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Abstract

The paper deals with cost benefit analysis of a threeidentical unit cold and warm standby system
model. Each unit has two modes- normal (N) and total failure (F). The warm standby unit
becomes operative instantaneously upon the failure of an operative unit, whereas cold standby
unit needs activation to become operative or to be warm standby. A single repairman is always
available to repair a failed unit. The activation of a cold standby unit is made by the operator
itself. The distributions of time to failure, time to repair and activation time are taken as
independent random variables of discrete nature having geometric distributions with different
parameters.

Keywords: Regenerative point, reliability, MTSF, availability, geometric distribution,
Markov-Chain.

I. Introduction

Two-unit cold standby redundant system models have been analyzed widely in the literature of
reliability by various authors including [1,3,5,8]. In these system models the authors have assumed
that the standby unit starts operation instantaneously with the help of a switching device when the
operative unit fails. In real life, the situations arise in many times when the standby unit does not
work instantaneously and take a significant time to be operative and this time may be called
activation time of cold standby unit. Gupta et al. [6] analyzed a two-unit standby system model
assuming that the cold standby unit goes for activation before starting its operation on line. During
the activation time of cold standby unit the system remains down and no output is obtained by the
system till the activation is completed and standby unit starts working. To avoid the situation of
down time of the system due to activation, the warm standby redundancies have been considered
in the literature of reliability as a warm standby unit becomes operative instantaneously without
any activation. But the drawback of the warm standby unit is that it can fail during its standby
state. So, one is to prefer a warm standby over the cold standby when during the down period of
the system due to activation of cold standby there is a great unbearable loss.

Some authors including [4,7,9,10] analyzed the two-unit warm standby redundant system
models using different concepts. All the above system models have been analyzed by considering
continuous distributions of all the random variables involved.

The purpose of the present paper is to consider both types of standbys warm and cold
simultaneously in a single system i.e. a three unit redundant system. As soon as the operating unit
fails, the warm standby unit becomes operative instantaneously whereas the cold standby unit
needs activation before coming into operation or warm standby unit. The warm standby unit may
also fail while it is in standby position whereas the cold standby unit can’t fail during its standby
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state. This system model is based on discrete parametric Markov-Chain. Gupta and Varshney [2]
introduced the concept of discrete parametric Markov-Chain in analyzing the system models in the
field of reliability modeling. The following economic related measures of system effectiveness are
obtained by using regenerative point technique-

i) Transition probabilities and mean sojourn times in various states.

ii) Reliability and mean time to system failure.

iii) Point-wise and steady-state availability of the system during time (0, t-1).

iv) Expected busy period of repairman during time (0, t-1).

v) Net expected profit incurred by the system during a finite and steady-state are obtained.

II. Model Description and Assumptions

1. The system consists of three identical units.Initially one unit is operative and rests two are kept
in spare as cold and warm standbys.

2. Each unit has two modes- Normal (N) and Total failure (F).

3. Upon failure of an operating unit, the warm standby unit becomes operative instantaneously
whereas the cold standby unit requires activation time before coming into operation/warm
standby.

4. A switching device is used to start the activation of cold standby unit and to put a warm
standby into operation which is always perfect and instantaneous.

5. A single repairman is always available with the system to repair a failed unit and a repaired
unit becomes either operative, warm standby or cold standby as per the situations.

6. The activation action of a cold standby unit is carried out by the operator itself and there is no
need for a separate human being at the system for this purpose. After completion of
activation unit becomes operative or warm standby as the requirement.

7. The time to failure, time to activation and repair time follow geometric distributions with
different parameters.

III. Notations and States of the System
a) Notations :

pq" : p-m.f. of failure time of a unit; p+q=1.
1s™ : p.m.f. of repair time byrepairman of failed unitand r+s=1.
cd® : p.m.f. of time to activate of a cold standby unitrespectively; c+d=1.
q;; (+),Q; (¢) : p-m.f. and C.d.f. of one step or direct transition time from state S, toS, .
P; : steady state transition probability from state S; toSS;.
Py = Q(=0)
Z (1) : probability that the system sojourn in state S; up to epoch (t-1).
v, : mean sojourn time in state S, .
* h : symbol and dummy variable used in geometric transform e. g.

GT[q;(t)]=q;(h)= Zolhtqij (t)
b) Symbols for the States of the System:
N, /N, /N :unit in normal mode and operative/warm standby/cold standby.
N, :  the cold standby unit in normal mode and under activation.
F/F,, ¢ unitin total failure (F) mode and under repair/waits for repair.

The transition diagram of the system model is shown in fig. 1.
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The states S;, S,, S,,S,, S; are up states; S,, S; are down states and S, is failed state.

With the help of above symbols the possible states of the system are:

No’Nws No’Fr No’Ncs
S=| v ) s=l ) =0

ca

2]

IV. Transition Probabilities

Let Q,(t) be the probability that the system transits from state S, to S; during time interval (0, t)

ie., if T, is the transition time from state S, to S, then
Q;(t)= P[Tij < t}

By using simple probabilistic arguments we have,

Qus (t) = %[1 _(qu )(H]) } , Qy (t)= —qu' [1 —(qq‘ )(Hl):|

Qu (1) =5 [1-(s0a)" ], Qu ()= 2 1-(aas) ]
0 ()= [1~(sa) 0 (1) =L 1-(0a) "
Qu()= 21 o) "], Qu(t)= o 1-(ad)"
Qu ()= =g [1-(a0) ], Qu (1) =72 1-(da) ']
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Qs (1) = M[l—(sqq' )MJ,

1-sqq

0 (1) =122 1~(sa) "]

Qu (1) = 7o 1-(ds) " |,

Qu ()= 25 [1-(a0) "],

QSO(t): [
Qs (1) =~ [1-(a5)"],
[

Q66 (t) = lf);s

(276 (t) — l_st+l

Qu ()= 12;' [1 —(saq )IJ

Qi (1) = M[l ~(sqq )”1}

1-sqq

(1-26)

The steady state transition probabilities from state S, to S; can be obtained from (1-26) by taking

t > o, as follows:

(Pq' + pVQ) PP _req _rdp
Po = 1_(qu) ’ po4_m/ pm_l—sdq’ p“_l—sdq
rdq C(rp + Sq) sdp scp
P = ’ P = Pus=7"771, P =7
1-sdq 1—-sdq 1-sdq 1-sdq
_cq __°p _pd . rqq
P2 1—dq’ P 1-dq’ Pas 1—qd’ 0= 1 sqq
_r(pq +pq) _s(pq +pq)  spp rd
33 1—sqq 36 1—sqq 7T Sqq Pa 1—sd
_rc s . 1C . sC
Po =1 5" P =1 5d” Po =1 5" P =1
_rd _rq _pr _sp
Ps2 1-sd’ Pes 1-sq ’ Pes 1-sq ’ Per 1-sq
p76 — 1_Sl+1
We observe that the following relations hold-
P =1, Po +Pos =1, Pio P11 TP, P13 + P +P =1
P + P2 TP =1, P3o + P33 +Pss +P3; =1, Py T Ps Dy =1
Pso T Ps; +Ps; =1 Pes +Pes +Pg7 =1 (26-34)

V. Mean SojournTimes

Let T, be the sojourn time in state S, (i=0-7) then y; mean sojourn time in state S, is given by
v, =Y P[T>{]
t=1

In particular,

99 sdq oq _sqq
' 7 1 _ Sqqr
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ds ds gs S
4 4 = 7 = 35'42
W 1-ds Vs 1-ds Ve 1-gs Vo r ( )

VI. Methodology for Developing Equations

In order to obtain various interesting measures of system effectiveness we developed the
recurrence relations for reliability, availability and busy period of repairman as follows-

a) Reliability of the system-

Here we defineR,(t) as the probability that the system does not fail up to epochs 0, 1, 2,.., (t-1)
when it is initially started from up stateS;. To determine it, we regard the failed statesS,as
absorbing state. Now, the expression for R, (t); i=0, 1, 2, 3, 4,5,6; we have the following set of

convolution equations.

R,(t)=(qq) +zq ()R, (t-1-u)+ Squ, ()R, (t-1-u)

=Z,(t)+qy, (t-1)OR, (t—1)+q,, (t—1)OR, (t—1)

Similarly,

le (t)=2Z,(t)+qy, (t-1)©R, (t—1)+q,, (t—1)OR, (t—1)+q,, (t—1)OR, (t 1)

+q;; (t—1)©R, (t—1)+q,, (t—1)OR, (t—1)+q, (t—1)OR (t—1)

R, (t)=Z,(t)+q, (t—1)OR, (t—=1)+q, (t—1)OR, (t—1)+q, (t—1)OR, (t—1)

R, (t)=Z,(t)+qy (t—1)©R, (t—1)+qy; (t—1)©R; (t—1)+qy, (t—1)©R( (t 1)

R, (t)=Z,(t)+q, (t—1)©R, (t—1)+q,; (t—1)OR, (t—1)+q, (t—1)OR (t—1)

R (t)=2Z5(t)+qs (t—1)OR, (t—1)+qs, (t—1)OR, (t—1)+qy, (t—1)©R, (t-1)

R (t)=Z(t)+qg (t—1)OR, (t—1)+q (t—1)OR (t—1) (43-49)
Where,

7, (1)=(sdq)’, Z,(t)=(qd)’, Zy(t)=(saq ) , Z,(t)=(sd)’

Zs(1)=(sd)’, Zq(t)=(sa)

b) Availability of the System-

Let A, (t)be the probability that the system is up at epoch (t-1), when it initially started from state

S, . Then, by using simple probabilistic arguments, as in case of reliability the following recurrence

relations can be easily developed for A, (t);i=0to 7.

A, (1) =Z,(t)+qq (t—1)OA, (t—1)+q,, (t—1)OA, (t—1)
A () =Z, (1) +q, (t-1)©A, (t—1)+q,, (t—-1)©A, (t—1)+q,, (t—1)©A, (t-1)
+q;; (t—1)©A, (t—1)+q, (t—1)©A, (t—1)+q, (t—1)©A  (t—1)+q,, (t—1)©A, (t—1)
A, (1) =Z, (t)+qy (t—1)©A, (t—1)+q,, (t—1)©A, (t—1)+q,5 (t—1)©A, (t—1)
A (1) =Z, (t)+0s (t—1)OA, (t—1)+qy; (t—1)OA; (t—1)+qy (t—1)OA (t 1)
+q;, (t—1)©A, (t-1)
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A, (1) =0, (t-1)©A, (t—1)+q,; (t—1)©A, (t—1)+q, (t—1)©A (t-1)

As(t)=q5 (t—1)©A, (t—1)+q5, (t—1)©A, (t—1)+qy, (t—1)©A, (t—1)

Ag (1) =Z () +qe (t—1)OA; (t—1)+qe (t—1)©A, (t—1)+qg, (t—1)©A, (t—1)

A, (t) =0, (t-1)©A, (t-1) (50-57)

Where, The values of Z(t); i=0 to 3 are same as given in section 6(a). Z, (t)=q's'

c) Busy Period of Repairman

Let B, (t)be the probability that the repairman is busy in the repairof a failed unit at epoch t-1,

when it initially started from stateS; . Then, by using simple probabilistic arguments, as in case of

reliability the following recurrence relations can be easily developed for B, (t);i=0to 7.

B, (t)=q, (t—1)©B, (t—-1)+q,, (t—1)©B, (t—1)
B, (t)=Z,(t)+q, (t—1)©B, (t—1)+q,, (t—1)©B, (t—1)+q,, (t—1)©B, (t—1)+q,; (t—1)©B, (t—1)
+q, (t-1)©B, (t—1)+q,, (t—1)©B, (t—1)+q,, (t—1)©B, (t—1)
B, (t) =y (t—1)©B, (t—1)+q,, (t—1)©B, (t—1)+q,s (t—1)©B; (t—1)
B, (t)=Z;(t)+qs (t—1)©B, (t—1)+qs; (t—1)©B, (t—1)+q;, (t—1)©B, (t 1)
+qy, (t—1)©B; (t—1)
B, (t)=Z,(t)+q, (t-1)©B, (t—1)+q,; (t—1)©B; (t—1)+q,, (t —1)©B (t—1)
B, (t)=Z,(t)+qy, (t—1)©B, (t—1)+q, (t—=1)©B, (t—1)+qs, (t—1)©B, (t-1)
B, (t) = Zs (1) +qg (t—1)©B, (t—1)+q (t—1)©B, (t—1)+q,, (t—1)©B, (t—1)
B, (t)=Z,(t)+q,, (t—1)©B, (t—1) (58-65)
Where, Z, (t) =s".

VII. Analysis of Reliability and MTSF

Taking geometric transform of (43-46) and simplifying the resulting set of algebraic equations for
Rg(h) we get

R} (h) =

(66)

Where,

N, (h) =[(1-hq;,)(1-h’q}qs, )1 —hq}; —h’qq,) —h’q;,q5, (1-hqs) —h’q),q5:q5, (1 —hal; —h’qlqg,)
+ha, (1-hqy, )(hq, +hqje) +h’qy,qs (1—hqj) +hqr,qs, +h’ar,qssqs (N
—hq,, (1-hq};)) —’q;eq55q5, (1 - q3)1Z; +[hay, (1-h*q5:q5, (1 —hqs; —h’q}qg) —hay,
(1-hq3;)(1-h’q595,)1Z; +[0°qq,q;, (1 -hql, —h’q5,qg,) —h’qq,q, (h°q3,qs, +has, (1-ha3)}Z;
+{hqg, {hqy, —hay, (hql; —h’qyqe) —h’q;,q55q5 (hqi, —h’qqs)} +ha;s (1-h’q5.q3,)
~hqy, (hqq, (1-hq;, )1 ~h’qq5,) —hq, (h°q3,qe +(1—~hg3,) +hayqe (hay, +h’q54q5,)1Z;
+H0q, 05 (1= h’q55q%, ) Q3G (1-h’q55q5,) +(1 =3 )} +hqy, (1 —hg3, (1 -h’q5,q5,)1Z;
H0’q, 4,055 (1-hql, —h’q5eq)1Z5 +[h7qg, a5 (1 -h’q3,q3, )(hay, +h’q1,qi) —h’qsd,]
—h’q5, 1,055 (1-ha3, )(h*q;,q56 +haje) +hag, (1-has, )(hay, +h’qp,qs,)
D, (h) =[(1-hq;,)(1-h’q3,q5,)(1 - hqy; —h*q5.q5;) —h*q,q5,(1-hq3,) —h*q,q5505, (1 -hqy; —h’q36qe;)
+hqy, (1-hq3, )(hay, +hq)) +h’q;,q5 (1—hqe) +h°q;,q5 0,595 (h°q3q
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~hqs (1-hq},)) —h’q;4q55q% (1= 431~ haye[hdy, (1 -h*q3q35, )1~ has, —qyqe) —h’qy,
(1-hq3,)(1~h’q55q5 )] =50 [h*qgq;, (1-ha3, —h*q5eqe) —h’qqd;, th’qs g +has, (1-hql)} ]
_q;O [hq:n {hq; - hq; (hqu - hzqzsq;) - h3q:4q;5q;2 (hqu - hijtsq;z )} + hq; (1 - hququz)
—hqg, (hqg (1-hqy, )(1-h’q54q5,) —hq, (a5, +(1-hqs,) +h°qy,qg (hay, +hq55q5)]

—q50[0°q5, 91,955 (1-hq3; —h’q3eq,)]

Collecting the coefficient of h' from expression (66), we can get the reliability of the system R, (t).
The MTSF is given by-

E(T)= limihtR(t) =—2-1

h—15
N, (1) =[(A=p, )1 =PasPsy )1 = P33 —P3ePes) ~PiaPai (1= P33) = PioPosPsi (1 =P —PsePes)
+P14 (1= P33 )(Pas +Pas) +P1aP36 (1= Pag) +P13P36 + PraPasPs P36P P
—PasPsi (1 =P33)} = P16P2sPs2 (1= P33) Wy +[Pg; (1= PasPs: A= P33 —Ps3sPe3 ) — Pos
(1=P5)A=PosPs )W +[Pgi P> (1= P33 = PigPes) ~PoPiz 1PsiPes +Psi (1=P3y )i W
HPor 1P13 ~P1a(Pas —PagPes) ~PraPasPs (Pas —PagPes )3 +Pis (1= PasPs,)
~Pos {Ps; (1 =Py JA = PasPs2) = PpaP2iPes + (1 =P33) + PioPaiPes (Prs +PasPs2) S W5
HPoiPra (1= PasPs: P36Pes (1 =PasPs ) + (1= P33)) + Py (1= P33 )A = Posps) W,
HPoiP12P2s (1= P33 = P3sPss )IWs +[Pgi P36 (1= PosPs: )(Py3 +P1aPas) —PioPes ]
—P1aPar ~PuaPar (14 P25Ps5)} W
D, (1) =[(A=p; )1 =PysPs: )1 = P33 = P3Pes) ~Pr2Pai (1= P3) = PraPasPsi (1 =Py —P3sPss)
+P1s (1=P33 )(Pay +Pag ) +PraPss (1 =Pug) +P13Psg +PraPasPsa {PseParPes
Pas (1=P53)5 = P16PasPs (1= P33)] = Pro[Por (1= PosPs M1 = Ps3 —P3ePes) —Pos
(1=p33 )1 =P2sPs5:)1 = Poo[Poi P12 (1= P33 —P36Pe3) ~PoaPrz {PsiPes +Ps; (1 —P33) 1]
—P3o[Po; (P13 —P1s (Pas —PasPe3) ~PraPasPs2 (Pas —PasPes )} + P (1= PosPsy)
~Pos (Pes (1= Py NI =P2sPsy) = Pra (P21Ps + (1= P33) +PayPes (Prs +PasPs )]
~Pso[PorPi2Pas (1 =Py —P3ePe3)]

(67)

VIII. Availability Analysis

On taking geometric transform of (50-57) and simplifying the resulting equations for we get,
N, (h

Aq ()= (h)
D, (h)

Where,

(68)

=)

—hqy, 0 0
1-hq;; —hqy, —hqj;

—hq5, 1 0 0
0 —hqs;

—hqg, 0 0

—hqy, 0 —hqj,

—hqs 0
—hq3,

(=)

—h *
N2 (h) — q37

ooNoowNNN_NON
e

_hqru 0

_hCI;

~hqy;
~hqs, 0
0 _hQZ3
0 0

S o o =~ O
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and
1 ~hqp, 0 0 ~hqg, 0 ~hq 0
~hqj, 1-hq;; -hq;, -—hq; -hqy 0 —hqj, 0
~hgy,  -hq;, 1 0 0 ~hq;s 0 0
D, (h) _ ~hq;, 0 * 0 1- h2§3 0 0 - hQEs —hqj,
0 —hqy, 0 —hqy; 1 0 —hqye 0
-hqs, -hqs;  —hq;, 0 0 1 0 0
0 0 0 —hqg, 0 0 1-hqy, —hqg,
0 0 0 0 0 0 —hq’ 1

The steady state availabilities of the system due to operation of unit -

A, =t () =tim(-) 30
But D, (h) ath=1is zero, therefore by applying L. Hospital rule, we get
a () o
D; (1)
Where,
N, (1) =ugW, +uy, + Uy, +uyys + Uy
and
D, (1)= —[uowo U, (W, +PpWs + DLW, ) F Uy +usys +u (W +PreW, )]
Where,

u; = U (0) and U; (h);i=0, 1,..., 7 are the minors of the elements of first column of D, (h).

Now the expected uptime of the system due to operative unit upto epoch (t-1) are given by

(9= 54, (1)

So that
« < 2o ()
Ho (M) =112 (70)
IX. Busy Period Analysisof Repairman
On taking geometric transforms of (58-65) and simplifying the resulting equations,we get
N, (h)
By (h)=——~ 71
Where,

Ny (h)=h[ Uy (2] + 01,25 + a1 Z3 )+ UsZs + UiZs +U; (24 + 32 )|
and D, (h) is same as in availability analysis.

In the long run the respective probabilities that the repairman is busy in the repair of a failed unit
are given by-
: : N (h)
B, ~limB, (1)~ im(1-1) 7

D, ()

But D, (h) ath=1is zero, therefore by applying L. Hospital rule, we get

N
%) "

124



Shubham Gupta, Pradeep Chaudhary, Vaishali
A THREE UNIT WARM AND COLD STANDBY SYSTEM
MODEL OF DISCRETE PARAMETRICMARKOV CHAIN

RT&A, No 4 (59)
Volume 15, December 2020

Where,
N, (1) = |:u1 (\Vl TPV, +P1sVs ) TU3Y;3 +UsYs +Ug (“/6 TPV )J
and D) (1) is same as in availability analysis.

Now the expected busy period of the repairman in repair of a failed unit up to epoch (t-1) are
respectively given by-

(0= 5.8, (%), 73)

X. Profit Function Analysis

We are now in the position to obtain the net expected profit incurred up to epoch (t-1) by
considering the characteristics obtained in earlier section. Let us consider,

K, = revenue per-unit time by the system due to operative unit.

K, = cost per-unit time when repairman is busy in repair of failed unit.
Then, the net expected profit incurred up to epoch (t-1) is given by

P(1) = Kbty (1) =Ky, (1) (74)
The expected profit per unit time in steady state is given by-

__P(t) . 2
P:hm—:%llirll(l—h) P*(h)

towo
=K, lim(1-h)’ Aq(h) ~K, lim(1-h)’ B, (h)
hol (1_h) hol (1_h)
=K,A, -KB, (75)

XI. Graphical Representation

The curves for MTSF and profit function have been drown for different values of failure
parameters. Fig. 2 depicts the variation in MTSF with respect to failure rate (p) for different values

of repair rate (r) of a unit and activation rate (C) when values of other parameters are kept fixed

as p =0.99 and q =0.01. From the curves we conclude that expected life of the system decrease

with increase in p . Further, increases as the values of r and ¢ increases.

Similarly, Fig. 3 reveals the variations in profit (P) with respect to p for varying values of r

and ¢, when other parameters are kept fixed as p' =0.99, q' =0.01, K,=50, and K, =450.

From the figure it is clearly observed from the smooth curves, that the system is profitable if the
value of parameter p is smaller than 0.062, 0.102 and 0.112 respectively forr =0.1, 0.15 and 0.2 for

fixed value of ¢ =0.95. From dotted curves, we conclude that system is profitable only if value of
parameter p is smaller than 0.052, 0.078 and 0.118 respectively forr=20.1, 0.15 and 0.2 for fixed
value of ¢ =0.94.
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XII. Conclusions

“u_ 1

1. It is indicated in fig.2 that we can easily obtain the upper limit of “p” to achieve at least a
particular value of MTSFE. As an illustration to get at least MTSF 150 unit, the failure rate “p”
must be less than 0.025, 0.031 and 0.037 respectively for repair rate r = 0.1, 0.15 and 0.2 when
activation rate is kept fixed as c = 0.94. Similarly, when c = 0.95 is kept fixed as “p” must be less
than 0.253, 0.034 and 0.040 corresponding to r=0.1, 0.15 and 0.20.

2. Infig. 3 it is reveled from the dotted curves that the system is profitable only if failure rate “p”

is greater than 0.052, 0.078 and 0.118 respectively for r = 0.1, 0.15 and 0.2 for fixed value of c =
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0.94. From smooth curves, we conclude that system is profitable only if value of parameter “p”
is greater than 0.062, 0.102 and 0.112 respectively for r = 0.1, 0.15 and 0.2 for fixed value of c =
0.95.
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