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ABSTRACT

The paper is devoted to reliability and capability investigation of technological systems, inclusive of
development of dynamic reliability model for two-phase product line with buffer storages and multiphase line
decomposition
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1 INTRODUCTION

Multiphase systems are the systems where technological process and supporting equipment
are divided into sections referred as phases. One of the approaches to improving reliability and
capability is to include into multiphase system time redundancy using buffer storages. When failure
of input section equipment occurs buffer storage ensures uninterrupted technological process in
output sections. Valid choice of placement location and capacity of buffer storages is impossible
without reliability modeling and analysis of system projects alternatives. Common prediction
models of multiphase systems describe only single-flow structures and suppose absolute reliability
of buffer storage (Cherkesov 1974). In this paper we suggest analytical method for calculation
reliability and capability of multiphase systems based on two-parameter markov process. The
prediction model takes into account different ratio of input and output devices capability and
unreliable buffers. The model decomposition technique is developed. This makes it possible to
analyze multi-flow systems with tree-type structures. Procedure of construction state space and
transition graph of the two-parameter markov process is created. The procedure is founded on
selection of state subsets, corresponding to intermediate and marginal (maximum or minimum)
level of resource (inventory) in buffer, and generation of boundary and limiting transition. Process
of generation of difference equation and boundary condition are described.

2 TWO-PHASE SYSTEM DESCRIPTION

Schema of single-flow two-phase system with input (1) and output (2) processing devices and
transient buffer (3) is shown in Figure 1.

1 4.®_.

Figure 1. Single-flow two-phase system with buffer storage.

-2

Each processing devices is characterized by capability q;, failure rate A;, recovery rate p;
buffer is characterized by capacity z (0 < z < zy), failure rate A,, recovery rate . Let us denote the
state of markov graph for two-phase system by three-digit binary code. The first two digits indicate
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the states of the devices and the third digit indicates the buffer state. Digit 1 indicates that the state
of device (buffer) is good, 0 — is failed.
Reliability behavior of the system depends on inventory level in the buffer:
— zero level (z = 0); we will designate zero level subset of markov reliability model state set as
G
— maximum level (z = zyv); we will designate maximum level subset of markov reliability
model state set as V
— intermediate level (0 < z < zy); we will designate intermediate level subset of markov
reliability model state set as W

3  METHODOLOGY OF TWO-PARAMETER MARKOV MODEL CONSTRUCTION

Let us define the markov model construction sequence:

1. Definition of all possible states for subsets G, V, W

2. Analysis of the states in compliance with characteristics of performance and failures,
removing the states which can not stand in given subset and which have not transition from
another states

3. Determination of the states which have marginal (limiting) transitions from another states
(these are transitions from subset W into V and G, assignable with buffer inventory level
maximization (minimization). Marginal transitions are indicated as dotted line.

4. Determination of boundary transitions from subsets V and G into subset W. These
transitions exist for the states in subsets V and G, for which failure or recovery of the system
devices result in buffer marginal inventory level decrease (increase). Boundary transitions
are also indicated as dotted arc, waited with appropriate failure (recovery) rate.

After markov graph construction we can define mathematical model of the system. Let us
denote state probability for subset W as P(z,t) and for subsets V and G as F(zw,t) and F(0,t)
respectively. Now we can set up difference equation for characteristic states of the system.
Characteristic states are the following:

1. The states which have input and output transitions in the range of one subset

2. The states which have input limiting transitions

3. The states which have output boundary transitions (equations for these states determine
boundary conditions)

Figure 2 shows graphs with characteristic state o; and input (output) transition. Graph I
shows transitions in the range of one subset. Graph II shows boundary transition.

Difference equation for case I (transitions in the range of one subset) is of the form

m n
Poi(z,t+ At) = Pyi(z £ Az ,t) = —(AtY ) - Pyi(z+ Az, t) + At) - @; - Py (2 Az, 1) (1)
i=1 1

Partial differential equation is:

P .(z,t) OP,.(z,t il L
Ao - 0i (1) | Py ):_(Zwi).Pai(Z,t)Jrz(pi.pi(zyt) )
0z ot i-1 i1
. . . OP(z,t)
Let us consider stationary area and take into account the fact that ———= = ( when t—oo0.
Then
oP,.(z = 2
i 5 () P+ Y i(2) ©
i=1 i=1
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Under (3) we can formulate the following rule for setting up differential equation for any
state with transitions in the range of one subset.

F3(0vznt)

case | case ||

Figure 2. Graphs for case I (transitions in area of one state subset) and case II (limiting transition).

Rule 1. Derivative of state probability with respect to buffer inventory level (z) multiplied by
rate of level change (qq;) is equal to product of state probability by sum of output transition rates,
signed with minus, plus sum of product of input transition rate by probability of state from which
transition is done.

Similarly we get differential equation for the case II. Here state a; in the range of one subset
has input transitions with rate ¢;, output transitions with rate yyand limiting transition from subset
W (z=0 or z=zp,).

OF, (0vz ,t) < m
ai ot » ):Z(PiFi(OVZm’t)_(ZWi)'Fqi(OVZmat)+|qai|'Pai(0VZm,t) 4)
i=1 i=1

For stationary area (t—>) we have algebraic equation
m n
(Z\VJ ' F(xi(o Vv Zm) = Z(PIFI(O Vv Zm) + |q0Li| ’ POLi(O v Zm) (5)
i=1 i=1

Then it is possible to formulate the rule for states with input limiting transition.

Rule 2. Probability of considering state multiplied by sum of output transition rate is equal to
sum of transition probabilities from other states to given state and probability of limiting transition.
Probability of limiting transition is probability of state from which transition is done multiplied by
absolute value of rate of level change.

Boundary condition occurs when transition exists from states of subsets V and G into states
of subset W:

W Fyi (2, t) = Py (24, ) |
@ Fyi(0,t) =P, (0,1) -|q|

Stationary boundary condition is:

(6)
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i F(xi(zm) = Pai(zm) ’ |q(xi| (7)
@ Fyi(0) =P, (0)-|qql
4 MARKOYV RELIABILITY MODEL FOR TWO-PHASE SYSTEM

Proceeding from rules and equations of previous section one can construct reliability models
for two-phase single-flow system. Models were constructed for three alternatives of relationship of
processing devices capability (q:=qx=q; q1> q2; q1 < q2).

4.1 Model for equality of input and output capability

Markov graph for equality of capability of input and output processing devices (q;=q>=q) is
shown on Figure 3.
System of partial differential equation is:

P (z,t) 0P (zt)

- Oléz " 01(1% ==+ +hy)-Porp(z,) + Ay - Py (2,0) + 1o - Pogi (2, ) + 1y, - Poyo(2,1)
P (z,t) P (zt)

q- wéz + 101& =—(1y + Ay +Ay) Pro1(z,) + Ay - Pryy(2,8) + 1y - Pogy (2,1) + 1y, - Prog (2, 1)

aPU(l?‘fZ,t) ==+ Ay +0y) - Prip (2,0 + 1y - Popp (2,0) + 1y - Prop (2,0 + 1y - Pryg(2,1)

aPOOét(Z,t) =—(1y +12) Poor(z, 1) + A5 - Py (2,1) + Ay - Pygy (2,1)

POI%(tZ, 2 —(1y +1y) - Poro (2, 1) + Ay - Py (2, 1)

aPlOgt(Z’ o —(12 + 1) Prop (2, ) + Ay - Prgy (2,1)

6Pngt(z’t) ==y - Prio(z,t) + 1y - Poro (2, ) + 1y - Proo (1) + 1y - Py (2,1) v

aFlléio,t) ==+ Ay +Ay) Fipp(0,0) + g - Fopp (0,8) + 1y - Fyp(0,0)

aFOlé‘fO’t) ==t For1 (0,0 + A, -F11(0,8) +q- Py (0, 1)

WZ_MH.FIIO(O’t)-i_}\‘H.Flll(O’t)

aFlllgm’t) ==+ +20y) - Fii (2, )+ 1y - Fioi (2, )+ 1y - Frig(zy, 1)

W:_Hz ‘Fio1(Zm, )+ Ay - Fi11(2, ) +q-Pyoy (g, 1)

w:_un “Fl10(Zm, )+ 4y - Fp1(Zm, 1)

Boundary condition:
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q-Po11(zm,t) = A B (2, 1)
q-Poi(0,t) =2, -F,(0,1)

)

Subset G Subset V
W . .
zero inventory level intermediastgbiiitentory level maximum |n‘ufe_nt0ry lovel
(Z1=0) (O{Z{{Zm) (Zi_—Zm)

Figure 3. Markov graph for two-phase system (q;=q>=q).

At stationary area (t — o0) system (8) turns into the system of differential-algebraic equation:

_q'P(',“ (z)=—(u, + A, +A,) Py (2)+ A, P (2) + 1, - Py (2) + 1, Py (2)
q'P;m (z)=—(u, +A, +A,)- Py (2)+ A, P (2)+1, Py (2) + 1, - Py (2)
0=—(A, +2, +2,)- P (2) + 1, - Py (2) + 1, - P (2) + 1, - Py (2)

0=—(1, +1,) Py (2) + A, - Py, (2) + 4, - Py (2)

0=—(u; +1,) Py(2)+ 1A, Py, (2)

0=—(u, +p,) P (2) + 4, Py (2)

0=—p, P2 +1, Py (2)+ 1, P (2) + A, - Py, (2)

0=—(A +A, +A,)-F (0 +p, - F,; (0)+p, - F,(0)

0=—p, -F, (0)+4,-F,,(0)+q-P,y,(0) (10)
0=—p, -Fi,(0)+A, F,(0)

0=—(A +A, +A,)-F (z,)+1, -Fo(z,)+u, -Fi(z,)

0=—p, Fo(z,)+2, -F,(z,)+q-Pg(z,)

0=—pn, -Fz,)+2, F,(z,)

We use the following boundary and normalizing condition when solving system (10):
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q-Po11(zm) =21 -Fip1(zy)
q- P (0) =2, -F11(0) (11)

Zm
> IPijk (2)0z+ ) Fy (z) + D F (0) =1
ijk 0 ijk ijk
4.2 Model for unequal input and output capability (q;> q3)

Markov graph for unequal capability of input and output processing devices (qi > q2) is

shown on Figure 4.
-

K Y] N /
g TN '
Subset G Subsst W Subset Vv
zero inventory leve intermediate inventory level maximurm inventory level
(z=0) ) (2= 2

Figure 4. Markov graph for two-phase system (q; > qa).

Let us directly consider stationary area (t — o) and system of differential-algebraic equation:

—q> 'P('m (2) =—( + Ay +2Ay) - Po11(2) + Ay - Py (2) + 1y - Pooy (2) + 1y - Po1o(2)
q1-P (2)=—(y + 4y + 1) Py (2) + g - Py (2) + 1y - Pogy (2) + 1y, - Pl (2)
(@1=92) P (2) = =0y +hg +20) - Pyy (2) + 11y - Poy 1 (2) + 1 - Py (2) + 1y, - Py (2)
0=—(ny +H2) Pooi(2) + Ay - Poi1(2) + Ay - Py (2)

0=—(ny +1y)-Poio(2) + 1y - Poy1(2)

0=—(uy + 1) Proo(2) + Ay - Pro1(2) (12)
0=—py - Pr1og(2) + 1y - Po1o(2) + 1y - Pigo(2) + 1y - Pry1(2)

0=—p; -Fy11(0)+q5 - Py;1(0)

0=—(A+Xy +2)-Fi11(zn) + 12 - Fio1 (Zm) + 1y - Frio(Zm) + (41 —42) - Pr11(z)
0=—py -Foi(zm)+Ay - Fi11(zn)+ 91 - Pro1 ()

0=—p, Fiozn)+i, Fii(zy)

Boundary and normalizing condition:
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q-Po11(Zm) =21 - Fip1(zp)
(@1 —92) - P111(0) = py - Fy1(0) (13)
> IPijk (2)0z+ ) Fy (z) + D Fy (0) =1

ik 0 ijk ijk

4.3 Model for unequal input and output capability (q; < qy)

Markov graph for unequal capability of input and output processing devices (q; < q) is
shown on Figure 5.

z—0 @

A ha A M2
z=0 111 Z m o 101
S ;
Ly B
) “ o
g T Y
Subset G Subset W Subset V
Zer0 inventory leve intermediate Inventory level maximum inventory level
(a=0) (0<z<zm) (z=za)

Figure 5. Markov graph for two-phase system (q; < q2)
System of differential-algebraic equation (t — o0):
—d3 'P:m (2) =—(W + Ay +21y) - Py (2) + Ay - Py (2) + 1y - Pyoi (2) + 1y - Py (2)
qp - P;m (2) =—(uy + A1 +21y) - Pio1(2) + Xy - P1(2) + 1y - Pooy (2) + 1y - Prog (2)
-(q2 —Q1)'P1'” (2) ==\ + Ay +1y) - Pr1(2) + 1y - Poy1(2) + 1y - Pro1(2) + 1y, - Pryo(2)
0=—(uy + 1) Poor(2)+ Ay - Poy1(2) + Ay - Ppgi(2)
0=—(ny +1y) Poio(2) + Ay - Por1(2)
0=—(ny +1y) P (2)+4, -Pio(2) (14)
0=—p, -Ppio(2) + 1y -Poio(2) + 1y - Proo(2) + Ay - Py (2)
0=—(hy + X5 +4y) - Fipy (0)+py - Fopy (0)+ g - Fryg(0) +(q5 =) Py (0)

0=—p; -Fo;1(0)+A;-F11(0)+q; - Py;1(0)
0=—py -F(0)+A, -F;(0)

0=—p; Fo(zn)+4; - Proi(zy)
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Boundary and normalizing condition:

a1 - Pio1(0) =15 - Fy11(0)

(A2 =4q1) Pr11(Zzm) =12 - Fio1(zm) (15)
> _[Pijk (2)0z+ ) B (zm) + D Fyj (0) =1
ik o ik iik

Computer-oriented procedure was developed for analytical solving systems (10), (12), (14). In

accordance with this procedure at first one have to obtain probability density function P¢;(2):
a

Pi91(2) = P;1(0)- et (16)

Bi(A +2y) 4 HyAy
%) Ly + Hy

where a =—(A; +p, + A, ) +A,b+

Further probability F0i(z) is defined via density function
Zm izm
Fo1(2) = J.PIOI(Z)dZ =§'P101(0) e —1|=C;-H,. (17)
0

Then each i unknown Fii(z) 1s represented as product of invariable and variable actors C;-Hj,
where H; recursively calculated from H;.;, and C; is calculated from normalizing condition
(11,13,15).

Stationary availability K(z) and mathematical expectation of capability C(z) of two-phase
system are

KI-(Z):Fl 1 1(Z)+F01 1(Z)+F1 1 1(0)+F1 11 (Zm); C(Z):KF(Z)'q'
(18)

5 RELIABILITY AND CAPABILITY ANALYSIS OF MULTIPHASE SYSTEM

Multiphase systems are aggregate of two-phase systems. Examples of multiphase multiflow
systems, specified in graphical editor of software implemented described above models, are shown
in Figure 6.

The procedure of calculation estimate of availability of multiphase system includes the following
steps:
1. Pick out the triplet (buffer, input device, output device) with minimum buffer capacity
2. Calculate availability and average capability indexes (18) for evolved triplet via appropriate
models (10, 12, 14)
3. Replace the triplet by one processing device with equivalent availability and capability
calculated on previous step
4. Repeat steps 1-3 until all multiphase structure will be represented by one equivalent device
It was shown in (Victorova 2009) that above procedure ensures derivation of availability low

estimate.
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Figure.6. Screen shot of software for reliability and capability analysis of multiphase

6 CONCLUSION

systems.

For adequate reliability and capability modeling of technological systems it is necessary to
take into account unreliability of buffer storages. Statistical analysis of failure data of buffer
storages shows failure rate growth with increasing capacity. On assumption of absolute buffer
reliability one can make pitfall about continuous capability growth with increasing capacity (see
upper curves on Figure 7). Analysis based on the models suggested in this paper shows that
inflection point exist on the curve of capability as function of capacity. After this point one can
observe decrease of reliability and capability of multiphase systems as it is shown on lower curves

of Figure 7.
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Figure 7. Multiphase system capability dependence on buffer storage capacity.
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