

n—>x0

and

7] = limk, [1= 3 (7 1@ G+ 5 (0,017 (R @+ b ()] 1

i=0

~timk, (0P @b @0 (RG]

n n
n—o i=m+1

m+1

—limn() (1= o(1)] =™ for t20, u=12,..,2, b=12,..v,

m+1 i
n—x0 n

m+1

which means that according to Lemma 5 the limit reliability function of that system is given by
(88)-(90). [

Proposition 10. If components of the multi-state homogeneous, regular “m out of /, ’-series system
at the operational state z,
(1) have exponential reliability functions

[R(t,u)]” =1for t <0, [R(t,u)]” = exp[-A? (u)t] for t20,u=12,..,2z b=12,..,v,
(93)

(i) ky=n, l,-clogn>>s,c¢>0,5s>0, (n—m)=%=const,(’% —lasn— o)

1

() _
(111) an (u) ﬂ(b) (u)[n(ﬁlzl )]1/(ﬁ+1) ’

b,gb) w)=0,u=12,.,z,b=12,...,v, (94)

then
5, (t,) = [L,F, (L)), .. R, (t,2)], t € (-00,00), (95)
where
Fo(tu)=1fort<0, (96)
Tt u) = bzl p, exp[—t""]for £ >0, (97)

is the multi-state limit reliability function of that system , i.e. for n large enough we have
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R (t,u) =1fort<0,

— , ln 1741 -
Rk( 3 (t,u) =X p, exp[-[tA" (u)n[_ J ™' for ¢t
e b=l m+1

\%
=

99)

Proof. Since

(») ®) () — 4 _ _
a,”(w)t+b,” (u) = —— <0 for t<0, u=12,....,z, b=12,...,v,
AP @)lnGl]
and
t
®) ®) () — _ _
a,” (W)t +b,” (u) = —20 for t>0,u=12,..,z,b=12,...v,
AP @)[n(a)1" D

then, according to (93), we obtain
[R(@” )t + b (), u)]” =1 for t<0, u=12,..,z,b=12,..,v,
[F(a” )t +b" (u),u)]” =0 for <0, u=12,..,z, b=1,2,...,v,
and
[R(a)” )t + b ),u)]” = exp[-A" (u)(a” ()t + b (), u)]

t

=exp[-——————]=1-o(—————) for t>0, u=1.2,..,z, b=12,..v.
[n( )10 [n(;m )1
[F(a® ()t + b (u),u)]” =1-exp[-A? )@ (u)t + b (u),u)]
—1— exp[- N ! o Y for 120, u=12sz. b=120v
C R P | K PO K R

Next, for each i =m +1,m +2,....[, we have
[[R(a” )t + b (u),u)] V1" =1 for t <0, u=12,...,z, b=1.2,....v,
[[F(a@® )t +b" w),u)]”1 =0 for t <0, u=12,...,2z, b=12,...,v,

and

(98)

u=12,..,z
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[[R(a} )+ 5 ()] " 1" =[1-0 (W)yn C 1 as n

for t>0, u=12,...,z, b=12,....v,

t 1

I © 1(m+1
m:l—l)] (D) m+1)] ()

[[F(a) )t + b u),u)] ] = [ )

ti

- _[l-o()] for t20, u=12,..z,b=12,.,v.
[n(m-H )]l/(m+l)

From last equation we obtain

[[F(a® )t +bP ), u)]?] = o( ) for i=m+2,m+3,...,1

t>20,u=12,..,z, b=12,..,v,

no

m+1

tn7+1

[[F(a® )t + b u),u)]?] = [1-o()] for i=m+1,¢>0, u=1.2,.,z, b=12,..v.

(ﬁ-%—l

Since

1= 8 (0 F@® @y + 50 @] ® 1 [[R@™ ()t + b (w),u)]® 1]

i=

=1- IZ(’ )[[F(af,b) @)t + b w),w)]” 177 [[R(@” ()t + b (u),u)] P 1]

i=0

+ n (fn )[[F(afj’)(u)t+b,§”>(u),u)]<b)] [[R(a® ()t + 5% (u),u)]® ]

=m+1

=1-[[F(ay )t +b)" u),u)]” +[R(a” ()t + b} (u),u)] 1"

ZZ( ) [F(a® )t + b (),u)]” 1 [[R(a ()t + b (u),u)] V1"
i=m+1

= l, ﬂ’ NLF@® @yt + b2 .11 [[R@ ()t + 52 @) P71, u=12,z, b=12....v,

i=m+

then, considering (78), it appears that

70 = lim k11 = 3 (4 L@ G + 50 60101 T (R e+ (),

i=0

= limk, ZQ JiF@® @+ 6P .01 T (1RGP ()i + b ), P17 ]

i=m+
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=limn-0=0 for t<0, u=12,..,z, b=12,...,v,

n—»0

and

() = lim &, 1= 3 (0 0@ @+ b0 0,017 ) [TR@D @+ b )1

i=0

ln . .
—timk, (" FP @ @+ b @)uw]®T [R@D @)+ b w),w)] P17
n—%© i=m+]
tﬁﬂ -
=ii_r)gn(;fﬁl ———[1-o()] =" for >0, u=12,.,z b=12,..v,
m+1

which means that according to Lemma 5 the limit reliability function of that system is given by
(95)-(97). [

6 CONCLUSION

The purpose of this paper is to give the method of reliability analysis of multi-state “m out of
I”- series systems in variable operation conditions. Their exact and limit reliability functions, in
constant and in varying operation conditions, are determined. The paper proposes an approach to
the solution of practically very important problem of linking the systems’ reliability and their
operation processes. To involve the interactions between the systems’ operation processes and their
varying in time reliability structures a semi-markov model of the systems’ operation processes and
the multi-state system reliability functions are applied. This approach gives practically important in
everyday usage tool for reliability evaluation of the large systems with changing their reliability
structures and components reliability characteristic during their operation processes. The results can
be applied to the reliability evaluation of real technical systems.
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