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Abstract

We consider a Markovian queueing system with two identical servers subjected to
catastrophes. When the system is not empty, catastrophes may occur and destroy all
present customers in the system. Simultaneously the system is ready for new
arrivals. The time dependent and the steady state solution are obtained explicitly.
Further we have obtained some important performance measures of the studied
queueing model.
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1 Introduction

During the last 40 years the attention of the queueing models has been focused on the effect
of catastrophes, in particulars, birth and death models. The catastrophes arrive as negative
customers to the system and their characteristic is to remove some or all of the regular
customers in the system. The catastrophes may come either from outside the system or from
another service station. For example, in computer networks, if a job infected with a virus,
it transmits the virus to other processors and inactivities them [8]. Other interesting articles
in this area include ([2],[6],[7]). In real life it is not necessary that a queueing system should
have only one server. Practically they may have more than one server identical or non
identical in their functioning .Krishna kumar et. al.[7] obtained the time dependent solution
of two identical servers Markovian queueing system with catastrophes.Dharmaraja and
kumar[3] consider a multi-server Markovian queueing system with heterogeneous servers
and catastrophes.Jain and Bura [5]obtained the transient solution of an M/M/2/N queuing
system with varying catastrophic intensity and restoration. We in this paper confine
ourselves to a Markovian queueing system with two identical servers subjected to
catastrophes.

Rest of the paper is organized as follows:In section 3, we describe the mathematical
form of the model and obtained the time dependent solution of the model. In section 4, we
obtain the time dependent performance measures of the system. Section 5 provides the
steady state probabilities. In section 6, we obtain the expression for steady state mean and
variance. Finally, the conclusion have been given in section 6.
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2 Model description and analysis

We consider an M/M/2/N queueing system with first come first out discipline that is
subjected to catastrophes at the service station. Customers arrive in the system according
to a Poisson stream with parameter A.The service time distribution is independently
identically exponential with parameter u. When the system is not empty, catstrophes occur
according to a Poisson process of rate ¢. Let X(t) denote the number of customers in the
system at time t.

Define P,(t) = P(X(t) =n);n=0,1,2,...,N be the transient state probability that
there are n customers in the system at time t, and P(z,t) = Y_ B,(t)z" be the probability
generating function.

From the above assumption, the probability satisfies the following system of the
differential- difference equations:

po(8) = =Apo (D) + up1(8) +¢[En=1 P 5n =0 1)

p1(t) = —(A+p+pi(0) + Apo(6) +2up2 (1) sn=1 (2.2)

Pn(t) = —(A+ 21+ pp () + Apn_1 () + 2upna(t) 51 =23,...,(N = 1)

(2.3)

pn(t) = =Cu+ oy (0) + Apy-1(0) (2.4)
It is assumed that initially the system is empty i.e.

Py(0) =1 P (0)=0,n=12,...,N (2.5)

After Multiplying equations (2.1) to (2.4) by z™ for all n > 0, then summed onn fromn = 0
to N and adding, we have
, 2
=0 PR()2" = [z +Z = (A+ 2+ O)]P(z, 1)
1

+2u(1 = Dpo(®) + Az (1 — 2)py () + up1 (D(z = 1) +§ (2.6)
It is easily seen that the probability generating function P(z,t) satisfies the following
differential equation:

2Pz )] =1z +E - (A +2u+OIP(z 1)

+2p(1 — i)Po(t) + 22V (1 = 2)py () + up, () (z — 1) +¢ (2.7)
with the initial condition
P(Z,0)=1 (2.8)

The equation (2.7) can be considered as a first order differential equation in P(z,t) and by
finding the integrating factor and using the initial condition (2.8),the solution of the
equation (2.7) is obtained as

2p
P(z,t) = 2u(1 = 2) [ Po(t — we P+ e raurugy
2
FAzN (1 = Z) [{ Py (t — wpe B+ M= @rzutugy
2u
+u(Z -1) fot Py (t — w)e M2+ o=k 2utugy

2u 2u
_|_$; f()t e(AZ+7)ue_(A+2”+f)udu + e(/'lz+7)te—(l+2u+f)t (2'9)

Using the Bessel function identity, if @ = 2,/12p and f = \/% then,

2 o
exp(Az + )t = T o, In(at) (B2)"

where I,,(.) is the moddified Bessel function of order n. Substituting this equation in (2.9)

and compairing the coefficient of z" on either side, we have, forn =0,1,...,N

Pa(t) = 2™ f; Po(t — w)e ™ A+2+OU[L, (qu) = Blyq (au)]du
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+AB™ [ Py(t —we GHZREOU[BN Ly (qu) — B DL,y (cun)]du

+uB™ fy Py(t — we G2 BT (aqu) — I (aw)|du

+EBT [} e~ RO (quydu + fre” PO (at) (2.10)
where we have used I_,,(.) = I,(.)

Here, we have obtained B,(t) for n=1,...,N —1. However, this expression
depends upon Py(t) and Py(t). In order to determine, Py(t) and Py (t) we introduce the
Laplace transform. In the sequel, for any function f(.), let f*(s) denote its Laplace
transform i.e., f*(s) = fooo e Stf(t)dt

Substitute n = 0, in equation (2.10) we get

Po(t) = 2p [ Po(t —wye 20 [y (qu) — BL; (aw)]du
+1 [y Py(t —we AH2REOUB=N [y (qu) — B~ D) (cun)]du
i fy Pi(t —w)e” MHZHEOU[BTLL (qu) — Ig(aw)]du
+& fot e~ AR 2u+Ou L (qu)du + e~ AH2R+DL () (2.11)
Taking Laplace transform on both sides of equation (2.11) and solving for, Py (s) we obtain,

[MW _ 7 u] P (s) = APy(s) (#)N

(===
+1P; (s) [(“’ ‘/—> 1] + g +1

where w = s + 1 + 2u + €. After some algebra, the above equation can be expressed as

(=52 o o (=2
[1- (=)
—P; (s) (%;_“2)
- (=57)] )
+(E+) () (5) 212)

By solving equation (2.12), we get,

AN+ . M
Pi(s) = - Pi(s) () - (=)

I3 1 2u 2 [w—~Vw?-a?
+(¢+1)(2) [§ -2 (—2 > )] (2.13)
On inversion, this equation yields an expression for P, (t) which depends upon Py (t).
N-1

_ 2w\ 7 ot _ N+1
Po(t) = e~¢ + (2£) 2 [¥ Py (t — wpe~ W2+ (1) 1 (qu)du
(2”) f Py(t—u)e” (MZ’”‘E)L‘( )Il(au)du
_|_$I [e—ft _\/:_ufo e—(l+2u+f)ue—$(t—u) Il(zu) du]

_\/th e~ 2p+du —¢(t—w) 1@ 5 (2.14)
21’0 u

Substituting n=1 in equation (2.10), we get
Py(t) = 2up [, Po(t — we~P+2H+OU[L, (qu) — BI, (au)]du
+2B [ Py (t — we  A2+OU[E=N] . (qu) — =D (qu)]du
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+up fot Py(t — w)e~AH2HOU[B=1], (qu) — Iy (au)]du

+EB [ e A2+ (qu)du + Be~ LY, (at) (2.15)

Taking Laplace transform on both sides of equation (2.15) and solving for, P; (s) we obtain,

pico) [Vor = =t~ (S = anfn = ()]

4 4
w—Vw?-a? " g g
(=)o
H(M)’“ 1_(L) P+ (1)
21 21 N (S) s
(w-m> 2.16)
4p

Substituting n=N in equation (2.10), we get
P (6) = 2up" g Po(t — we 24O 1y (au) — Bl ()] du
+A f Py(t — we G+2OUL (qu) — B, (aw)]du
+uph fot Py (t —w)e~ A2 DU[R=1y , (au) — Iy(aw)]du
+EBN [ e 2O (qu)du + BN e~ P2+ (at) (2.17)
By taking Laplace transform and solving for Py (s), we obtain from equation (2.17),

ol az i Nor—az —Var—az\N
2o - - ()

e

(=) e 5e)

After some algebra, equation (2.18) can be expressed as

[1—=F()]Py(s) = 97(s) (2.19)
where
N+1 N+1
= =
- (= )+ (=) 220
s©=3(=5) ()
o - (o 2 )
o B (e B (0
(e [ ()
—\N+1
(%) P (s) 2.21)
equation (2.21) can be written as
g (s)= ;(E + 1) h*(s) (2.22)
where
N+1
o= (=5)

[ fe- (=56 - G
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N+1
ufw—vVw?-a? "
H(T) A

[

On inversion, the equation (2.20), (2.23) and (2.22) yield an expression for f(t),h(t) and
g(t) given by
— | om2pre)e 1(@D) | —(r2ptd)e Lan+2(at)
f(t)—\/;e # — te HTSE(2N + 2) ;

_\/:i#e—(l+2[l+f)t(2N + 3) 12N+:(at) (224)
N (N+1) @ N (N+1)
- 1 at
RO = (57) * emGramebry 4 g (2) 2
[f(f e—(ﬂ.+2[,l+f)ue—f(t—u) {Z‘U.(N + 1) IN+Z(au) _ a(N + 2) IN+2u(au)} du]
(N+1)

+ ( /1) 2 Afot e~(+2utdup=§(t-w)( 4 3) 1N+3u(au) du

2u
N
ulA\z ct _ Iy (aw)
HE()7 Jy e Grams DN D Py (2 — w)du
N+1
K i 2 t (42 +& In+a(au) _
A(Zu) Jo e HBEUN + 1) v it —wdu
+2e-A+2u+d)t Iz(tat) (2.25)

g9(t) = (& + Dh(t) (2.26)
Since 0 < f*(s) < 1 so equation (2.19) can be written as
Py(s) = g7 (s) Xro [f ()] (2.27)
On inversion, this equation yields an expression for Py (t) given by
Py (t) = g(8) * XrZo [F (O] (2.28)
where [f(t)]*" is the r-fold convolution of f(t) with itself. We note that
[F®OI° =1

3 Performance measures
Mean

we know that

m(t) = E[X(8)] = Xn=1 nPa(®)

m(0) = Xq=1 nP(0) =0

m'(8) = Ei=1 nPa(t)
From equation (3.2), (3.3) and (3.4),

m'(t) = (A+ 21+ &) Tn=g nPy(8) + ANPy () + A Xnog nPp_y (6)

+26 EnZ1 Py (8) + pPy (D)
After some algebra, the above equation can be expressed as

m'(t) = —§m(t) + (A = 2u) + 2uPo(t) — APy (t) + uPy (1) 3.1)
The above equation can be considered as a first order linear differential equation in m(t).
By finding the integrating factor and using the initial condition m(0) = 0, the solution of
the above equation is obtained as follows:

m(t) = @ (- e~ =2 [ Py(we " Wdu
+2u [} Po(w)e s du + p f; Py(we ¢V du (3.2)
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Variance
We know that
Var[X(t)] = E[X?*(t)] — [E{X(t)}]?
Var[X(t)] = k(t) — [m(®)]? (3.3)
where
k(t) = E[X*(©)] = Zh=1 n*Py()
Also,
k(0) = Xn=q n*P,(0) =0
and

k'(8) = E=1 n°Br(D)
From equation (3.2), (3.3) and (3.4),

k'(6) = —(A+ 20+ )Xoy nPPu() + AN?Py () + A ¥inog n®Pooa (D) +

2 Yin=1 n*Prya (8) + pPy(6)
After some algebra, the above equation can be expressed as

k'(t) = —=¢k(t) + (A + 2pn) — 2uPy(t) — A(2ZN + 1)Py(t)

+2(A = 2p)m(t) + uPy(t) (3.4)
The above equation can be considered as a first order linear differential equation in k(t).
By finding the integrating factor and using the initial condition k(0) = 0, the solution of the
above equation is obtained as follows:

k() = S22 (1 - e~8) - 2@N + 1) f; Py(we ¢ Pdu

~2u [y Po(we ™ du +2(4 ) fy mwye ¢ Vdu

+u ) Pi(we~EWdu + ¢ (3.5)
Substituting the above equation in equation (3.3), we get

VarlX (0] = 228 (1 - =6 = 22N + 1) f Py (e~ du

—2u [§ Powe 5 du + 20 — ) fy m(w)e W eu

+u fy Pr(we~ 0 du — {m(1)}?

4 Steady state probabilities

In this section, we shall discuss the structure of the steady state probabilities.

Theorem-

For ¢ > 0, the steady state distribution {F,;:n > 0} of the M/M/2/N queue with
catastrophe corresponds to

P
Py =pp1Py+ (1 —p)— 7191 (4.1)
By = 20up™ (1 = p)py Py + 0Apy (1 = p)Py + (1 — p)p™
2_y2
+uo(1 = )" () Py 42)
_ [s+20a-p)*}+u{(p~*~1)-p (1-p)}P, ] p"**
PN - l[l—p—pf’“pN“(l—p)] (4:3)
where
Ty ey
o= (A+2u+8) iﬂ:z;&f)z 8Au (4.4)
A+2urE)— A 2uTr E2=87n
P = ( u+é) (2)L u+é) U (45)
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1
o= (4.6)

VA+2u+&)2-8Au

Proof-

We have from equation (3.13),

N+1 *
Pi) =P () ()2

3 1 2u A [w—Vwi-a2
)R =) 4
Multiplying equation (4.7) by s on both sides and taking limit as s — 0, we get
£%5P5 (s) = ipf’“PN ( ) llmsP1 (s) (#)

1Y,. 3 A (w—~Vw?-a?

@ o) [ )
Using the property

lir%ng (s) =P,

S—
After some algebra, the above expression becomes

P

Py =pp1Py+ (1 —p)—5p1 (4.8)

By taking Laplace transform of the equation (3.10), forn = 1,2,...,N — 1, we get,

Pi(s) = 2P (5) (o) (2 ) - (=5
2_q2 N-n w—Vw?-a?

+1P(5) (=) (w; 5) [ (=5

() - (=5

(1) () () 9)

Multiplying the above equation by s on both sides and taking limit as s — 0, we get

limsP; (s) = 20up™ (1 = p)Po + 0Apr (1 = p1)Py

S—

+uap™ (1 - p)Py + a§p™ (4.10)
Substituting equation (4.8) in the above equation, and solving, we get

By = 20up™ " pi' (1 = p)Py + 0Apy (1 = p1)Py

+uo(1—p)p" ( wz/l_az) P+ (1—p)p" n=12,...,N—-1 (4.11)
Multiplying the equation (3.21) by s on both sides and taking limit as s — 0, after some
algebra, we get

limsg®(s) = € +2u(1 = p)*Ip"** + 5o (0™ = 1) = p1 (1 = p)IPy (4.12)
Now taking limit as s — 0 in the equation (3.20), we get

limf*(s) = p[1 +p1 " p" (1 = p)] (4.13)
Multiplying the equation (3.19) by s on both sides and taking limit as s — 0, we get
sg*(s)
hmsPN (s) = llm 1) (4.14)
Substituting equation (4.12) and (4.13) in the above equation
[{(§+201-p)*}+u{(p~"~1)-p1 (1-p)}P, ] P **
Py = (4.15)

Al1-p—pN*t1pN+1(1-p)]
Multiplying the equation (3.16) by s on both sides and taking limit as s — 0, we get

limsPl* (s) [m —u {1 - (M)}] =

4u
w2—q?
zuligs {1 - (43
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o=\ ..
( 4u )PO )
_ 2_2 N-1 _ 2_2
Alims (w_ Vwa) {1 _ (w_ M)}pﬁ(s)
s—0 21 21

+lims (£ + 1) (%:‘“2) (4.16)

After some algebra, the above expression becomes
1 —
Py {5~ u(1 = p)} = 2u(1 = p)pPo + A(pY ™" — )Py + Ep

5 Steady state mean and variance

The corresponding values of the steady state mean and variance of the system length are
obtained by taking limit as t — oo in equation (4.2) and (4.3). These values are given by

m = E(X) = ;[(A~ 2) + 2uPy — APy + uPy]

Var(X) = %[(A +2u) + 2(A — wym — 2uPy — A(2N + 1)Py + uPy] — m?

6 Conclusion

In the present paper, we have discussed the M/M/2/N queueing system subject to
catastrophes. The transient as well as the steady state probabilities of the models have been
determined analytically. Further, we have also obtained the performance measures of the
system.
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