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ABSTRACT

The paper presents a new reliability model for “safety system-protected object”
complex with multiple safety systems. It is supposed that the complex consists of one
protected object and multiple independent safety systems with complex structures.
Scheduled periodic inspections of safety systems are also taken into account. Asymptotic
estimates of the mean time to accident and the probability of the accident prior to time ¢
are obtained under some assumptions on operation process of the complex.

1 INTRODUCTION

Hazardous facilities use a variety of systems concerned with safety, with safety systems being
the most important of those. Safety systems are provided to detect potentially dangerous protected
object failures or conditions and to implement appropriate safety actions. Protected object may have
several types of hazardous deviations of protected object operation process that require their own
safety systems. Some reliability models for the elements of safety systems were introduced by
Hansen and Aarg (Aarg & Hansen 1997), Corneliussen and Hokstad (Corneliussen & Hokstad
2003), Hoyland and Rausand (Heyland & Rausand 2004). In this paper we propose a different
approach to reliability assessment of “safety system-protected object” complex based on asymptotic
properties of alternating renewal processes.

In the present study we set out to analyze the reliability of the automated “safety system-
protected object” complex with multiple safety systems. Systems of such kind are quite common in
the nuclear power engineering, because safety systems of nuclear power plant should employ
diversity in the detection of fault sequences and in the initiation of the safety system action to
terminate the sequences. We follow Pereguda (Pereguda 2001) in assuming that the operation of the
complex can be described using a superposition of alternating renewal processes. Our objective is to
provide an asymptotic estimation for such reliability indices as the mean time to accident and the
probability of the accident prior to time ¢.

2  MODEL DESCRIPTION

Let us consider an automated complex of protected object and N safety systems. Safety
systems and the protected object are repairable. They are restored to an as-good-as-new state. All
failures are supposed to be independent. Let j-th safety system consists of M; subsystems and k-th
subsystem of j-th safety system consists of C;; elements.
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By xij, i =1,2,...,j=1,2,...,N denote the time to the i-th protected object failure detected by j-th
safety system. Let y;;, i =1,2,...,/=1,2,...,N be independent random variables and for each fixed ; let
xij» =1,2,... be identically distributed random variables with CDF F L (). By yiy, =12,

j=1,2,...,N denote the time to the protected object repair after it’s i-th failure detected by j-th safety
system. Let y;;, i=1,2,..., j=1,2,...,N be independent random variables and for each fixed j let y;;,
i=1,2,... be identically distributed random variables with CDF FV/- (¢). Suppose that moments of the

protected object repair are renewal points of the operation process of the complex. Suppose that
FZ/ (1) and ij (t) are nonlattice distributions with finite mean. By &;;xs i=1.2,..., j=1,2,...,N,

=1,2,....M;, I=1,2,...,C; ; denote the time to the i-th failure of the /-th element of the k-th subsystem
of the j-th safety system. Let &jx;, =1,2,..., /=1,2,... N, k=1,2,....M;, I=1,2,...,C;; be independent
random variables and for each fixed j, &, [ let ;s i=1,2,... be identically distributed random
variables with CDF F » (). Suppose that safety system elements are repaired only after

corresponding safety subsystem failure is detected. By 7t i = 1,2,..., j=1,2,....N, k=1,2,....M;
denote the time to repair of the k-th subsystem of the j-th safety system after it’s i-th failure. Let
Nijk i =1,2,...,j=1,2,..,N, k=1,2,...,M; be independent random variables and for each fixed j, & let
Nijk 1 = 1,2,... be identically distributed random variables with CDF E, (t). Suppose that

moments of the safety subsystem repair are renewal points of the operation process of the safety
subsystem. Suppose that £, (¢) and F, (¢) are nonlattice distributions with finite mean. A failure

of the safety subsystem may be detected immediately or only during scheduled periodic inspections
of the safety subsystem. By T denote the period of scheduled inspections of the k-th subsystem of
the j-th safety system. By 6, denote the duration of scheduled inspections of the k-th subsystem of
the j-th safety system. The safety subsystem may be active or inactive during the inspection.
Suppose that each safety system is coherent system (Hoyland & Rausand 2004) and each safety
subsystem is coherent system. Let @, (x; ;15X 5,---X;; ¢ ) denote the system structure function

of the k-th subsystem of the j-th safety system and let y (x, ,x

i1 j,z,...,xj,Mj) denote the system

structure function of the j-th safety system. Let v be a random number of renewal intervals of the
operation process of the complex before an accident. By w denote the time to accident. An accident
takes place when safety systems are unable to detect the protected object failure. Our aim is to
estimate the mean time to accident M and the probability Pr (w < ¢) of the accident prior to time ¢.

2 MAIN RESULTS

2.1 Mean time to failure and reliability function

Since the operation process of the complex is a superposition of alternating renewal
processes, it follows that

v—I1
o= Z(mln(lial ’Zi,Z" : "Zi»N)—i_ }/i»ljli,l<mi"(lz‘,2»lf,3~--:Zf.N) + }/i»ZJZf,z<mi“(lf,1:Zf.suwlf,w) +
i=l1
+ yi,NJ;(i)N<min(;(i’1,;(,‘2...,)(,-ﬁN,l ))+ mln(l\/,l’;{vl" . "ZV,N)’

where J is an indicator function of the event 4. By a; denote the time to i-th failure of the protected
object. By f; denote the time to i-th repair of the protected object. We obviously have

a; = mm(?(i,la}(i,za-'-ali,zv
and
ﬂi = }/ial']lf,l<mi“(li,2=li.3--wli,N) + }/i,ZJ;([72<min(;(‘..l ’/1/[,3"'511‘./\/) Tt yi?NJZ[,N<min(lf.] s Xi2 s XiN-l ) '
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Therefore

F (#)=Pr(w<t)= Pr( 1(ai +B)+a, < tj

and
Pr(v=n)=q(l —q)" ',

r r+1
where ¢ is the probability of accident during a renewal interval {Z(ai + ﬂl), Z(al. + ,Bl)j,

i=1 i=1

Vre {0,1,2,. . } Applying the Laplace-Stieltjes transform to F,(¢), we obtain

fw (s)= E[e“”"]= iE[e“"” |v= n]Pr(V =n)

o0

where ﬁw (s)= I e "dF, (1)=E [e“”"]. We see that
0

v-1

E[e_“" v = n] = E[es[’z‘(%% )mv]

V= n] = (B (Fo) ™.

Note that
Em=1-T1l- F, ()
and -
Fy0)=2F, 0 [10-F, () ldF, (x).
Finally,
)= 3 (F o) (Fy o)) " g0—gy =)
p 1-(1=-q)F, (s)F,(s)
Since E[w]|= _IEO it follows that
ds -
1-
Elw]= E[a]+7q(E[a]+ E[B]),
where
Ela]= | [H(l -F, (t))Jdt

and

E[8]= ﬁ‘j(l —F, k]| T10-F, ©)|aF, @)

Jj=1 r=1
r#j

Applying a limit theorem for recurrent point processes with a fixed interarrival time distribution
(Kovalenko, Kuznetsov & Pegg 1997) we obtain

—t

"t

Therefore
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o«
Pr(a)St)—0>1—e ElalrE[p]
q—>

Note that ¢ -0 for a highly reliable safety system which is the case for most of hazardous
facilities.

2.2 Probability of accident during a renewal interval

Applying the law of total probability we obtain

o]

N N
qzijpr(lj<min()(l:)(b-":)(j_p)(jﬂa---sZN quj dF (t)
Jj=1 j=1

0 rl
l;ﬁj

where ¢; is the probability of accident during a renewal interval due to j-th safety system failure.
The accident takes place during i-th renewal interval due to j-th safety system failure if and only if

€ O, where Q] is the set of intervals where the j-th safety system is inactive. Therefore

- Tpr(t 0, WF, (1).

It is difficult, if at all possible, to obtain explicit relation for Pr(s € O;). Here we use the following

approximate relation:
g, ~ [&dF, (),
0

where
& =limPr(te Q;).
: t—>o0 :
It is known (Heyland & Rausand 2004) that the j-th safety system availability at time ¢ is
p,0) = Ely 15, (0,3, 0s%,00 O] = By 0,10 2 (02, (1)),

where p;«(?) is the availability of the k-th subsystem of the j-th safety system. It can be easily shown
that

Prre 0))=1-h (Prlrc 0;, )Pt 0, ). . Pl 07, ),
where O is the set of intervals where the k-th subsystem of the j-th safety system is active.
Therefore
‘~1_ (ﬁjpﬁjz’ ﬁ )’
where
B.= }ngPr(t € Q;k).
Applying the law of total probability we obtain

pj,k(t) = Pr(t € Qj,k): TTPr(t € ij | é:l,j,k =Xk = J’)qu,,k (y)dFéM (x),
00

where &, ;, is the time to i-th failure of the k-th subsystem of the j-th safety system. Obviously,
Cijk 1=1,2,... are identically distributed random variables with CDF F, 3 (t) for each fixed j, k. It
can be easily shown that

F, (O)=1-h,l-F, 0.1-F, Ol = F ),

where
h (pjkl(t) pjkz(t) “Pjikc,, (t)) E[(”,k(jm(t) x,kz(f) XjkCoy (t))J
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2.3 Safety system without inspections

By definition p;(?) is the availability of the A-th subsystem of the j-th safety system. We
obviously have
P (D)= ”Pr(t S Q;k | fl,j’k = X004 = y)dF,]M (y)ngm (x)+

x+y<t
+ jIPr(t € Q;k | Sijk = XMl 4 = y)dEm (y)de,»,k (x) =1 +1,
It can be easily shown t’hat
= |[J.co.a@F, (W)F, (x)=1-F, ().
x+y>t j<

Since the operation process of the safety system is an altemating renewal process, it follows that

I—JJPrrerkm,k %1 = VHE, (V)dF, (x)=

= ([Pl —x- )i, >dF§,,k<x>=jp,,ko—z>dF¢,,k+,7_,ﬁ<z>,
where o O
F, ., (2)= ng (z=y)dF, ().
Finally, 0

t
Pk =1 _F;M )+ J.pj,k (t - Z)ngjykwy/vk (Z)
0

This equation is well known as the fundamental renewal equation (Heyland & Rausand 2004). The
application of Laplace-Stieltjes transform and tauberian theorems yields

g, =limp, ()= E_légj,kj_
Bk S F Ik El;/,kJ-i_El?]j’kJ >
where
E fj,k]: _[(1 -F, (t))dt
and

Eln, )= T(l ~F, (k.

Again, this is the well known equation for the limiting availability (Heyland & Rausand 2004).
2.4 Safety system with inspections, safety system is inactive during inspection

Let us again write the availability of the k-th subsystem of the j-th safety system as the sum of
the following two expressions:

p(t)= _”‘Pr(t €O & =%, = y)qu‘,Vk (y)dF;M (x)+

74 (x,p)st

+ J.J.Pr(t €0 & =X, = y)anj’k (y)ngl_’k (x): 1 +1,,

7k (x,)>1
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where 7, (& 17 4) = [<T§+kﬁ> + IJ(TM + Hj’k)+ 1.« 1s the length of the renewal interval of
Jok Jok

the k-th subsystem of the j-th safety system operation process and <x> is an integer part of x. We

see that
<T > !
k0 k

] ZJ[<>(>)+J[< o

dF, | (y)ngvj_k (x).

=0
Tk (x,y)>t ! T4 +0,

It can be easily shown that

I, = (1 - Ffj,k (t))_ i(l o Fi,,k (r(Tj,k + ej?k ))XJ("—l)(Tj,k 0,4 FT gt T J’(Tm +0, )Sf)z ng,k (t)_ Fff,k (t)’

where -
F;,,k (t) =1- z<1 - Fg,,k (”(Tj,k + ej,k ))XJ(r—l)(Tj’k 0, Tyt Jr(T]-’kJrBj’k )t )
=1
Note that
”Pr(t € Q;k | 681,(/,/( =XTh ok = y)anM (y)dF:/.k (x) =
7,4 ()<t
I pjk —7(x, J’) dF Ip]kt ZdF;kgkzy,k)(Z)’
7y (x,p)<t

where F, (. )( ):Pr(rj,k(éj,k,nj’k)é ) Therefore

P =F, (6)-F, ( kar 2)dF, (e, 1,.)(2)-

Applying the same technique as above we get the followmg estimation:

x =1 jk . )
ﬁ./’ 11_>r£p‘° (t) El jk(f/k n/k)J

el (50, S 0, 00, )
£, ]- I( ~F (o,
e =[5, O
0,010 3ol o 050,07, bl +0,)

where

2.5 Safety system with inspections, safety system is active during inspection

Using the same method as above we obtain
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pi()= ”Pr(t € Q;—k | Sk = XM = y)dF’m (y)ng,y,( (x)+

Tk (x,y)St

+ ”Pr(t € Q;—k |§1,j,k =XTh k= J’)qu,_,( (y)ng,,k (x)= I +1,,

7 (x,3)>t

Sijk
where Tj,k(é:l,j,kanl,j,k) = [<—/

" >+ IJ(TM + Hj’k)+ 1.« 18 the length of the renewal interval of
Jok Jok

the k-th subsystem of the j-th safety system operation process. It is clear that

12 = J-J."]te[o,x]an/vk (y)ng/,‘ (X) = 1 - Fcfj,k (t)

7k (X,0)>1
and
_”Pr(t €0 & u =X, = y)an‘,‘k (y)ngM (x) =
7k (X, 3)st
t
IJ‘pjk T(x y) dF ( )dFéch(x):J‘p./ﬁ ( )dF; k(fjk ’YJA)(Z)’
7k (xSt 0
where F, e, k)( )= Pr(r_ ik (5 I k)s t). And once again we obtain fundamental renewal
equation
pj,k (t) =1- F?j,k (t)+ J.pf,k (t - Z)dF'T/./( (ﬁj./( Mk )(Z) :
0
Therefore l J
. ElS)
B, =limp,, ()= -
S E [Tj,k (éj,k’nj,k )
where

ngk] J‘( 5” )df,
E[T;k 1k’77/k] I( (t))dt+
+(T,, +0, k)[1+z ( L (r+1)T,, +0,,))- Ff,-,k(r(z},ﬂrgj,k)))j-

3 CASE STUDY

Consider the following example. Suppose that complex consists of 5 safety systems and one
protected object.

Subsystem 1 Subsystem 1

Subsystem 2 Subsystem 2

Figure 1. Reliability block diagram of the first safety system.
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1=t :

Figure 2. Reliability block diagram of Subsystem 1.

Elem. 1

{ } Elem. R — Flem. 2

Figure 3. Reliabil@lﬁm -dilgram of Subsystem 2.

Elem. 1

Figure 4. Reliability block diagram of the second safety system.

Elem. 2 Elem. 2

T
o
[EN—N

Figure 5. Reliability block diagram of the third safety system.

Elenl. 6 Elem. 7 Elem

jDEth. 6 Elem. 7 Elem

Figure 6. Reliability block diagiam afhe fgurth safety syfepary 77 Elem
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Figure 7. Reliability block diagram of the fifth safety system.
Subsystem 3

Figure 8. Reliability block diagram of Subsystem 3.

Subsystem 3

Figure 9. Reliability block diagram of Subsystem 4.

Reliability block diagrams of safety systems are shown on Figures 1 through 9. We obviously have
N=5, M\=2, Mr=1, Ms=1, M4=1, Ms=2. It can be easily shown that

h() el 1@ - p.Opr.Blem. 12 Elem. 5
1(0)=3(p,(0)f =2(p,, () . 1y(6)=3(ps, (1) - 2(ps, ()
h, (t) = (p4,1 (t))z +2p,, (t)(2p4,1(t) - (p4,1 (t))z Xl ~ P4y (t))’
hy(t) = 1= (1= p;, () ps () -
Therefore Cy =4, C=4, C1=4, C3,=1, C4,=1, Cs,=6, Cs,=3. We see that
()= (22,0 = (21, OF NPras O P12 (0110,
s (@) = 2910, ) = (Pay OF NP (0) s iz)pl,z,m,
hy,(£)= Py, () Py (1) 31@1?11( ),
o (0) = ps, (1), By (D =p,,,(0),
hs,(6)= D1, (D P51 (O P53 O s, (D5, sOps, (0. Elem. 2 El
Iy s (0) = (2950, ) = (P32 s OO F NPaaa OF D5 (0).
Let F, (t)=EXP (t;zl/ ), j=1.2,...,N, F, ()= EXP@Idnjﬁl,l,. N F ()= EXP(z;ﬂ% ),
JFL2, N L2, M, 112, Ceand F, ()= EXP{ 4, ).j=1.2.....N, k=1.2,... .M, where
l—e™,ift>0

0, otherwise.

EXP(t; 1) = {

Suppose that failures of all safety subsystem are detected only during scheduled periodic
inspections of the safety subsystem and safety subsystems are active during an inspection.
Therefore
1-¢
Elol= Ela] = = (Elal+ E[5)
and
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4
Pr(a) < t)—)o 1—e Elakels]
q—>
where
1
E[a] = D)
/1){1 +/11’2 +/11’3 + /1)(4 + /IZS
A A A A A
E[,b’]= ! N AR R R TR 23
/111 + 2'7(2 + 2'7(3 + /114 + /115 i}'l /172 i}’s 2174 /175

— qﬂz] t (bﬂh + %ﬂﬂa + Q4/114 + QSAZs

/lll +ﬂlz +2’Z3 +/ll4 +2’Zs

g, ~1- (ﬁll + ﬁl,z - ﬁl,lﬁl,z)z >
g, ~1- 3ﬁzz,l + Zﬁ;,l N 31632,1 + 2}633,1 )
q,~1- ﬁil - 2ﬁ4,1(2ﬁ4,1 - ﬁilxl - ﬁ4,1)9 qs = (1 - ﬁS,lﬁS,Z)z >
_Elg)
ﬁj’k Elrj,k (gj,lwnj,k

)J,j=1,2,...,N,k=1,2,...,Mj,

E[§1=1]:,1 31 : A +A 2L 434 : A+
51,1,1 + {:1,1,2 + {:1,1,3 + 51,1,4 {:l,l,l + 51,1,2 + 51,1,3 + §1,1,4
Blé.]- A 434 : A 21 +31 : R
{:1,2,1 + §1,2,2 + §1,2,3 + 51,2,4 él,Z,l + {:I,Z,Z + {:1,2,3 + §1,2,4
1 1 1
g, )= L Ele =, Elg )=,
2152,1,1 + 52,1,2 + 52,1,3 §2,1,4 ﬂéS,l,l 2(§4,1,1
1
Bl ]- A +A 44 44 44 44
55,1,1 + 55,1,2 + 55,1,3 + {:5,1,4 + 55,1,5 + 55,1,6
Blsa)= ) 3,12 22 311 i
55,2,1 + 55,2,2 + 55,2,3 55,2,1 + 55,2,2 + {:5,2,3

_( 4,11 +3l§1,1,2 +}“§1,1,3 +}“§1,1,4 XTH"'QI»I)

1
E[Tl,l(é:l,lﬂﬂl,l)]: 1 + (Tll +0,) 1+ - e—(ﬂﬂ“+3ﬂ.§l’1,2+l§1,1’3+ﬂ,§1’1,4 Nr+o,) —

M,

e_(2/1§1,1,1 32,5t Aa 3 T XTI,I +01,1)

22 35 T, 5t e fna+6,)

L1l

I_e
(5121 j'5122 /13123 13124X112 612)
2e 2, 2, 22, 2, : ’

1
E[T1,2(§1,29771,2 )]= 2 + (le +6,,) 1+ 1_67[151’2,1 IV POV SV I (T B

M,2

e_(2/1§1,2,1 +3151,2,2 +ﬂ§1,2,3 +ﬂ§1,2,4 XTI,Z +91,2)

1 _ e’l”’cfl.z,l *”’51,2,2 *’151,2,3 *’151,2,4 KT1,2+9L2) ’

7(252.1,1 oot e 5t e, )<T2,1 +0y, )

e
E[TZ,I(é:Z,l’nZ,l)] - y) + ];al + 02’1 I+ 1— e_k/lg“z,l,l o1t a0 +/152,1,4 KTZJ"'HZJ) ’

2,1

A& (T3.1 +5’3,1)

E[T3,1(§3,1’773,1)] = % + (T31 +0, ) 1+ 1— 6—453,1,1 (75,+03,) |

M3
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1 e_}f‘“’l (1,,+64.)
E[T4,1(§4,1a774,1 )] = /1_ + (ZU +0,, {1 + 1 T oyeT )] ’

T4,
N4,1 e

$5,1,2 +/1§5,1,3 +/1§5,1,4 +}“§5,1,5 '*%55,1‘5 )(TSJ +95,1) J
2

1 e_(ﬂ“is,l,l +A
E[TS,I (65,1 H 775,1 )] = ﬂ, + (];,1 + 95’1 1 + 1 _ e’(’1 A ;“55.1,3 +;“;“5,1,4 +}"§5,1.5 +;“;“5.1,6 KTi‘ +95-‘)

CRRRECER PR
LR
26_(ﬂ§5’2'l +3g5 00 T s 55 )(TSJ +'95,2)
1+
1

_u:s,z‘l +3}“§5‘2‘z +}“§5‘2,3 KTS-Z +05,2) -

E[Ts,z (55,2 s )] = % + (Tsz +0;,

75,2

—e

e’(y“;“s.z,l *3}“55,2,2 *’155,2,3 )(TS-Z *05,2) ]

B 1-— e_(2/1§5,2‘1 +3g55, +}“§5‘2,3 KTS-Z"'QS,Z)

4 CONCLUSIONS

The proposed model permits to assess the reliability of the “safety system-protected object”
complex with multiple safety systems. In particular the suggested approach allows to evaluate such
reliability indices as the mean time to accident and the probability of the accident prior to time z.
The proposed approach allows to take into account the structure of safety systems and scheduled
periodic inspections of safety systems. The solution obtained is useful for reliability assessment of
nuclear power plants and similar dangerous technological objects.
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