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Abstract 

 
The article is devoted to construction and research of dynamic stochastic model of park of 

aircrafts. A stochastic is enclosed in all of natural characteristic exploitations of this set of 
apparatuses: times of flight and landing, possibility of receipt of damage on flight, including the 
past recovery air apparatus; times of repair. The estimations of total possible flights are got for the 
any fixed interval of time. 
 
 
Key Words Flight time, time on the ground, recoverable damage, loss of air apparatus, repair time, 
generating function, renewal equation. 
 
 
1. INTRODUCTION 
 

The important problem of management of the park of air apparatuses (PAA in short) 
maintenance, as stage of their life cycle, is an estimation of ability to provide the necessary amount 
of flights in given time interval of exploitation. The dynamics of exploitation of every apparatus 
consists of alternation of times of flight, times of repair and times of stand-down.  These times are 
determined both external requests on flights and different damages during flight or loss of air 
apparatus (AA in short) on flight. Forecasting of the state of PAA is one of way of control of 
quality of management. This approach may be realized by modeling [1]. Analysis of literature in 
this direction shows that mainly authors develop of the models in a few lines.  The authors of line 
[2-4] simulate of control of technical state of PAA with aim the optimization of preventive 
maintenance with respect to restoration of PAA parameters. The authors of next line [5-7] develop 
either methodological approach of operation adaptive control of technical state of PAA on basis of 
using of potential of corporative resources of unit information space (network-center environment) 
with purpose improving or support on the given level of reliable and durability indexes [5, 6] or 
task of definition of optimal type of PAA taking into account economical indexes. The authors of 
another line [8-10] build their own investigations on expert estimations. In this case, experience 
shows that decisions may be false. Therefore, it is urgency to develop models, which, first, consider 
of change of state of PAA by different manner.  
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Namely, which are grounded on the following probability indexes: probability of return of 
AA from flight without damages, probability of to receive certain damages of AA in flight, 
probability of to lose of AA in flight. Analysis of interaction of these indexes of random events is 
not simple process.  

And so, it is actually, secondly, a development of such models that are based on analytical 
dependence with more complex mathematical filling.  
In the article approaches are offered to the solution of the following task. We will designate through 

in  the amount of AA able to fly up in some i -th moment of time. It is required to estimate of 
possibility to do given amount of flights Q   in times of  k   successive time starts:  j  - th , 1+j -th ,   
L   , j -th  starts. In other words, we must estimate possibility of implementation of relation 

kjjj nnnQ ++ +++≤ L1  at any fixed integer j  and k . 
 

2. It is assumed that N  units of AA, which are exploited from some initial moment of time.  
For definiteness we suppose that all (able to fly) AA fly up and land   at the simultaneously. 

Let us adopt the following notation. 
We will denote by kτ  the flight time after k -th takeoff and by kξ  the time on the ground 

after k -th landing. Thus moments of takeoffs { }ls  are defined recurrently: 

,01 =s    .)(,,112 ∑
=

+=+=
l

ok

kklss ξτξτ K  

The moments of landing { }lt   are defined analogy: 
 

,11 τ=t .)(,,
1

2112 ∑
−

=

++=++=
l

ok

kklltt ξτττξτ K  

 
Further, we will consider the following probabilities as result of flight of every AA. 
Let us denote by 2,1, =ipi  the probabilities to obtain (in flight) eliminated damages; 
by  3p  the probability of  loss of  AA in flight; by  4p  the probability to be safe and sound. 
It is assume that .14321 =+++ pppp  
We will use symbols lβ  and lα  to denote  the amount of  AA at  the −l  th takeoff  ( −l  

th flight) and  at  the −l  th  landing respectively. 
The time of repair at the −i  th eliminated damage of the  thk −   AA  in the thl −   flight is 

equal to a random variables ),( lk
id ,  1;1;2,1 ≥≤≤= lki lβ   with the  distribution functions 

 
( ) ( ).)(,)( ),(

22
),(

11 xdPxFxdPxF lklk <=<=  
 

We will introduce sequences of independent events ),( lk
iA  .1;1;4,3,2,1 lkli β≤≤≥=   

These events are connected with aircraft events in flight so that the following equalities take 
place   ( ) ( ) i

lk
i

lk
i pAEIAP == ),(),(  , here )(⋅I  denotes the indicator of events. 

In what follows, we shall be assuming that random variables form ensemble  
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here   and in the sequel, we assume that 02 =ls , if  2<l . 
 

By hypothesis on independence      
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where   ( )1
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We introduce the generating functions 
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Theorem 1.  The following formulas take place 
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)(

4 sRsps
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−−

= .                                                         (1) 

 
 

Proof.  We shall establish the stochastic relations for sequences mβ , mα   1≥m . The designation 

ζω
w
=  means that random variables ω  and ζ  have the same distribution function.  

We will denote by A  the complement of a set A . 
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The random value mγ  is equal to amount of AA, which finished the repairs in the interval of 

time between  thm −−1  and thm −  takeoffs. 
By the construction of mβ , we have the following relations 
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lmlmm rbbpb ,   2≥m .                                        (2) 

 
We introduce the functions 
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  From the (1) we obtain   

∑
−

=

−− +=
1

1

14

m

l

lml
m

m
m

m
m rbsbpsbs   , 2≥m .                                     (3) 

Summarizing left and right parts of (3) yields 
 

)()()()( 4 sRsBssBpssNsB +=− . 
 

From the latter one we get  
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= .  

Proof is completed. 
 
Corollary .  Assume that the sequences from Π  satisfy the conditions 
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Proof .  Since, random variables from Π  are independent, we have that 
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Combining (1), (5) and condition from the Сorollary, we get  

 

n
n

RR
∞→

= lim)1(  = ∑
=

2

1i
ip ,   

32141
)1(

p
N

ppp
NB =

−−−
= . 

The proof is completed. 
 
 
2. 

We shall formulate the problems of estimations of mb in terms of theory of renewal 
processes. 

Let us denote by { }1,},2,1{ ≥∈ ii Kκ  the sequence of independent discrete random values with 
common distribution law  ( ) 1411 1 rpP +=== κδ ,   ( ) ll rlP === 1κδ ,  .2≥l   

 It is well known that   if  ∑
=

=
k

i

ikS
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κ   and }:min{)( mSkm k ≥=η , then )(mEη , 1≥m  is  
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Comparing latter one and (2), we conclude that )(mEbm η= .  
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Now, we obtain the following upper estimation 
 

( ) ( ) ( )∑∑∑∑∑∑
=

+

==

+

=

∞

= =

+≤+≤=+≤=
M

i

im

n

n
M

i

im

n

n

n

M

i

n imGimSPimSPMmh
0 10 11 0

),(         (6) 

 
 



Gasanenko V.A., Chelobitenko O.O. – DYNAMIC MODEL OF AIR APPARATUS PARK 

 
R&RATA # 3  

(Vol.2) 2009, September 
 

 

- 22 - 

Since ( )m
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i sdPppmG 21

)1,1(
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ξ , 1≥m ,  the estimation (6) is well calculated. 

 
3.  

Now we will consider the construction of  )(sB  more detail for special case. We make the 
following additional assumptions:  
 

− kτ , 1≥k  have the same distribution function with Laplace 
transformation }exp{)( 1τψ sEs −= , .0>s  
 

− kξ , 1≥k  have the same distribution function with Laplace 
transformation }exp{)( 1ξϕ sEs −= , .0>s  
 

− )exp(1)( xxF ii λ−−= ,  .2,1=i  
 

For convenience we put )()()( sssf ϕψ= . 
Now we shall obtain more exact expression for ).(sR  
 
By induction, we shall calculate the  lir  for K,2,1=l . 
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After routine calculations we get 
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Thus, we have the following expression for this case 
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Thus, in this case the term  mb  poses no problem because expression (7) can be expanded 
into the convergent power series about s . 

Further, it is easy to check that under such special assumptions the function )(mG  from 
Section 2 has the following form 
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m
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Remark. It is clear, that restriction on number of different types of eliminated damages (only 

two) is not essentially. The proved formulas are transformed for more number of types easy.   
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