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ABSTRACT 

 
In this paper an oriented graph with high reliable nodes is considered. A node stops its work 

if there is failed node which has a way to this node. Asymptotic formulas for a calculation 

of a probability that some nodes in the graph stop their work are obtained for different 

conditions on a graph structure and on a number of the nodes. These formulas allow to 

obtain conditions on reserve in considered graphs if nodes have different failure 

probabilities. 

 

Keywords: an oriented graph, a high reliable node, a failure probability. 

 

 

                                                               INTRODUCTION 

 

In the reliability theory there is a problem of an investigation of graphs with unreliable edges 

and absolutely reliable nodes [1], [2], graphs with unreliable nodes and absolutely reliable edges 

[3], [4], [5]. Graphs analyzed in cited articles are not oriented. 

 

In this paper a model of a random graph in which a node stops its work if there is failed node 

which has a way to this node. This model is considered in the monograph [6] devoted to failures 

trees in technological systems. Such model also is connected with an idea of random network 

controllability which is used in medical - biological applications [7]. 

 

In this paper asymptotic formulas are obtained for a calculation of a stop probability of few 

nodes in a condition that graph nodes are high reliable but have different failure probabilities. First 

results in this direction have been obtained in a case of identical failure probabilities of nodes [8]. 

The formulas allow to analyze a problem of a reservation in considered graphs. One of approaches 

to produce such formulas is a construction of incompatible events sequence [9]. But in our case this 

approach leads to calculations with geometrical complexity by a number of graph nodes.Obtained 

result is based on an asymptotic expansion in the Poincare inclusion and exclusion formula. Speci- 

fics of the obtained result is an inclusion of nodes failures weights into asymptotic formulas. 

 

                                                        MAIN RESULTS 

 

Consider the oriented graph 𝐺 with the finite set of nodes 𝐼. On the set 𝐼 define a relation of a 

partial order: 𝑖′ ≽ 𝑖′′, if in the graph 𝐺 there is a way from the node 𝑖′ to the node 𝑖′′. For each node 

𝑖 ∈ 𝐼 contrast the set of nodes 𝐹𝑖 = { 𝑖′: 𝑖′ ≽ 𝑖}. Assume that the graph 𝐺 nodes work independently 

with the probabilities 𝑝𝑖, 𝑖 ∈ 𝐼 and if in 𝐹𝑖 there is a failed node then the node 𝑖 stops its work. 
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Consider the subset of nodes 𝑅 = {1, … , 𝑟} ⊆ 𝐼 and calculate the probability 𝑄(𝑅) that all 

nodes in 𝑅 stop their work. Denote 𝑐(𝑖1, . . . , 𝑖𝑘) the sum of all 𝑐𝑖 such that 𝑖 ∈ 𝑇(𝑖1, . . . , 𝑖𝑘) =

⋂ 𝐹𝑖𝑗

𝑘
𝑗=1 , 1 ≤ 𝑖1 < . . . < 𝑖𝑘 ≤ 𝑟, 1 ≤ 𝑘 ≤ 𝑟. 

 

Theorem 1. If 𝑝𝑖 = 𝑒𝑥𝑝(− 𝑐𝑖ℎ),  𝑐𝑖 > 0, 𝑖 ∈ 𝐼, then for any natural 𝑟 we have the relation 

𝑄(𝑅) = ℎ 𝑐(1, … , 𝑟) +  𝑂(ℎ2), ℎ → 0. 
 

Proof. Denote 𝐷(𝑘) the random event that there are not fails in the set 𝐹𝑘. Then from the Poincare 

formula of inclusions and exclusions we have 

 

𝑄(𝑅) = 1 − 𝑃(⋃𝑘=1
𝑟 𝐷(𝑘)) = 1 − ∑𝑘=1

𝑟 (−1)𝑘−1∑1≤𝑖1< ...<𝑖𝑘≤𝑟 𝑃 (⋂𝑗=1
𝑘 𝐷(𝑖𝑗)),        (1)    

𝑃 (⋂𝑗=1
𝑘 𝐷(𝑖𝑗)) = 𝑒𝑥𝑝(−ℎ𝑁), 𝑁 = ∑𝑠=1

𝑘 (−1)𝑠−1∑1≤𝑗(1)< ...<𝑗(𝑠)≤𝑘 𝑐(𝑖𝑗(1), . . . , 𝑖𝑗(𝑠)). 

 

Substituting the relation (2) into Formula (1) and using the Taylor expansion of the exponent we 

obtain for ℎ → 0: 
 

𝑄(𝑅) = 1 − ∑𝑘=1
𝑟 (−1)𝑘−1∑1≤𝑖1< ...<𝑖𝑘≤𝑟(1 − ℎ𝑁) + 𝑂(ℎ2) = 

                = 𝑙0 + ℎ∑𝑘=1
𝑟 ∑1≤𝑖1< ...<𝑖𝑘≤𝑟 𝑐(𝑖1, . . . , 𝑖𝑘) 𝑙(𝑖1, . . . , 𝑖𝑘) +  𝑂(ℎ2).                 (2) 

 

Here 𝑙(𝑖1, . . . , 𝑖𝑘) are some integer coefficients. As each transposition of indexes 𝑖1, . . . , 𝑖𝑘, 1 ≤ 𝑖1 <
 . . . < 𝑖𝑘 ≤ 𝑟, 1 ≤ 𝑘 ≤ 𝑟,  in Formula (2) does not change 𝑄(𝑅), so we have the equalities 

 

𝑙(𝑖1, . . . , 𝑖𝑘) = 𝑙(1, . . . , 𝑘),  𝑙0=1−∑𝑘=1
𝑟 (−1)𝑘−1𝐶𝑟

𝑘=∑𝑘=0
𝑟 (−1)𝑘𝐶𝑟

𝑘=0, 

𝑙(1, . . . , 𝑠) = ∑𝑘=𝑠
𝑟 (−1)𝑘−𝑠𝐶𝑟

𝑘−𝑠 = 0, 1 ≤ 𝑠 ≤ 𝑟 − 1,  𝑙(1, . . . , 𝑟) = 1. 
 

Theorem 1 is proved. 

 

For 𝑐(1, … , 𝑟) = 0 from Theorem 1 we obtain that 𝑄(𝑅) = 𝑂(ℎ2). But a problem is to 

formulate sufficient conditions of the relation 𝑄(𝑅) = 𝑂(ℎ𝑡+1), 𝑡 ≥ 2.  Such conditions may be 

obtained from the following statement. 

 

Theorem 2. If 𝑝𝑖 = 𝑒𝑥𝑝(− 𝑐𝑖ℎ), 𝑐𝑖 > 0, 𝑖 ∈ 𝐼, and for any subset of different nodes 𝑖, 𝑗, 𝑘 ∈ 𝑅 we 

have the relation  𝐹𝑖⋂𝐹𝑗⋂𝐹𝑘 = ∅  then for 2 < 2𝑡 < 𝑟 the equality 𝑄(𝑅) = 𝑂(ℎ𝑡+1) is true. 

 

Proof. Denote 𝐶(𝑖1, . . . , 𝑖𝑘) the sum of all 𝑐𝑖 such that 𝑖 ∈ ⋃𝑗=1
𝑘 𝐹𝑖𝑗

 and put 

 

                      𝑆𝑙 = ∑𝑘=1
𝑟 (−1)𝑘−1∑1≤𝑖1< ...<𝑖𝑘≤𝑟 𝐶

𝑙
(𝑖1, . . . , 𝑖𝑘),                                               (3) 

𝐶(𝑖1) = 𝑐(𝑖1), 𝐶(𝑖1, . . . , 𝑖𝑘) = ∑𝑗=1
𝑘 𝑐(𝑖𝑗) − ∑1≤𝑗<𝑙≤𝑘 𝑐(𝑖𝑗 , 𝑖𝑙), 2 ≤ 𝑘 ≤ 𝑟. 

 

From Formula (1) and Theorem 2 conditions we have that 𝑄(𝑅) = −∑𝑙=2
𝑘 (−1)𝑙 ℎ𝑙

𝑙!
𝑆𝑙 + 𝑂(ℎ𝑡+1). 

 

Prove the equalities 𝑆𝑙 = 0, 2 ≤ 𝑙 ≤ 𝑟, for a simplicity bounding ourselves by the case 𝑙 = 2. 
Denote 𝑏(𝑖1, … , 𝑖4) the number of different nodes in the set {𝑖1, … , 𝑖4}, 𝑖1, … , 𝑖4 ∈ 𝑅. From Formula 

(3) we have that for some coefficients 𝑎(𝑖1, … , 𝑖4) 

 

𝑆2 = ∑𝑘=1
𝑟 (−1)𝑘−1∑1≤𝑖1<⋯<𝑖𝑘≤𝑟∑1≤𝑗(1),...,𝑗(4)≤𝑘𝑎(𝑖𝑗(1), … , 𝑖𝑗(4))𝑐(𝑖𝑗(1), 𝑖𝑗(2))𝑐(𝑖𝑗(3), 𝑖𝑗(4)) 
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with 𝑎(𝑖𝑗(1), … , 𝑖𝑗(4))=∑𝑘=𝑏(𝑖𝑗(1),…,𝑖𝑗(4))
𝑟 (−1)𝑘−𝑏(𝑖𝑗(1),…,𝑖𝑗(4))𝐶

𝑟−𝑏(𝑖𝑗(1),…,𝑖𝑗(4))

𝑘−𝑏(𝑖𝑗(1),…,𝑖𝑗(4))
=0. 

 

From Formula (3) the equality 𝑆2 = 0 takes place. Theorem 2 is proved. 

 

Corollary1. If 𝑝𝑖 = 𝑒𝑥𝑝(− 𝑐𝑖ℎ),  𝑐𝑖 > 0, 𝑖 ∈ 𝐼, and for any set of different nodes 𝑖1, … , 𝑖𝑚+1  ∈
𝑅 the relation ⋂𝑠=1

𝑚+1𝐹𝑖𝑠
= ∅ is true then for 𝑚𝑡 < 𝑟 the equality 𝑄(𝑅) = 𝑂(ℎ𝑡+1) takes place. 

  

Remark 1. Theorem 2 gives conditions when it is possible to form a reserve in the network with 

high reliable nodes. 

 

Remark 2. All calculations are made without any restrictions on an oriented graph structure. But 

for a convenience of the graph representation it is possible to factorize oriented graph nodes by a 

relation of a cyclic equivalence and to introduce an edge between two factors if there is edge 

between some nodes of these factors. Then a graph structure becomes more simple (it is acyclic) but 

a factorization procedure is sufficiently complicated. 

 

REFERENCES 

1 Barlow R.E., Proshan F. 1965. Mathematical theory of reliability. London and New York: 

Wiley. 

 

2 Ushakov I.A. et al.1985. Reliability of technical systems. Handbook. Moscow: Radio and 

communication. (In Russian). 

 

3 Shooman A.M. 1995. Algorithms for network reliability and connection availability analysis// 

95 Intern. Prof. Program Proc. Hynes Convention Center. Boston, MA. P. 309--333. 

 

4 LiuY.Y., Slotine J.J., Barabasi A.L.V. 2011. Controllability of complex networks// Nature. Vol. 

473. P. 167-173. 

 

5 Migov D.A. 2013. About some characteristic of reliability in networks with fails of nodes// 

Problems of informatics. Vol. 2. No. 19. P. 54--62. (In Russian). 

 

6 Yastrebenetskiy M.A., Ivanova G.M. 1989. Reliability of automated systems for technology 

processes control. Moscow: Energoatomizdat. (In Russian). 

 

7 Barabasi L.A., Albert R. 1999. Emergence of scaling in random networks// Science. Vol. 286. 

P. 509--512. 

 

8 Tsitsiashvili G.Sh. 2014. Oriented graphs with high reliable nodes// Applied Mathematical 

Sciences. Vol. 8. No. 153. P. 7641 -- 7643. 

 

9 Solojentsev E.D. 2003. Specific of logic-probability risk theory with groups of incompatible 

events// Automatics and remote control. No. 7. P. 187-203. (In Russian). 

 


