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ABSTRACT

The paper presents a new reliability model for an automated “safety system-protected object” complex
with time redundancy. It is supposed that the time redundancy is caused by a protected object inertia.
Scheduled periodic inspections of the safety system are also taken into account. Two-sided estimates of the
mean time to accident are proposed.

1 INTRODUCTION

Redundancy is a widely used and widely referenced concept. Time redundancy means that
some excess time is available after the system fault. It is possible to prevent an accident during this
period. Such kind of redundancy may arise by design or as a natural byproduct of design. There are
some methods available for the estimation of reliability indices of systems with time redundancy
(Gnedenko & Ushakov 1995). But there is a lack of reliability models for automated “safety
system-protected object” complex with the time redundancy caused by a protected object inertia.
Systems of such kind are quite common in the nuclear power engineering due to an inertia of
physical processes in the reactor core. This natural redundancy is seldom acknowledged and
exploited. In the present study we set out to analyze the reliability of such system. We follow
Pereguda (Pereguda 2001) in assuming that the operation of the complex can be described using a
superposition of alternating renewal processes. Our objective is to provide an asymptotic estimation
for the mean time to accident.

2  MODEL DESCRIPTION

Let us consider an automated complex of a safety system and a protected object. The safety
system and the protected object are repairable. They are restored to an as-good-as-new state. It is
assumed that safety system failures can be detected only during periodic inspections of the safety
system. All failures are supposed to be independent. Safety system consists of two subsystems: the
temperature subsystem and the power subsystem. If the power subsystem fails then the temperature
subsystem is still able to prevent an accident. By y;, i = 1,2,... denote the time to the i-th protected
object failure due to the increased power level. Let y;, i = 1,2,... be independent and identically
distributed (1.1.d) random variables with CDF F(f). By y,, i = 1,2,... denote the time to the protected
object repair after it’s i-th failure due to the increased power level. Let y;, i = 1,2,... be i.i.d. random
variables with CDF F)(#). Suppose that moments of the protected object repair after it’s failure due
to the increased power level are renewal points of the operation process of the complex. By J;
denote the time between i-th protected object failure due to the increased power level and the
subsequent failure due to the increased temperature. Let d;, i = 1,2,... be i.i.d. random variables with
CDF F(¢). Thus the power safety subsystem may prevent an accident during the [y;, y; + J;) interval.
Alternatively the temperature safety subsystem may prevent an accident at y; + d;. By a, i = 1,2,...
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denote the time to the protected object repair after such an event. Let a;, i = 1,2,... be i.i.d. random
variables with CDF F(¢). Suppose that moments of the protected object repair after it’s failure due
to the increased power level and subsequent increased temperature are renewal points of the
operation process of the complex. By ¢;, i = 1,2,... denote the time to the i-th protected object
failure due to the increased temperature. Let ¢;, i = 1,2,... be independent and identically distributed
(1.1.d) random variables with CDF F,(¢). By y;, i = 1,2,... denote the time to the protected object
repair after it’s i-th failure due to the increased power level. Let y;, i = 1,2,... be i.i.d. random
variables with CDF F,(¢). Suppose that moments of the protected object repair after it’s failure due
to the increased temperature are renewal points of the operation process of the complex. By &7, i =

1,2,... denote the time to the i-th failure of the power safety subsystem. Let &7, i=1,2,... be i.i.d.
random variables with CDF F, (t). By p?, i = 1,2,... denote the time to the power safety

subsystem repair after it’s i-th failure. Let 77, i = 1,2,... be 1.i.d. random variables with CDF
E, (t) . Suppose that moments of the power safety subsystem repair after it’s failure are renewal
points of the operation process of the power safety subsystem. By 7% denote the period of scheduled

inspections of the power safety subsystem. By & denote the duration of scheduled inspections of
the power safety subsystem. By &, i = 1,2,... denote the time to the i-th failure of the temperature

safety subsystem. Let &, 7 = 1,2,... be 1.1.d. random variables with CDF Fé, (). By nf,i=1.2,...

denote the time to the temperature safety subsystem repair after it’s i-th failure. Let /, i = 1,2,... be
1.1.d. random variables with CDF E, (¢) . Suppose that moments of the temperature safety subsystem

repair after it’s failure are renewal points of the operation process of the temperature safety
subsystem. By 7' denote the period of scheduled inspections of the power safety subsystem. By &
denote the duration of scheduled inspections of the power safety subsystem. The safety system is
inactive during the inspection. By @ denote the time to accident. Our aim is to estimate the mean
time to accident E[w].

2 MAIN RESULTS

Since the operation process of the complex is a superposition of alternating renewal
processes, it follows that

v—1

_ !
a)—ZO'i+0'V

i=1
where
o, =min(y, )+ (B + 7 s + (6, +a )y VU, oo +Wid, .,
and
O-il =min( y,,9,) + é‘i‘]l‘s«;‘ :

By f; we denote the interval between the protected object failure due to the increased power level
and the activation of the power safety subsystem. Note that 0 < S, < J,. By B; we denote the event
that the power safety subsystem was activated in the [y;, y; + ;) interval. By B, we denote the event

that the power safety subsystem was not activated in the [y, y; + J;) interval. Jp is an indicator
function of the event B.

We obviously have
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F (t)=Pr(w<t)= Pr(vz_1 o +0, < t].

i=1
Applying the Laplace-Stieltjes transform to F,(¢), we obtain
F (s)=Ele*|=X Ele™ |v=npr(v = n)

n=1

where F (s)= Ie’“ F ()=E [e’”"], Pr(v=n)=¢q(1 — ¢)" ' and ¢ is the probability of an accident
0
during a renewal interval. We see that

Ele™|v=n|=E [es(tz']a‘m;]

V= n} = (ﬁg (s)y_lﬁo,(s).

Therefore
~ NG " qF, (s)
Zl( y 1-(1-¢q)F,(s)
Since E[w]= —@ , it follows that
s
s=0

E[o]= E[o']+ =4 E[5]
q

Variable f has an unknown distribution. Therefore variable ¢ also has an unknown
distribution. Using stochastic ordering (Stoyan, 1983), we get the following estimation

E[o"]+ 1_—q(E[min(;(,(p)]+ (E[;/]Pr(B) + (E[&] + E[a])Pr(E))Pr(;( < (p))+ E[l//]Pr((p <y)< E[a)] <

—_—

—4(E[min(z, )]+ (E[6]+ E[y) Pr(B) + (E[5]+ E[a))Pr(B))Pr( 1 < 9))+ Ely [Pr(p < 2),

<E[c']+—2
q

where
Elo']= E[min( z.9)]+ E[5]Pr( 1 < 9).

By U, denote the moment of the n-th failure of the power safety subsystem. By V,, denote the
moment of the n-th repair of the power safety subsystem. Then the corresponding accident takes
place when

U,< X< V= 5’
o<V,— U,
or when
Vi P <y <Vt (I +6)— 0,
Vit (P + )+ TP <y <V, + 27"+ &)= 0;

gn fn .
Vn_l+[<Tp+9p>—lj(Tp+9p)+T” S;(<Vn_1+<7w—+9p>(T”+9p)—§,
o<¢

where <x> is an integer part of x.
Since the operation process of the safety system is an alternating renewal process, it follows
that

i=1
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n n f‘p n
V,= 7+ T" +0") = (T"+0") |+ 7,
S [ R e T
where {x} is a fractional part of x. Taking into account the condition of accident, we obtain:

&y
T?+0°?

w ©
PI‘(B) :ZJ. E ‘]U <x<V,-6 A S ZJV”_I+(i—1)(T”+H”)+T”Sx<V”_]+i(T”+(9")—b‘J§>0 dFZ(x)
0 1

n=1 i=

where

An:nl1+8n_6:
P
g, =T" +6" - {T”g }(T"+9”)

(=06

It now follows that

Pr(B) = iTPr(min(Un,(Un +A,)) < x)dF,(x) - iTPr(Un +A, < x)dF,(x)+

n=1 g n=1(

5!)
<T”+H”>

+§TE 3 Pr(min((V, | +i(T" +67) = 07),(V, , +i(T” +07) = 6" +{)) < x)|dF,,(x) -

i=1
Lo | )
~S[E[ SRy, i1 +07) -0 + & < x)|dF, (1) = ¢, + 4

n=1 i=1

n=1

Note that

a=3

n=

(F (5 F w00 = (F,, % (F, % F,, % F)" ) (x = ») HF, ()dF, (x).

O*—.S
O'—.S

7717

where F, % F (1) = j F,,(t-z)dF,,(z) and F"®()y=F*F(1). Equivalently
0

¢ = [ [ (Hy(x) = H,(x = y))dF, (y)dF, (x)

where Hy(x)=) F,, *(F, *F , #F,)"""(x) . Furthermore
n=1

&

o 00 T7+6”

0= [[E S (Pelp, , +i(T? +67) 67 < x)-PrlV,,, +i(T? +67) 6" < x—y))|dF,(y)dF, (x).

n=l o 0 i=l

In other notation,

§P
T’ +6”

HE 20 (Hy () = Hy, (= ) P (MF, ().
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where H,(x) = iFM (x) and Fz;,(x)=Pr(V,.1 + (T’ + &) — &’ < x). The application of renewal
n=l1

limit theorems (Rausand & Heyland 2004) yields

4 =~ 1 7 [ ydF ().
Elp? ]+ @7 + 07+ @ + HP)EKTP T ﬂ

(o)

E[np]+ T +6")+(T" + 6”’)E{<

q, ®

= km%@)
7 +6"
Finally,

0

— 1 Y4 £
Pr(B) ~ [ < o ﬂ [ { ydF, () + EKT’;—W”H ! ydF( y)}
E[n"1+(T"+60")+(T" +0")E

T°+6"
The Monte-Carlo method can be used to estimate I ydF,(y) and .[ yaF (y):
0 0
= 1
Pr(B) = _

p p p p p g’
Elp?]+ @ +07)+ (@7 +0 )E_<Tp+0p>}

x [El:max(n" LT7 40 - {Tf:ep },0 } + EKTPQZ:QP >}E[max(9” - 5,0)]}

Pr(B)=1-Pr(B).

X

Note that

We obviously have
q=q"Pr(x <@)+q'Pr(y>09),
where ¢ is the probability of failure of both safety subsystems and ¢’ is the probability of failure of
the temperature safety subsystem. Furthermore
q" =Pr(B)q".
Using the same technique as earlier we obtain the following estimation of ¢’

RN

Eln'|[+(T"+60)+(T"+6")E °

b ]+ o)+ 1+ 01) RT+H>}

Therefore we managed to estimate all variables necessary to evaluate mean time to accident.
Though some of them should be evaluated numerically the required techniques are pretty much
straightforward.

3 CONCLUSIONS

t

qg =1-

The proposed model permits to assess the reliability of one specific class of technological
systems with time redundancy. In particular the suggested approach allows to evaluate the mean
time to accident for the “safety system-protected object” complex. The proposed approach allows to
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