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Abstract

In this paper, increasing convex (concave) Total Time on Test (TTT) transform of a lifetime
random variable is considered. In order to identify the failure rate model of functions of random
variables, the TTT of transformed data can be used. Some properties of the transforms are
derived. Some examples are given.
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I. Introduction

The concept of the Total Time on Test (TTT) plots was first defined by Barlow and Campo
(1975). The plots provide information about the identification of failure rate model. Incomplete
type 2 censored data can be analysed using TTT transform. Aarset (1985) derived the exact
distribution of TTT under the null hypothesis of exponentiality. Gupta and Michalek (1985)
developed an explicit method to determine the reliability function by the TTT transform. Vera and
Lynch (2005) introduced higher-order TTT transforms by applying definition of TTT recursively to
the transformed distributions. Nair et. al (2008) studied the properties of TTT transform of order n
and examined their applications in reliability analysis. Nair and Sankaran (2013) listed some
known characterizations of common aging notions in terms of the total time on test transform
(TTT) function. Franco-Pereira and Shaked (2013) derived two characterizations of the decreasing
percentile residual life of order (DPRL( & )) aging notion in terms of the TTT function, and in
terms of the observed TTT when X is observed. TTT statistic provide the central value of type 2
data. In order to get the dispersion values, we need the distributions of transformed variables.

The problem of identification of failure rate behavior of increasing convex (concave)
transformation of random variable based on distributional properties of the variable is an
unexplored one.

In this paper, we consider increasing convex (concave) Total Time on Test (ICXTIT
(ICVTTT)) transform of a lifetime random variable. In section II, we provided TTT transform of
increasing convex (concave) transformation of the random variable. Some general results about the
ageing patterns are given in section III. In section IV, illustrative example is given.
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I. Increasing Convex (Concave) TTT transform

In this section, we define ICXTTT (ICVTTT) transform. Given a sample of size I from the
non-negative random variable (r.v.) X with distribution F, let X 1 <X 2 <..<£X k <..<X 2 be

the order statistics corresponding to the sample. Total time test to the 7 failure from distribution
F is,
T(X,,)=nX, + (-1 - X )+t (0 -r 410X, - X, )
= ZX(I.) + (n - r)X(r).
i=1

Let Hnl(ﬁ)Z%T(X(r))

5(:)

H'()= [(=F,(u)du
0
The empirical distribution function defined in terms of the order statistics is

O, M<X(l-)
F(u)=4%, Xp<u<X,,
1 X(n)>1/l

If there exist an inverse function E;l (x) = lnf{x . E1 (X) > M} The fact that E1 (M)L)F (M)

almost surely (a.s.) implies, by Glivenko Cantelli Theorem,

tim [0 - £, )= [ (1= Pl

”

—t
n
0>

uniformly in 7 e [0,1]. Barlow and Campo (1975) defined TTT transform of F' as

1, (0= "1 Flu)u 0

Let g(x) be an increasing convex (concave) function. Let G(x) be the distribution function of

g(x). Total observed values of transformed variables g(.x') under type 2 censored scheme is

TelX,))=nglX() )+ (n— gl )- g )+ ..+ (n—r+1)glx,,))- gX, )

_ Z glx,))+ (n-r)e(x;,))

For g(x), define

(117 )e) = [ 1= 11, (v = [0 F

where
0, g(u)<g(Xy)
H,(u)=1%, (X)) < gw)<g(X.,)
1 g(X(,) > gu)

H;'(x)=inf{x: H,(x)> g(u)}and the fact that F, (1) —=— F(u) implies,

n

g (Fn (u )) — g (F (u )) , then by Glivenko Cantelli Theorem,
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lim jog(pl 12 F () = jog(Fl (1= F(u))du

n
n—ow

We define TTT of g(x) as

(112 )el0)= [0 = Pl s <o) o

Then,

01 )ele) = L[ )
- :1 ! sle0) f(u)du] g'(F (t))%F‘l (¢)
S < H )
[t Sl g (7 (0) 21—

0 1—¢

d (H;l )g(txtzF(x) _ il _J'Og(X)f(u)dujl g'(x)

7 Flor()

That is,

d _Flglx)) g'x)

dt (HF )g(tx’:F(x) - F(x) r(x) ©
Note that /7, g(-) (the inverse of H ;1 g ()) is a distribution with support on [0, 2],

: (7))

()= Fu =

H;'Je(t)

N ( )is continuous increasing function on

It is easy to verify that the scaled TTT transform —
H, )gll

[0,1]. Let g(x) = xz, then
(#2:J 6)= L(Fl(l))z (1= F(uu) o t < [0.1]®)

(o Y=L [ - P

d .
[ st g

1-t¢
%(HF1 )2 (tLF(x) = {1 - j()xz f(u)du} #i(x)

That is,
dy(,, Flx*) 2
E(HFI)Z(Z‘)I—F(x)z Fv(&)>r(;€) ()

F(x?)

Clearlym and ¥ are increasing functions. So that, if »(x) is decreasing, then
X

i(H -l )2 (z]t=F ) is increasing. On the other hand, if ,(x)is increasing, theni(H;' )Z(t),=p (x)is

dr " dt
F(x?)

decreasing if rate of increase of X — ( ) is smaller than the rate of increase of »(x). Note that
X
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2 1P
(H F) (the inverse of (H Fl) ) is a distribution with support on [0, 2]

(1 F )= [ 1= P = g
(1) (¢)
)

It is easy to verify that the scaled TTT transform 7\, is continuous increasing function on

(r7
[0.1].

X

Example:- LetF (x) =1- e_g, x>0,0>0 be the distribution function of Exponential

distribution with mean 6. Then

(7P 0= " 0= Fox

= I e of e %dx

0

- T ()

(¥ )., = ¢ )

1\
H'J (¢ /AR
-1 . . — . F =FIF 1
H, (1)15 the mean of exponential distribution. Therefore, 73~ ~ = 1)) ].
gl
TTT Plot_Exponential(2) ICTTT Plot_Exponential(2)
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Figure 1: TTT plot (top) and ICXTTT plot (bottom) for the Exponential Simulated data with parameter @ = 2.
In this Figure 1, it shows that the TTT-plot of Exponential data set indicates constant
failure rate, but ICXTTT-plot for Exponential data set indicates that transformed data follows the

bathtub shape failure rate pattern. It is clear that, square of exponential random variable follows
some decreasing failure rate model.

III. Ageing Properties

-1
W . j - \H Je(r)
e prove some general results about the ageing patterns of function g(Xx)using T (l) ,
)8

which is based on the failure rate function (x)of X .
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HF g()

HF g(l)

X
ﬁ is smaller than the rate of increase of r(x)- Gis DFR =
X

Proposition 1. Gis IFR = is concave in ¢e0,1] if rate of increase of

H'Jglt)
H,' (1)

convex in ¢  [0,1]

Proof. Gis IFR implies di(H ‘l)g(t) is decreasing in 7e[0,1], if rate of increase of
t

F
il -1
g '(X)F(%(Q;)) is smaller than the rate of increase of »(x). = Hr ggt; is concave in
X

F H;')g(l
e[0,1]. Similarly, G is DFR implies di(HFl )g(t) is increasing in 7 [0,1], r(x) is
t
decreasing in x 2> 0.
H,'Js(t)

H,'Jg(1)
Proposition 2. Let X has distribution /' and y = g(x') has distribution G(y/). G is IFRA

is convex in ¢ e [0,1], if #(x) is decreasing in x > 0.

-1
(DFRA) = 7 (g (F(I_IIF ;gg)Fl) (1) is decreasing (increasing) in 7 € [0,1].

Proof.  Let y=g(x) and G(y) be the distribution function of Y. Gis IFRA

L v
= —'[) r(uﬁu is increasing in y > Q.

Let T ( ) j ( )du ( is decreasing in y > (0, since it is an average of the decreasing

function G( )
J, w7 ()

Then, =——————is increasing in y > 0.
T(y)

) [ Gluta

Hence —— ——isincreasingin y >0 and OGT is decreasing in, y=0.
Y

Then,
I " G (u du Ig 'F (wHw
0 =2 is decreasing inx > 0
G(y) F(g(x)) ’

since 6(“) = (g (X ) P (X > W) =F (W)or some W corresponding to U.
Iog(x) F(w)w

W is decreasing in x =0

-1
Now make the change of variables 7 = F'(x) and X = F (f ) and finally we have
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[ ety

Flr )~ Flalr ) "o <ol
Lm0

Flg(F (), e(1)

Similarly, for G is DFRA,
(1, )g(0)
Flg(F™(r)
(17, )ge)

= 7 (g (F_l (Z))XH; )g ) is increasing in 7 e [0,1]

is decreasing in 7 e [0,1]

isincreasingin ¢ e [0,1].

IV. Increasing Convex (Concave) TTT transform order

Let X and Y be two non-negative random variables with distributions /* and H respectively.

Clearl X< Y if and only if
y 1t Yy

F (1) H'(r)
[ 0-Fl)du<]" " (-H@)du < fo1) ©)
A sufficient condition for the order Sm is the usual stochastic order:

X<, Y=X<, ¥

it

where X Sst Y means that F (x) <H (x), VxeR (see, Shaked and Shanthikumar (2007)).

Let X and Y be two random variables such that 1g (X (,1))3 Ig (Y(n)) for all convex functions

g:R—> R and all samples of size . Then X is smaller than ¥ in some stochastic sense, since

1

~Tg (X(n)) is average of total observed convex (concave) transformed time of a test.
n

Let X and Y be two non-negative random variables with absolutely continuous
distribution functions £ and H respectively. If

-1 -1
(H - )g(t) < (H p )g(t), Vte [0,1]
where g is an increasing convex function, then X is smaller than Y in increasing convex TTT

order (denoted as X Sicxm Y ).
Now we prove the relationship of ICXTTT (ICVTTT) transform orders to stochastic orders.

Theorem 1. Let X and Y be two non-negative random variables having absolutely continuous

distribution functions ' and G respectively. Then X< st =X Sicx[tt Y.

Proof. Let @ be the convex (concave) function g : R — R . Since,

X <, Y, g(F_l(l‘))S g(G_l (1)) forall  [0,1]

Hence,

Lg(Fl(t))(l _ F(u))du SJ;g(Gl (t))(l — G(u))du forall ¢ e [0,1]

Then,XSStY3XS Y

icxttt

114



Deepthi K S & Chacko VM RT&A, No 1 (61)

IDENTIFICATION OF FAILURE RATE MODEL Volume 16, March 2021
V. Examples
o 2K+ .
Usually the TTT plot is drawn by plotting T(—] == against —, where
n

- n

2 X

i=1

i=12,...,r and»=12,...,n. A TIT curve may be concave (convex) if corresponding

distribution is IFR (DFR) distribution. A concave (convex) and then convex (concave) shape for
TTT curve occurs, if the distribution is a bathtub (upside down bathtub) failure rate model. Finally,
a TTT curve is straight line if the distribution is exponential.

. > glxy)+ (n-relx,))
Then the ICXTTT plot is drawn by plotting Tg( j == against .

" > elx) "

i=1

<

where ; =12,...,r andr =12,...,n.

The scaled TTT-transform, which is independent of scale, is defined for values of { with
0<?<1land hence the transformed values are in[0,1]. Figure 2 and 3 shows scaled TTT-
transforms and scaled ICXTTT-transforms of Aarset bathtub shaped failure rate data and Weibul
simulated data.

ICXTTT- Plot Aarset_data

I'T'T Plot Aarset_data x3 x*

x2

T(rn)

(/)

Figure 2.TTT plot (top) and ICXTTT plot (bottom) for the Aarset data.

In Figure 2, it shows that the data are known to have a bathtub-shaped failure rate as depicted in
TTT plot and ICXTTT-plot.

TTT Plot_Weibull

0.6 = Weibull(1.5,1)
Weibull(0.5,1)

T(r/n)

(r/n)
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ICXTTT Plot_Weibull
12

038
0.6

Te(r/n)

= Weibull(1.5.1)
0.4 = Weibull(0.5.1)
0.2

(r/n)

Figure 3.TTT plot (top) and ICXTTT plot (bottom) for the Weibull Simulated data with
parameter o =1.5,0.5 and A =1 respectively.

In Figure 3, it shows that the TTT-plot of W (« =1.5, 4 =1) data set indicate IFR distribution,
since it is concave, but ICXTTT-plot for W (a = 1.5, 4 = 1) data set indicate an inverse bathtub

shaped failure rate pattern for the failure rate. The TTT-plot of W (e = 0.5, 1 = 1) shows F(¢) has

DFR, since the plot is convex (see Barlow and Campo, 1975) and ICXTTT-plot based on a
W(a =05,1= 1) s convex, which indicate a DFR distribution for the transformed data.

VI. Conclusion

This paper considered increasing convex (concave) TTT transform. Identification of the failure rate
model of functions of random variables is discussed. Some properties of the transforms are derived
with examples.
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