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ABSTRACT 
 

In this paper an algorithm of a map “coloring” by a finite number of color points is constructed. This 
algorithm is based on the procedure of the interval images recognition and on the algorithm of a construction 
of a fuzzy rectangle. It is significantly simpler and compact than the triangulation procedure using in the 
mapping.  
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1. INTRODUCTION 

 
In this paper an algorithm of a map “coloring” by a finite number of color points is 

constructed. This algorithm is based on a concept of fuzzy rectangles [1-7]. For any color point 
surrounding internal and external rectangles are built. The rectangles containing points with same 
colors coincide or do not intersect. If these points have different colors then their internal rectangles 
do not intersect and their external rectangles may intersect only if they correspond to points with 
different colors. But membership functions connected with intersecting rectangles are conformed. 
Conformation algorithm is based on the interval images recognition procedure [8]. It is much 
simpler and compact than the triangulation procedure using in the mapping.  
 

2. INTERNAL AND EXTERNAL RECTANGLES 
 

A main idea of [1] in a construction of multidimensional segments (rectangles) is a dividing 
of recognized class of objects into subclasses. An each subclass is accorded to some external and 
embedded in it internal multidimensional segments. Segments accorded to different subclasses of a 
same class do not intersect (or intersect on a set with zero Lebesgue measure). Internal segments 
accorded to different classes also do not intersect (or intersect on a set with zero Lebesgue 
measure). 

Assume that there is a finite set of vectors on a plane 
ܼଵ = ൫(ݔଵଵ, ,(ଶଵݔ ݆ଵ൯, … , ܼ = ൫(ݔଵ , ,(ଶݔ ݆൯, 

−∞ < ݔ < ∞, ݅ = 1,2, ݆ ∈ {1,… ,݉}, ݇ = 1, … , ݊. 

If real numbers ܿ, ݀		coincide then the interval (ܿ, ݀) = ∅	. The coordinates ݔ	 characterize a 
displacement of the point ܼ on the plane and the coordinate ݆  is the number of the class to which 
this point belong (the color of the point). Assume that the set {ݔଵ, … , ,{ݔ ݅ = 1,2, consists of 
different numbers. Denote ௦ܲ = {݇:		݆ = ௦ܳ ,{ݏ = {݇:		݆ ≠  .{ݏ

Internal and external one dimensional segments. Fix the index ݅ and put ݇ ∈ ௦ܲ, denote 

ܽ = min൫ݔ௧:		ݔ௧ ≤ ݐ			,	ݔ ∈ ௦ܲ	, ௧ݔ	 ≤ ݔ ≤ ݔ ⟹ ݍ ∈ ௦ܲ൯, 
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ܾ = max൫ݔ௧:		ݔ௧ ≥ ݐ			,	ݔ ∈ ௦ܲ	, ௧ݔ	 ≥ ݔ ≥ ݔ ⟹ ݍ ∈ ௦ܲ൯, ܽ ≤ ܾ , 

ܣ							 = max(ݔ௧:		ݐ ∈ ܳ௦	, ௧ݔ	 < ܽ),		ܤ = min(ݔ௧:		ݐ ∈ ܳ௦	, ௧ݔ	 > ܾ), ܣ ≤ ܤ 	. (1) 

Among the segments which contain the point ݔ and do not contain points ݔ௧, ݐ ∈ ܳ௦, the segment 
[ܽ	, ܾ] is maximal. Call it the internal segment. 

Theorem 1. The segments [ܽ	, ܾ], [ܽᇱ	, ܾᇱ]	, ݇ ≠ ݇ᇱ, coincide or do not intersect. 

The number			ܣ 		can not be defined by the formula (1) if ݔ = min(ݔ௧: 1 ≤ ݐ ≤ ݊). Then 
put ܣ = min(ݔ௧:		1 ≤ ݐ ≤ ݊) = ܤ . Analogously the numberܣ  cannot be defined by the 
formula (1) if ݔ = max(ݔ௧:		1 ≤ ݐ ≤ ݊) . Then put ܤ = max(ݔ௧:		1 ≤ ݐ ≤ ݊) =  .ܤ

Among segments which contain the point ݔ and do not contain points ݔ௧, ݐ ∈ ܳ௦, the 
segment [ܣ	, ,	ܣ] ] is maximal. Callܤ  and [ܽݔ ] the external segment containingܤ 	, ܾ] ⊆
,	ܣ]  .[ܤ

Theorem 2. If ݆ = ݆ᇱ, 	݇ ≠ ݇ᇱ then the segments [ܣ	, ,	ᇱܣ] ,[ܤ  ᇱ] coincide or have generalܤ
boundary point. If ݆ ≠ ݆ᇱ then these segments cannot coincide but may intersect and each point of 
this intersection contains no more than in two different segments. 

Proofs of Theorems 1, 2 are based on elementary logic-geometric considerations. 
Rectangles surrounding dedicated points. Define internal and external rectangles surrounding the 
point ݔ by the equalities 

[ܽଵ	, ܾଵ]⨂[ܽଶ	, ܾଶ], [ܣଵ	, ܾଵ]⨂[ܣଶ	,  .[ଶܤ

Theorem 3. The rectangles [ܽଵ 	, ܾଵ]⨂[ܽଶ	, ܾଶ], [ܽଵᇱ	, ܾଵᇱ]⨂[ܽଶᇱ	, ܾଶᇱ], ݇ ≠ ݇ᇱ, coincide or 
do not intersect. 

Theorem 4. The rectangles [ܣଵ	, ,	ଶܣ]⨂[ଵܤ ,	ଵᇱܣ] ,[ଶܤ ,	ଶᇱܣ]⨂[ଵᇱܤ ଶᇱ], ݆ܤ = ݆ᇱ, ݇ ≠ ݇ᇱ 
coincide or intersect on a set with zero Lebesgue measure (by pieces of their boundaries). 

The statements of Theorems 3, 4 directly follow Theorems 1, 2. 

Theorem 5. The rectangles [ܣଵ	, ,	ଶܣ]⨂[ଵܤ ,	ଵᇱܣ] ,[ଶܤ ,	ଶᇱܣ]⨂[ଵᇱܤ ଶᇱ], ݆ܤ ≠ ݆ᇱ, ݇ ≠ ݇ᇱ, 
cannot coincide but may intersect. An each point of such intersections may belong no more than to 
two different rectangles. 

Proof. Fix k and put ݏ = ݆. By a definition in the sets 
[ܽଵ	, ܾଵ]⨂[ܽଶ	, ܾଶ], [ܣଵ	, ,	ଵ]⨂[ܽଶܣ ܾଶ], [ܤଵ	, ,	ଵ]⨂[ܽଶܤ ܾଶ], 	 

[ܽଵ	, ܾଵ]⨂[ܣଶ	, ,	ଶ], [ܽଵܣ ܾଵ]⨂[ܤଶ	,  [ଶܤ

only points ܺ௧ = ,ଵ௧ݔ) ଶ௧) satisfying the equality ݆௧ݔ =  may contain. In the sets ,ݏ
,ଵܣ) ܽଵ) ,ଶܣ]	⊗ ଶ], (ܾଵܤ , ,ଶܣ]	⊗(ଵܤ ,ଵܣ] ,[ଶܤ [ଵܤ ⊗ ଶܣ) , ܽଶ), [ܣଵ, [ଵܤ ⊗ (ܾଶ ,  (ଶܤ

there are not points ܺ௧ , 1 ≤ ݐ ≤ ݊. Consequently the rectangles 
,	ଵܣ] ܽଵ]⨂[ܽଶ	, ܾଶ], [ܾଵ 	, ,	ଵ]⨂[ܽଶܤ ܾଶ], [ܽଵ	, ܾଵ]⨂[ܣଶ 	, ܽଶ], [ܽଵ 	, ܾଵ]⨂[ܾଶ 	,  [ଶܤ

contain in a single external rectangle [ܣଵ	, ,	ଶܣ]⨂[ଵܤ   .[ଶܤ
Define the sets 

ଵିܥ = ,	ଵܣ] ଵାܥ ,{ଶܣ}⨂[ଵܣ = ,	ଵܤ] ଶିܥ ,{ଶܣ}⨂[ଵܤ = ,	ଵܣ]  ,{ଶܤ}⨂[ଵܣ

ଶାܥ = ,	ଵܤ] ,{ଶܤ}⨂[ଵܤ ଷିܥ	 = ,	ଶܣ]⨂{ଵܣ} ଷାܥ ,[ଶܣ = ,	ଶܤ]⨂{ଵܣ}  ,[ଶܤ

ସିܥ = ,	ଶܣ]⨂{ଵܤ} ସାܥ ,[ଶܣ = ,	ଶܤ]⨂{ଵܤ} ,[ଶܤ ܥ		 = ାܥ ିܥ⋃ , p=1,…,4.  
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In any set ܥ  , = 1, … ,4 there is only single point 	ܺ௧ೖ 	from the set  	{	 ଵܺ, … , 		ܺ}.		 	 And all 
these points (some of them may coincide) satisfy inequalities 	݆௧ೖ ≠   Construct now rectangles		.ݏ

ܴଵ = ,	ଵܣ] ܽଵ]⨂[ܣଶ	, ܽଶ], ܮଵ = ,	ଵܣ] ,	ଶܣ]⨂[ଵܣ ଶ], ܴଶܣ = ,	ଵܣ] ܽଵ]⨂[ܾଶ 	,  ,[ଶܤ

ଶܮ = ,	ଵܣ] ,	ଶܤ]⨂[ଵܣ ,[ଶܤ 	ܴଷ = [ܾଵ 	, ,	ଶܣ]⨂[ଵܤ ܽଶ], ܮଷ = ,	ଵܤ] ,	ଶܣ]⨂[ଵܤ  ,[ଶܣ

ܴସ = [ܾଵ 	, ଵ]⨂[ܾଶܤ 	, ସܮ ,[ଶܤ = ,	ଵܤ] ,	ଶܤ]⨂[ଵܤ ,[ଶܤ ܮ		 ⊆ ܴ , p=1,…,4,  

ଵܵ = ,	ଵܣ] ܽଵ]⨂[ܣଶ	, ܽଶ], ܵଶ = ,	ଵܣ] ܽଵ]⨂[ܾଶ 	,  ,[ଶܤ

ܵଷ = [ܾଵ 	, ,	ଶܣ]⨂[ଵܤ ܽଶ], ܵସ = [ܾଵ 	, ଵ]⨂[ܾଶܤ 	,  ,[ଶܤ

By the definition of the external rectangle we obtain that for any point	ܺ௧ ∈ ݆௧	 ,ܮ	 ≠  the ,ݏ
inclusion [ܣଵ௧	, ,	ଶ௧ܣ]⨂[ଵ௧ܤ [ଶ௧ܤ ⊆
ܴ 		is		true.			And	the	external	rectangle	[ܣଵ௧	, ,	ଶ௧ܣ]⨂[ଵ௧ܤ  ଶ௧] which has some internal point ofܤ
the rectangle ܵ  contains ܵ  completely. 

Prove now that internal points of the rectangle ܵ  may belong besides of 
,	ଵܣ] ,	ଶܣ]⨂[ଵܤ  ଶ] to no more than single another external rectangleܤ
,	ଵ௧ܣ] ,	ଶ௧ܣ]⨂[ଵ௧ܤ ,[ଶ௧ܤ 	݆௧ ≠  Consider the case .ݏ = 1, ݇ = 1 because in all other cases this 
statement may be verified similar. 

If for all t so that 	ܺ௧ ∈ ݆௧	 ଵ,ܮ ≠ we have that all ݆௧ ,ݏ 	coincide. then last statement is 
obvious. Assume now that ܺ௧ ∈ ݆௧	 ଵ,ܮ ≠ ,ݏ ଵܵ ⊆ ,	ଵ௧ܣ] ଶ௧ܣ]⨂[ଵ௧ܤ 	, and there is ܺ௧ᇱ		ଶ௧]ܤ ∈  ,ଵܮ
so that		݆௧ᇱ ≠ ௧ᇱ݆ ,ݏ ≠ ݆௧ .		Then it is clear that [ܣଵ௧ᇱ	, ଶ௧ᇲܣ]⨂[ଵ௧ᇱܤ 	, [ଶ௧ᇲܤ ∩ ଵܵ = ∅ because ݔ௧ᇱଵ <
,௧ଵݔ ௧ᇱଶݔ	 < ,ଵ,ܣ) and	௧ଶݔ ∋	(ଶ,ܣ 	 ,	ଵ௧ܣ] ,	ଶ௧ܣ]⨂[ଵ௧ܤ   ଶ௧]. Similar statements may be proved forܤ
internal points of the rectangles  

,	ଵ,ܣൣ ܽଵ, 	൧⨂ൣܾଶ, 	, ,ଶ,൧ܤ ൣܾଵ,, ଶ,ܣൣ⨂ଵ൧ܤ 	, ܽଶ,൧, ൣܾଵ,, ଵ൧⨂ൣܾଶ,ܤ 	,  		.ଶ,൧ܤ
So Theorem 5 is proved. 
 
3. CONSTRUCTION OF FUZZY SET FOR POINTS WITH IDENTICAL COLOR 

 
Without a restriction of a generality suppose that there are numbers 0 = ܬ < ଵܬ < ଶܬ <

⋯ < ܬ = ݊ so that ௦ܲ = {݇: ௦ିଵܬ	 < ݇ ≤ ௦}, 1ܬ ≤ ݏ ≤ ݉. From Theorems 3, 4 for fixed s the set of 
indexes {݇ ∈ ௦ܲ}	is divided into equivalence classes with elements which belong to coincident 
internal and external rectangles. 

Consider the case ݏ = 1 and suppose that appropriate equivalence classes are indexes sets 
{1, … , ݇ଵ}, {݇ଵ + 1,… , ݇ଶ},… , {݇ିଵ + 1,… , ݇ = ߛ ଵ}. Denoteܬ = ܽ , Γ, = ܣ ߜ , = ܾ , 
Δ = ܤ . It is clear that Γ ≤ γ ≤ δ ≤ Δ, ݅ = 1,2, 1 ≤ ݍ ≤ ݈. 

For fixed 	ݍ, 1 ≤ ݍ ≤ ݈, define the function	ߤ(ܺ), ܺ ∈  :ଶ, by conditionsܧ

a) ܺ ∈ ℬ, ℬ = ൣγଵ , δଵ൧⨂ൣγଶ, δଶ൧ ⇒ (ܺ)ߤ = 1 , 

b) ܺ ∉ ࣛ, ࣛ = ൣΓଵ, Δଵ൧⨂ൣΓଶ, Δଶ൧ ⇒ (ܺ)ߤ = 0, 

c) assume that for 0 ≤ ߣ ≤ 1 the inclusion ܺ = ,ଵݔ) (ଶݔ ∈ Əܩఒ is true where Əܩఒ is the set 

ఒܩ =⊗ୀଵ
ଶ ൣγ + ߁൫ߣ − γ൯, 	δ + ൫Δߣ − δ൯൧, 

boundary then ߤ(ܺ) = 1 − ܺ and so for ,ߣ ∈ ࣛ\ℬ = ⋃ Əܩఒஸఒஸଵ	  

(ܺ)ߤ                                              = 1 − max
ଵஸஸଶ

max ቂ ೣషಋ
	షಋ

, 	 ೣషಌషಌ
ቃ.                                              (2) 
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From the equality (2) obtain 

(ܺ)ߤ																						  ≤ 1 − ௫ିఊ
	௰ିஓ

, 	Γ ≤ ݔ ≤ γ (ܺ)ߤ  ;	 ≤ 1 − ௫ିஔ
ିஔ

, δ ≤ ݔ ≤ Δ . (3) 

Define now the fuzzy set which denotes an inclusion of the point ܺ = ,ଵݔ)  ଶ) into one ofݔ
constructed external rectangles	ൣΓଵ, Δଵ൧ ⊗ ൣΓଶ, Δଶ൧, 1 ≤ ݍ ≤ ݉ [2]. As these external rectangles 
intersect only on pieces of their boundaries where appropriate functions equal zero then it is 
possible to define the membership function of this fuzzy set by the equality	ߤ(ܺ) = ∑ 	(ܺ)ߤ

ୀଵ . 

 

4. CONSTRUCTION OF FUZZY SETS FOR POINTS WITH DIFFERENT COLORS  
                                          USING MAP BACKGROUND 

 
For any ݏ ,ݏ = 1,… ,݉, we constructed a fuzzy set with a membership function ߤ௦(ܺ) of the 

point ܺ . 
Theorem 6. The following inequality 

 ∑ (ܺ)௦ߤ ≤ 1	
௦ୀଵ ,		ܺ ∈   ଶ, (4)ܧ

takes place. 

Proof. To prove the inequality (4) it is necessary to use Theorem 5 with its designations and proof 
and to estimate the function ∑ 	௦(ܺ)ߤ

௦ୀଵ 	for ܺ ∈ ଵܵ . In this case 
                                                     ∑ 	௦(ܺ)ߤ

௦ୀଵ = (ܺ)௦ߤ +   (ܺ)ߤ
where from the formula (3) we have 
(ܺ)௦ߤ																																																 ≤ 1 − ௫భିୟభೖ

	భೖିୟభೖ
, (ܺ)ߤ	 ≤ 1 − ௫భିభೖ

	ୟభೖିభೖ
.                                                                                         

So the inequality (4) is true. Theorem 6 is proved.  

At the end of this considerations denote ߤ(ܺ) = 1 − ∑ 	௦(ܺ)ߤ
௦ୀଵ 	and call this nonnegative 

difference the membership function of the fuzzy set which describes a background of the map. 
Consequently on a base of an information about the finite set of colored points on a plane we 
construct fuzzy sets which define coloring of the map.  
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