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ABSTRACT

In this paper an algorithm of a map “coloring” by a finite number of color points is constructed. This
algorithm is based on the procedure of the interval images recognition and on the algorithm of a construction
of a fuzzy rectangle. It is significantly simpler and compact than the triangulation procedure using in the

mapping.
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1. INTRODUCTION

In this paper an algorithm of a map “coloring” by a finite number of color points is
constructed. This algorithm is based on a concept of fuzzy rectangles [1-7]. For any color point
surrounding internal and external rectangles are built. The rectangles containing points with same
colors coincide or do not intersect. If these points have different colors then their internal rectangles
do not intersect and their external rectangles may intersect only if they correspond to points with
different colors. But membership functions connected with intersecting rectangles are conformed.
Conformation algorithm is based on the interval images recognition procedure [8]. It is much
simpler and compact than the triangulation procedure using in the mapping.

2. INTERNAL AND EXTERNAL RECTANGLES

A main idea of [1] in a construction of multidimensional segments (rectangles) is a dividing
of recognized class of objects into subclasses. An each subclass is accorded to some external and
embedded in it internal multidimensional segments. Segments accorded to different subclasses of a
same class do not intersect (or intersect on a set with zero Lebesgue measure). Internal segments
accorded to different classes also do not intersect (or intersect on a set with zero Lebesgue
measure).

Assume that there is a finite set of vectors on a plane

Zy= ((xllr x21),j1), vy lig = ((xln' x2n)'jn)a
—o<xp <, i=12j,€{l,..mLk=1,..,n.

If real numbers c,d coincide then the interval (c¢,d) = @ . The coordinates x;;, characterize a
displacement of the point Z; on the plane and the coordinate jj is the number of the class to which
this point belong (the color of the point). Assume that the set {x;q, ..., X;,}, i = 1,2, consists of
different numbers. Denote P, = {k: j, = s}, Qs = {k: ji, # s}.

Internal and external one dimensional segments. Fix the index i and put k € P, denote

aix = rnin(xit: Xit < Xik » t e PS, Xit < xiq < Xix = (q € PS)’
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by = max(x;: Xy = Xy, t € Py, Xy = Xy = X = q € B), aye < by,

Ay = max(xy: t € Qg, x;¢ < Qy), By = min(xy: t € Qs Xie > by), Ay < By - (1)
Among the segments which contain the point x;;, and do not contain points x;;, t € Q, the segment
[aix , by ] is maximal. Call it the internal segment.

Theorem 1. The segments [a;, , bix ], [@iks » bir:] » k # k', coincide or do not intersect.

The number A;;, can not be defined by the formula (1) if x;;, = min(x;: 1 < t < n). Then
put A; = min(x;;: 1 <t <n)=A4, Analogously the number B; cannot be defined by the
formula (1) if x;; = max(x;;: 1 <t <n).Thenput By = max(x;: 1<t<n)=B5B,.

Among segments which contain the point x;;, and do not contain points x;;, t € Qg, the
segment [A;y, , Bjx] is maximal. Call [A;, , B;;] the external segment containing x;;, and [a;y , by ] S
[Aik , Bire]-

Theorem 2. If j,, = j,,, k # k' then the segments [A;x , Bix], [Aix, » Bix,] coincide or have general
boundary point. If j, # ji, then these segments cannot coincide but may intersect and each point of
this intersection contains no more than in two different segments.

Proofs of Theorems 1, 2 are based on elementary logic-geometric considerations.

Rectangles surrounding dedicated points. Define internal and external rectangles surrounding the
point x;; by the equalities

[alk ’ b1k]®[a2k ) bzk], [Alk ) b1k]®[A2k ’ BZk]-

Theorem 3. The rectangles [a x , b1 1®[azk , bar ), [a1ks » b1 1® Ak » bori], k # k', coincide or
do not intersect.

Theorem 4. The rectangles [Ax, B1x]®[Azk , Baxl, [A1kr s Birl®lAzkr » Boril, jk = jirs k # k'
coincide or intersect on a set with zero Lebesgue measure (by pieces of their boundaries).

The statements of Theorems 3, 4 directly follow Theorems 1, 2.

Theorem 5. The rectangles [Ay, By ]®[Az , Baxl, [A1ir s Bil®lAzks , Barils Ji # Jis k # K,
cannot coincide but may intersect. An each point of such intersections may belong no more than to
two different rectangles.

Proof. Fix £ and put s = ji. By a definition in the sets
(@i, b1 ]®lazk , bakl, [Ar, A1kl ®lazk , bax], [Bik , Bl®lazy , by ],
[a1 , b1 ]®[Az , Ask], [ark , b1kl ®[Bok , Bl
only points X; = (xq;, X,;) satisfying the equality j, = s, may contain. In the sets
(A1 a1) ® [Az, Bal, (byy, Bix) ® [A, Bl [A1, B1] ® (Azk, azi), [Aq, B1] & (bak, Bax)
there are not points X;, 1 < t < n. Consequently the rectangles
[A1k a1 ]®lazk , bak], [bik , Bl ®lazi , bax ], [ark , b1l ®lAzk , azicl, [a1k b1k 1®[bak , Bax]
contain in a single external rectangle [A;y , B1x)®[A2x , Bax]-

Define the sets
Cix = [A1, A1k I®{Ask}, Cfy = [Bix , B11®{Ay ), Co = [A1, A1 1®{Byy .

Cie = [Bik , BII®{By}, Cai = {An}®[A;, Azkl, €3 = {A1x}®[Bax , B2,
Cax = {B1}®[A,, Agyl, sz-k = {B1x}®[Bz« , B2], Cox = Cz-)l-k U Cp_ka p=1,....4.
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In any set Gy, p = 1, ...,4 there is only single point tik fromthe set {X;,.., X,}. Andall
these points (some of them may coincide) satisfy inequalities jtpk # s. Construct now rectangles

Ry = [A1, a1 ]®lAz , azil, Ly = [A1, A1l ®l Az, Azicl, Ry = [A1, a1 ]®lbyy , B2,
Lok = [A1, A ]®[Bak , B2l, Ry = [byy , B11®[A;, azil, Ly = [Bix , B11®[Az , Az,
Ryx = [b1k » B11®b2x , Bl Ly = [Bik , B11®[Byor , B2, Lpk € Ry, p=1,....4,
Sik = [A1k, Al ®lAzr , azils Son = [Ask » a1 1® by, B,

Sk = b1k, Bl ®l Az, azicls Sare = [bar , Bu1®[bai , Bail,
By the definition of the external rectangle we obtain that for any point X, € L,, j. # s, the
inclusion [A1;, B1:]®[A5: ,By:] €
Ry is true. And the external rectangle [A;;, B1;]®[A;. , Bo;] which has some internal point of
the rectangle S, contains Sy completely.

Prove now that internal points of the rectangle S,, may belong besides of

[A1x, B1x]®[Ak ,B,x]  to  no more than  single  another  external  rectangle
[A1;, B1:]®[Az: , Bytl, jr # s. Consider the case p =1,k =1 because in all other cases this
statement may be verified similar.

If for all # so that X, € Ly, j # s, we have that all j; coincide. then last statement is
obvious. Assume now that X; € Ly, j: # S, Six € [A1r,B1:]®[A,: , By:] and there is X, € Ly,
so that j, # S, ju, # j;- Then it is clear that [Aqs , B1t]®[A,r , Byer] N Si = @ because x4q <
X1 Xprp < Xgpand (Aq g, Asx) € [A1e, B1:1®[A,; , Byt ]. Similar statements may be proved for
internal points of the rectangles

[A1), av |®[bok » Bakl, [D1 ) B1 |®[ Az » @z k], [Brser B |®[ o » Bal-
So Theorem 5 is proved.

3. CONSTRUCTION OF FUZZY SET FOR POINTS WITH IDENTICAL COLOR

Without a restriction of a generality suppose that there are numbers 0 =/, < J; </, <
o < Jn =nsothat P, = {k: Jo_; <k <Js},1 <5 < m.From Theorems 3, 4 for fixed s the set of
indexes {k € B} is divided into equivalence classes with elements which belong to coincident
internal and external rectangles.

Consider the case s = 1 and suppose that appropriate equivalence classes are indexes sets

{1 ki, they + 1, kb thy + 1, kg = J1 ). Denote yig = @iy, Tig = Aiggs Siq = bikgs
Aig = Biy,. Itis clear that Ty < yiq <8 <Ay, i=12,1<q <L
For fixed q, 1 < q < [, define the function i, (X), X € E 2 by conditions:
a) X € By, By = [v1q) 61¢)®[V2g 82¢] @ 1, (X) =1,
b) X & Ag, Ag = [T1g,814]®[T2g) A2g] = 1, (X) = 0,
¢) assume that for 0 < A < 1 the inclusion X = (x4, x,) € 9G, is true where 9G; is the set
G =®71 [vig + A(Tig = Yig), 8iq + ABig — 8iq)]:
boundary then p,(X) =1 — 4, and so for X € A \B,; = Up<p<1 96,

Xi—Vi X:—8;
X =1—rnaxrnax[ Ll L ”’]. 2
uq( ) 1<i<2 1"iq_Yiq’ Aiq_aiq ( )
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From the equality (2) obtain

() S 1= T <y Sy wg(X) S 1- 20 5 <0 < Ay (3)

ig—Yig iqg—O%ig
Define now the fuzzy set which denotes an inclusion of the point X = (x;,x,) into one of
constructed external rectangles [qu,Alq] X [qu,Azq], 1 < g < m[2]. As these external rectangles
intersect only on pieces of their boundaries where appropriate functions equal zero then it is

possible to define the membership function of this fuzzy set by the equality u(X) = Xi_; g (X) .

4. CONSTRUCTION OF FUZZY SETS FOR POINTS WITH DIFFERENT COLORS
USING MAP BACKGROUND

For any s, s = 1,..., m, we constructed a fuzzy set with a membership function u°(X) of the
point X .
Theorem 6. The following inequality

;r;lus(x) S 1 ’ X€ EZ’ (4)
takes place.

Proof. To prove the inequality (4) it is necessary to use Theorem 5 with its designations and proof
and to estimate the function Y7t , u*(X) for X € S;;. In this case
Q) = pt(X) + pe(X)
where from the formula (3) we have
) <1 _:1_& ”]'t(X) <1-—

)
1k—A1k

X1—Aqgg
aje—Ask
So the inequality (4) is true. Theorem 6 is proved.

At the end of this considerations denote u°(X) = 1 — Y™, u*(X) and call this nonnegative
difference the membership function of the fuzzy set which describes a background of the map.
Consequently on a base of an information about the finite set of colored points on a plane we
construct fuzzy sets which define coloring of the map.
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