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Abstract

Systems connected to an external supporting device for their operations viewed as
hybrid systems have been manufactured to meet the demand of industries, economic
growth and populace in general. Companies and organizations heavily rely on these
systems to conduct their business. The paper deals with the reliability and availability
characteristics of four different systems requiring external supporting device for their
operation. The system consists of main unit connected to the cold standby supporting
devices. The failure and time of both main unit and supporting device are assumed to
be exponentially distributed. Markov models are developed and differential difference
equations are derived to obtain explicit expressions for the steady-state availability and
mean time to failure and perform analytical and numerical comparisons. Comparisons
show that system with five cold standby supporting devices is the most reliable system.

Keywords: Availability, mean time to failure, supporting device, single unit

Mathematics Subject Classification (2000): 90B25

1. Introduction

High system reliability and availability play a vital role towards industrial growth as the profit is
directly dependent on production volume which depends upon system performance. Thus the
reliability and availability of a system may be enhanced by proper design, optimization at the
design stage and by maintaining the same during its service life. Because of their prevalence in
power plants, manufacturing systems, and industrial systems, many researchers have studied
reliability and availability problem of different systems. Hajeeh (2012) deals with availability of a
system with different repair options. Hu et al. (2012) presents availability analysis and design
optimisation for a repairable series-parallel system with failure dependencies. Jain and Rani (2013)
studied the availability analysis for repairable system with warm standby, switching failure and
reboot delay. Wang et al. (2012) performed comparative analysis of availability between two
systems with warm standby units and different imperfect coverage. Wang and Chen (2009)
performed comparative analysis of availability between three systems with general repair times,
reboot delay and switching failures.
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In real-life situations we often encounter cases where the systems that cannot work without the
help of external supporting devices connect to such systems. These external supporting devices are
systems themselves that are bound to fail. Such systems are found in power plants, manufacturing
systems, and industrial systems. Large volumes of literature exist on the issue relating to
prediction of various systems performance connected to an external supporting device for their
operations. Yusuf (2014) performed comparative analysis of profit between three dissimilar
repairable redundant systems using supporting external device for operation. Yusuf et al (2016)
performed reliability computation of a linear consecutive 2-out-of-3 system in the presence of
supporting device. Yusuf (2016) presents reliability evaluation of a parallel system with a
supporting device and two types of preventive maintenance. The problem considered in this paper
is different from the work of discussed authors above. In this paper, a single unit system connected
to cold standby external supporting device is considered. The objectives of this paper are: to derive
the explicit expressions for the availability and mean time to failure, to determine the optimal
system. The organization of the paper is as follows. Section 2 contains a description of the system
under study. Section 3 presents formulations of the models. The results of our analytical
comparison between the systems are presented in section 4. Numerical examples are presented in
section 5. Finally, we make some concluding remarks in Section 6.

2. Description and States of the System

In this paper, a single unit system connected to an external cold standby supporting devices is
considered. It is assumed that the system most work with one supporting device. System I has
main unit with five cold standby supporting devices, system II has four cold standby supporting
devices, system III has three cold standby supporting devices, system IV has two cold standby
supporting devices. It is also assumed that the switching from standby to operation is perfect.
Both the unit and supporting devices are assumed to be repairable. Each of the primary supporting
devices fails independently of the state of the other and has an exponential failure distribution
with parameter j. Whenever a primary supporting device fails, it is immediately sent to repair

with parameter ,, and a standby supporting device is switch to operation. System failure occurs
when the unit has failed with parameter 10 and it is sent for repair with parameter with

parameter H; or the failure of all supporting device.

Table 1: Transition rate table

So | S1 | S2 | S5 | Sa | Ss | Se | S7 | Ss | S9 | Suwo
So | O | 4 [ 0| O[O |4 | O] 0] O0|O0]oO
S {m | O | 4| 0| 0] 0] 0 |2 ]| 0|0]oO0
S | 0l m | O | A4 | O] 0| O] 0|4 0]oO
S3 | 0| 0 [m | O |2 | 0| 0] 0| 0|40
Se | 01 0 [ 0O | | O] O |2 | 0| 0] 0|4
Ss | o | O O] O[O ]| O | O] O0O]|O0]O0]O
S | 0] 0[O0 ]| O |mm|O|O]O0O]|]O0O]|O0]oO
S 1 0 || O] O0O|[O]|O0O | O] 0] O0|O0]oO
S | 0| 0 [m | O[O O O] O0O]|]O0|O0]oO
S | 0| 0|0 | | O]O0O]O0O|O]|]O0O|0]oO0
So|l O] O0O]O0O]O0O]O[O0O]O0O| O] O0O]|O0]O
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3. Formulation of the Models

In order to analyse the system availability of system I, we define P, (t) to be the probability
that the system at t >0 isinstateS i =0,1,2,3,...,10. Also let P(t) be the row vector of

these probabilities at time { . The initial condition for this problem is:
P(O) = [pO (0)' P1 (0)' P2 (0), R plO(O)] = [11010'010'0'010:010:0]

Following Trivedi (2007), Wang et al. (2000), and Wang et al. (2006), we obtain the following
differential equations from Figure 1:

Po = (Ao + A)po(t) + psp1 () + pops (8

p1 (t) = —(do + 4 + u)p1 () + 44po (t) + a2 (8) + wop, (t)
Pz/(t) = —(Ao + A + up2(t) + 4101 (£) + 103 (t) + pops(t)
Psl(t) = —(Ao + A4 + ups(t) + A1p2(t) + pypa(t) + popo(t)
P4,(t) = —(Ao + A + upa(t) + A1p5(£) + ups(t) + o1 ()
Ps (t) = —uop: (t) + Aopo (t)

Ps/(t) = —yps(t) + A1p4(t)

P7,(t) = —pop7(t) + Aop1 (t)

Ps/(t) = —pops(t) + Aop,(t)

Do (t) = —opo(t) + Aop3(t)

P1o (1) = —oD1o(t) + Aopa(t) 1)
This can be written in the matrix form as
P =QP, 2)
where
—(Ao + A1) I 0 0 0 4e O O 0 0 0O
A4 —(Ag + AL+ 1) Uy 0 0 0 0 Ho 0 0 0
0 A —(Ao + A+ 1y) Uy 0 0 0 0 Ho 0 0
0 0 A (Ao + 4 +1y) e 0 0 0 0 Uo 0
0 0 0 A (Ao + A +p) O My 0 0 0 Ho
= Ao 0 0 0 0 4, 0 0 0 0 0
0 0 0 0 A 0 - 0 0 0 0O
0 Ao 0 0 0 0 0 —p O 0 O
0 0 Ao 0 0 0 0 0 - O O
0 0 0 Ao 0 0 0 0 0 —p O
0 0 0 0 Ao 0 0 0 0 0 —u

Let T denote the time-to-failure of the system. We use the following procedure to develop the
steady-state availability. The steady-state availability (the proportion of time the system is in a
functioning condition or equivalently, the sum of the probabilities of operational states) is given by
Ary () = Po(>2) + p1(o0) + pz(o) + p3(e°) + py(>) =
Hol3 +iotAs o3 A3 +uou? A3 +uopi AT 3)
H1A0AT+1F A0 A +u3 A0 AT +utdoAr+uF do+1oAT +rona AT +HuonT A +opi A +uopt A +uous

To develop the explicit expression for mean time to failure, we use the concept of Trivedi (2002),
Wang and Kuo (2000) and Wang et al. (2006) as follows:

The procedures require deleting rows and columns of absorbing states of matrix Q and take the

transpose to produce a new matrix, sayM. The expected time to reach an absorbing state is
obtained from

E[TP(O)ﬁP(absorbing)] = P(O) (_M_l)(lllllllll)t (4)
where the initial conditions are given by P(0) = [p,(0), p,(0), p,(0), p3(0), p,(0)] = [1,0,0,0,0] and
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HYBRID SYSTEM
—(Ao + 11) M 0 0 0

51 —(Ao + 44 + 141) A 0 0 \
M= 0 M1 —(Ao + 4 + 1) A 0 |
\ 0 0 M —(Ao + 44 + 1) A /

0 0 0 M1 —(Ao + 244 + 1)

The explicit expression for is given by MTTF;
MTTF, = :_i ()

where

Ny = (uf + 44op3 + 2 + A58 + 6202147 + 6A50f + 6A0A 1y + Ay + 42301 + 9510y + A
+ 41043 + A7 + 62322) +

(A + 3821 + 3 uy + 3% + 4AgApy + 3Aopf + A + Ay + Apf + i)
+ A (A5 + 22071 + 220uy +25 + Ay ptg + )

+233 (Ao + A+ 114)

Hy = (Aot +2A103 + 44503 + 64368 + 3204508 + 9A5A 0T + 4204 0y + 1203401y + 12454311,
+425u, +

102323 + 23 + A3 4+ 5284, + 104343 + 5101%)

Special Cases:

Case I: Availability and mean time to failure of system requiring four cold standbys supporting
devices

Apy(o0) = Kokt +ioui A tuoui AT +popiAd ©)
2 #1203 +uZ 2043 +13 A0 A1 +uT Ao+ oA T +pop1 A5 +1onFAZ +1ou A +uout
N:
MTTF, = H_2 (7)
2

where
Ny = (A3 + 3254, + 3231 + 3204% + 4A0A 1ty + 30 + A3 + Mgy + Lpf + )
+ A (A3 + 2202, + 2200y A2 + + A0 + D) + 2(A + A ) + A3
Hy = A4 + 4234, + 330y + 64302 + 64341y + 32302 + 42043 + 32031, + 2A0A 12 + Ao + A%

Case II: Availability and mean time to failure of system requiring three cold standbys supporting

devices

ol +uouiAy +uous A3 8)
+ufAoA +udAo+uoA3 +uoua Af +oni A1 +pon
_ A§+2d0A1+2A0p1 +225 + A pa +pd+A1 (Ao +A1 +pq)

MTTEF; = 9
3 23+34221+242 1 +32A2 +220 A1 g +Aou2+23 ©)

A -
r3(*) H120A%

Case III: Availability and mean time to failure of system requiring two cold standbys supporting

devices
2
HoMT+HoH141
74(*) H1dod1+uE Ao+ oA +popy Ay +poud (10)
241+ 0+
MTTF, = 27t (11)
22420 M1 +Aou1+A2

4. Comparison between the systems

MAPLE software package was used to program the analytical comparison in this study. The
results are presented below.

2 514
Ary () = Arz (o) = 00 (12)
2 423
Apz(o°) — Apz(e°) = % (13)
2 3/12
Ar3 (=) = Ary () = 2502 (14)

MTTF, — MTTF, =
A +A230, + 423y + 62327 + 9% A 1y + 64302 + 44,43 + 6202y + 6204 17 + Aol + AT + Bpy + 220k + A3 + ) (15)
H,H,
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_ (AB(A§+32320+328p1+32023 +420A1 1 +3200F+23 + 23 u1 + 2 nF4+i3)

MTTF, — MTTF, =

H(A3+32321+223 11 +320A% 424041 1 +Aou3 +43) (16)
MTTF; — MTTEF,

_ (WG + 32541 +3251y + 3204% + 4Aody iy + 3A0pf + A3 + Ay + Apf + i)

T3+ 3220, 4 22281, + 32043 + 240A1 1y + Ao + A3 (AZ + 2204, + Aoy + 22)

where

a7)

Dy = u oy + ﬂ%lo + #0/1% + Uotti A + .“0.“%
D3 = pyAgA3 + U Aody + 15 40 + oA} + pota AT + popidy + pops
Dy = i AgA3 + i 2025 + iAoy + .“;1}/10 + l10/1;1t + tota A3 + i AT + popidy + popt
D,y j t1AoAT + pf Ao A3 + 3 A0AT + uidody + u3Ag + o3 + pops AT + o A3 + popi A% + poutiy +
HofiErom (12) to (17)
Ari(0) > Apy(0) > Apz(0) > Apy(ee)
MTTF, () > MTTF,() > MTTF;(=) > MTTF, ()
VAo, A1, o iy > 0

5. Numerical example

Numerical examples are presented to demonstrate the impact of repair and failure rates on steady-
state availability and mean time to failure of the system based on given values of the parameters.
MATLAB software package was used to program the numerical comparison in this study. The
results are presented below. For the purpose of numerical example, the following sets of parameter
values are used:4; = 0.3, 4 = 0.2, u; = 0.6, p; = 0.6 for Figures 2 and 3 and 4, = 0.4,4, = 0.1, iy =
0.05 for Figures 4 and 5.

0.76 3 3 3 3 T T 3 3 3
0.75
0.74|-
=
E 0.73-
g
< 0.72|-
0.71-
0.7! L L L L L L L L L
o 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
A
Figure 1: Availability against supporting device failure rated;
07 T 3 3 3 3 3 3 3 T
0.6 —
05} =
> s
= o4 i
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T o3 —AV4 b
< — AV3
0.2~ —AV2 7
e AV1
0.1 —
0! [ [ [ [ [ [ [ [ [
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Figure 2: Availability against supporting device repair rate p,
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Figure 3: mean time to failure against supporting device failure rate 1,
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Figure 4: mean time to failure against supporting device repair rate

Figures 1 and 3 show the results availability and mean time to failure for the four systems against

the failure rate ﬂi It is clear from the figures that system I (system with five standby supporting

device) has higher availability and mean time to failure as compared to the other three systems.

Similar observation is also depicted in Figures 2 and 4 with respect to repair rate K, . It is evident

from these figures that system I (system with five standby supporting device) has higher
availability and mean time to failure as compared to the other three systems. These tend to suggest
that system I is better than the other systems.

Conclusion

This paper studied a single system connected to two types of supporting device type I and II for its
operation. Explicit expression for the steady-state availability was derived. Comparative analysis
was performed analytically along with numerically example in this study. It is enough to mention
first that the optimal system is system with five cold standbys supporting devices.

Thus,
Ari(0) > Ary(0) > Arz(e0) > Ary(e)
MTTF, () > MTTF,(s) > MTTF3(o) > MTTF, ()
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(i) Adding more cold standby units.

(ii) Increasing the repair rate.

(iii) Reducing the failure rate of the system by hot or cold duplication method.
(iv) Exchange the system when old with new one before failure.

The system can further be developed into system with more standbys in solving reliability and
availability problems.

The present study is important to system designers, engineers, maintenance managers and plant
management for proper maintenance analysis, decision and safety of the system as a whole. The
study will also assist engineers, decision makers and plant management to avoid an incorrect
reliability assessment and consequent erroneous decision-making, which may lead to unnecessary
expenditures, incorrect maintenance scheduling and reduction of safety standards.
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