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Abstract

The paper deals with the reliability and cost-benefit analysis of a two non-identical unit system with
two types of failure. The units are named as unit-1 and unit-2 and they are arranged in a parallel
configuration. Unit-1 can fail due to hardware or due to human error failure whereas unit-2 fails due to
normal cause. A single repairman is considered with the system for all types of failure in the units and
unit-1 gets priority in repair over the unit-2. The repair time distributions of unit-1 are taken as general
with different c.d.fs and the repair time distribution of unit-2 is taken as exponential. Failure time
distribution of unit-1 due to human error is taken exponential. Whereas the random variable denoting the
failure time of unit-1 due to hardware failure and random variable denoting the failure time of unit-2 are

assumed to be correlated random variables having their joint distribution as bivariate exponential
(B.V.E.).

Keywords: Transition probabilities, mean sojourn time, bi-variate exponential distribution,
regenerative point, reliability, MTSF, availability, expected busy period of repairman, net
expected profit.

I Introduction

Reliability is an important concept in the planning design and operation stages of various complex
systems. Gupta et al. (2014) analysed a two non-identical unit parallel system with two independent
repairmen-skilled and ordinary. A failed unit is first attended by skilled repairman to perform first phase
repair and then it goes for second phase repair by ordinary repairman. Both types of repair discipline are
FCFS. Chaudhary et al. (2015) analysed a two non-identical unit parallel system model assuming that an
administrative delay occurs in getting the repairman available with the system whenever needed. Upon
failure of a unit, the other operating unit shares the load of failed unit. Chopra and Ram (2017) analysed a
two non-identical unit parallel system with two types of failures: common cause failure and partial
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failure. The repairman is not always available with the system to repair a failed unit. Whenever a unit
fails, the repairman is called to come at the system and he takes some significant time to reach at the
system. This time is known as waiting time of repairman during which the failed unit waits for repair.
Chandra et al. (2020) performed the reliability and cost benefit analysis of the two identical and non-
identical unit parallel system models by using Semi — Markov Process in regenerative point. A study of
comparison is made between the reliability characteristics for both the system models under study. In
these papers, the authors did not consider the concept of human error failure. In all the above system
models the authors have considered single cause of failure in a unit i.e. normal cause.

Mahmoud and Moshref (2010) analysed a two-unit cold standby system by considering two
cause of failure in a unit namely-Due to hardware and Due to human error. It has also been assumed that
an operating unit goes for preventive maintenance (PM) to increase the system effectiveness. All the
distributions of random variables involved in the system model are taken to follow arbitrary
distributions. Kumar and Malik (2011) carried out the profit analysis of a computer system model with
software and hardware failure subject to maximum operation time (MOT) and maximum repair time
(MRT). An operating unit goes for preventive maintenance (PM) after completing MOT, if it is not failed
during this time. Further if a failed unit is not repaired during MRT, it is replaced by new one. The
priority to software replacement is given over hardware repair. Singh et al. (2016) analysed a two-unit
warm standby system with two types of repairman. The first type of repairman, usually called regular
repairman who is always remains available with the system to attend a failed unit. If he might not be able
to do some complex repairs within some tolerable (patience) time, an expert repairman is called from the
outside to complete the repair of the failed unit and he takes some significant time to reach at the system.
Further an operating unit may fail either due to hardware or due to human error. In all the above system
models the common assumptions considered is that the failure and repair times of the units are taken to
uncorrelated random variables.

Gupta and co-workers [2008,2018] analysed two unit parallel and standby system models under
different sets of assumptions by taking the failure and repair times as correlated random variables having
their joint distribution as bivariate exponential. They have considered only single type of failure in an
operating unit. Some authors including [1999, 2013] analysed two-unit parallel system models by taking
the joint distribution of life times of the units working in parallel as bivariate exponential. They have also
considered the single type of failure in an operating unit. The objective of the present paper is to study a
two non-identical unit parallel system subject to two causes of failure in an operating unit-Due to
hardware and Due to human error. Human failure is defined as a failure to perform a prescribed task
which could result in damage to the equipment and property. There exist a number of causes for human
error; e.g., lack of good job environments, poor training or skill of the operating personnel and so on. On
the other hand, hardware failure occurs due to flaws in design, poor quality control and poor
maintenance.

The life time of the units working in parallel form are taken to be correlated random variables
having their joint distribution as bivariate exponential with different parameters as the form of joint p.d.f.
given below.

—, X, —0L, X . .
f(x,x5) = a0, (1-r)e™ ™ “10(2«[oc1a2rxlxz), X[,X,,0,,0, >0; 0<r<l

0 2k
where, Iy (z)= Zﬂ
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is the modified Bessel function of type-I and order zero.

By using regenerative point technique, the following measures of system effectiveness are

obtained-

1.
ii.
iii.

iv.

Vi.

Transient-state and steady-state transition probabilities.

Mean sojourn time in various regenerative states.

Reliability and mean time to system failure (MTSF).

Point-wise and steady-state availabilities of the system as well as expected up time of the system
during time interval (0, t).

The expected busy period of repairman in time interval (0, t).

Net expected profit earned by the system in time interval (0, t) and in steady-state.

II. System Description and Assumptions

The system comprises of two non-identical units-unit-1 and unit-2. Initially, both the units are
operative in parallel configuration.

Each unit has two modes-Normal (N) and Total failure (F).

Unit-1 can fail either due to hardware or human error. Whereas unit-2 can fail only due to its normal
cause.

The system failure occurs when both the units are totally failed.

A single repairman is always available to repair the failed unit-1 either due to hardware or human
error and the failed unit-2. The unit-1 gets priority in repair over the unit-2.

Failure time of unit-1 due to human error is taken exponential distribution whereas the failure time of
unit-1 due to hardware and failure time of unit-2 due to normal cause are assumed to be correlated
random variables having their joint distribution as bivariate exponential (B.V.E.) with density function
as follows-

f(x),%x,) =0, (1-1)e @™ *% I (2 040, TX X ); X15Xp,04,0, >0;  0<r<l1

o 2k
where, 1, (z) = Z%

k=0 (kY

The repair time distribution of unit-1 failed either due to hardware or due to human error are taken as
general with different c.d.fs whereas the repair time distribution of unit-2 failed due to normal cause
is taken as exponential.

A repaired unit always works as good as new.

III.  Notations and States of the System

We define the following symbols for generating the various states of the system-

N, N2, : Unit-1 and Unit-2 in normal (N) mode and operative.
F, : Unit-1 is in failure (F) mode and repair which is failed due to hardware
failure.
E, : Unit-1 is in failure (F) mode and repair which is failed due to human
erTor.
F2F2. : Unit-2 is in failure (F) mode and under repair/waits for repair.
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Considering the above symbols in view of assumptions stated in section-2, the possible states of
the system are shown in the transition diagram represented by Figure. 1. It is to be noted that the
epochs of transitions into the state S, fromS,;, Sy from S, are non-regenerative, whereas all the other

entrance epochs into the states of the systems are regenerative.

The other notations used are defined as follows:

E Set of regenerative states.
X;(i=12) Random variables representing the failure time of unil-1 in N-mode and
unit-2 respectively for i=1,2.
f(x1,%,) Joint p.d.f. of (x,x,).

f(x),%x,) =oya, (1-r)e @™ *% I, (2 O 0L, TX X 5 )

5 X[5X5,0,0, >0;0<r<1

0 2k
where, I)(z)= Z(Z/i

Marginal p.d.f. of X; =x
—a, (1 - )e—u‘(l—r)x

Conditional p.d.f. of X1|X2 =X.

= ale_(a'xlmzm)lo (2,/a1a2rxx1 )

Conditional p.d.f. of X,|X; =x.

_ azef(azxz+a,rx)lo (zm)

Conditional c.d.f. of X;|X;=x, i#j;i,j=12.

Constant failure rate of unit-1 due to Human error.

Constant repair rate of unit-2 due to normal cause.

c.d.f. of repair time of unit-1 failed due to hardware failure and unit-1

failed due to human error.

4 (-),q,(jk) () p.-d.f. of transition time from state S; to S; and S; to S; vias§, .
pij,pg() Steady-state transition probabilities from state S; toS; and §; to S;
viaS, .
D, ,p% Steady-state transition probabilities from state S; to S, and S; to S, via
yix 1J|X ] 1 J
S, when it is known that the unit has worked for time x before its failure.
*

fSymbol for Laplace Transform i.e. qj (s) = J'e_“qij (t)dt
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Symbol for Laplace Stieltjes Transform i.e. Qij (s)= J.e_Stinj (t)

Symbol for ordinary convolution i.e.

t

A(t)OB(t) = [A(u)B(t—u)du

tThe limits of integration are 0 to co whenever they are not mentioned.

TRANSITION DIAGRAM

S
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Figure. 1

IV. Transition Probabilities and Sojourn Times

Let X(t)be the state of the system at epoch t, then {X(t);t>0}constitutes a continuous
parametric Markov-Chain with state space E = {S, toS;} .The various measures of system effectiveness are

obtained in terms of steady-state transition probabilities and mean sojourn times in various states. First

we obtain the direct conditional and unconditional transition probabilities in terms of
a a
a{ = —1 , u112 — 2
o +A+B

o, +6,
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as follows-
o, (1=t )+a, (1-1 1-1)
— 1— {)"" 1(1 )+ 2(] )}tdt — (xl(
Por jal( r)e A+oy (1-1)+a,(1-1)
Similarly,
B A B a, (1-r)
Po> Aoy (1-1)+o,(1-1)’ p03_x+a1(1—r)+a2(1—r)
P2 = Gz [az (1 —r)] > P(z? = 1_(}2 [0‘2 (l—r)]
py3 = | dG, (1) =1, ps3 = | dG, (t) =

Piox = J-dGl (w)K, (u| X)

Similarly,
(4)
Piix = .[ G, (u)dK, u| )

o o ]
_ —(A+B)u —(o,y+0,1x) (a1a2rx}/) dv ldu= B |:1 R —azrx(l—al’):l
Poix IBe [{ocle ;—(j!)z y (du _7\'+B ae

_ a{efazrx(lfa{)/

_raourx(1-ay)
Plx e

— A 1
1335|X _7\'+B|:

The unconditional transition probabilities with correlation coefficient from some of the above conditional
transition probabilities can be obtained as follows:

Pio = J Piox &1 (x)dx = J'Pm\x {oy (1-r)e ™"y dx

Similarly,
(4) _ —o, (1-1)x _ B _ai(l—r)
Pi3 _J-p13\ {oy(1-r)e pdx, P30 = )H_B{l (1-ro)
aj(1-r) A aj(1-r)
P3s =73 P35 = 1- 7
(1-roy) r+B | (1-ray)
It can be easily verified that,
4 5
Po1 +Po2 +Po3 =1, P10+P£3) =1, p20+p(23) =1
P3o +P3a tP3s =1, Ps3 =Ps3 =1 (1-5)
V. Mean Sojourn Times

The mean sojourn time y; in state S; is defined as the expected time taken by the system in state
S; before transiting into any other state. If random variable U; denotes the sojourn time in state S; then
v; = | P[U; > t]dt
Therefore, its values for various regenerative states are as follows-

_ —{k+al(1—r)+az(l—r)}td _ 1 6
Vo je ' A+oy(l-1)+0a, (1-1) ©)
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= = = T —(o,u+a,rx) - (alazrxu)j

wix = [ G (K, (t]x)dt =[G, (1) [aze > du |dt
g o (1Y

So that,
w1 = [y (x)dx = [y (1-r)e P ax @)
v, =[G, (t)e (gt 8)

1 1 —a,rx(l-o;
W3x :B+k{l_ale e al)}
So that,

1 aj(1-r)
= 1- 9

3 B+7~{ (-1 ©
vy =[Gy (t)dt (10)
W =J(_}2 (t)dt (11)

VI. Analysis of Characteristics

a) Reliability and MTSF

Let R;(t) be the probability that the system operates during (0, t) given that at t=0 system starts from

S; €E. To obtain it we assume the failed states S, and Ss; as absorbing. By simple probabilistic
arguments, the value of Ry (t) in terms of its Laplace Transform (L.T.) is given by
Zy +901Zi +d0Zs + 90323
101910 —d02920 — 90330
We have omitted the argument’s from q; (s) and Z; (s) for brevity. Z; (s);i=0,1,2,3 are the L. T. of

ZO (t) _ e—{kﬂl.(lfr)ﬂxz(l—r)}t , Zl (t) = Gl (t)J'KZ (t | X)gl (X)dX

Z,(t)= efaﬁ(l*r)tC_}Q (t), Zy(t)= ef(Mﬁ)t‘[I_(] (t]x)g, (x)dx
Taking the Inverse Laplace Transform of (12), one can get the reliability of the system when system
initially starts from state S,.
The MTSF is given by,

E(T,) = J‘RO (t)dt = limR} (s) = Vo *Po1V1 T Po2W2 +Po3Vs (13)
s—0 1=po1P1o —Po2P20 —Po3P3o

Rj(s)= (12)

b) Availability Analysis

Let A;(t) be the probability that the system is up at epoch t, when initially it starts operation from
stateS; € E . Using the regenerative point technique and the tools of Laplace transform, one can obtain the

value of A, (t) in terms of its Laplace transforms i.e. Aj(s)given as follows-

Ai(s)= o)

14
D (s) (49
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where,
*® * * * * *® * * *® ® 4)% * 5)* * *
N (s)= [1 ~ 434943 ~ 935953 J(Zo +d01Z1 +40Z; ) + Lq01q£3) + Qqu(m) +do03 J Z3
and
% % % % * % sk 5 * 4)* 5 5)* %
Dy (s)= [1 ~ 934943 ~ 935953 J(l ~901910 ~ 902920 ) —d30 L%lqu,) + CIozq(23) +do3 J
where, Z;(t),i=0,1,2,3 are same as given in section VI(a).
The steady-state availability of the system is given by
Ay =lim A, (t)=1limsAg (s
0 t—>00 0() s—0 0()
We observe that
D, (0)=0
Therefore, by using L. Hospital’s rule the steady state availability is given by
. N;j(s) N
Ay =1lim } (s) = —}
s>0Dj(s) Dj

where,

N, =p3 (\Vo +Po1V1 TP V2 ) + (1 —Po1P10o ~Po2P20o )\I’3
and

Dj =ps L\Vo +Poi (\V1 +P1aVy ) +Po2 (\Vz +P2s5Vs )J + (1 ~Po1P10 ~Po2P2o )[\Vs TP3Wy t P35\V5]

The expected up time of the system in interval (0, t) is given by
t
Hup (t) = J.AO (u)du
0

_AN(s)

So that, p*up (s) =
s

c) Busy Period Analysis

(15)

(16)

(17)

(18)

(19)

Let B} (t),B;(t)and B; (t) be the respective probabilities that the repairman is busy in the repair of

unit-1 failed due to hardware, unit-1 failed due to human error and unit-2 failed due to normal cause at

epoch t, when initially the system starts operation from state S; €E. Using the regenerative point

technique and the tools of L. T., one can obtain the values of above three probabilities in terms of their

L.T.ie. B{"(s), B (s)and B;" (s)as follows-

B (s)= Na (s)

2% N; (S)
D (s) RARRYS)

3 Ny (S)
D (s) 5=

7

where,

* * % * % * * * * * 4)* * 5)* * *
N,(s)=qy [1 ~ 434943 — 935953 J (Zl +q14Z4 ) + 34 Lq01q§3) + Qqu(23) + 03 JZ4

* * * * * 3k * ¥ * * 4)x £ * * e
N3(s) = oz [1 ~ 934943 935953 J (Zz +d25Zs )+ dss (%1‘1%3) +05005;” +dgg )Zs

* 4)% * £ * *
Ny(s) = Lq01q§3) + CI02C1(253) +q03 J Zy

and D; (s) is same as defined by the expression (15) of section VI(b).
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Also 7, and Z; are the L. T. of

Z,()=G(t),  Z5(1)=Gy(1)
The steady state results for the above three probabilities are given by-
B. = lim sB; (s)=N,/Dj, B2 =N,/D| and B} =N,/D| (23-25)
s>

N, = P3P0 (\Vl +P1aVy ) + LP34 (1 —Po1P10 —Po2P20 )J Yy

N3 =p3oPo2 (\Ifz +PasVs ) + |_P35 (1 —Po1P10 —Po2P20o )J Vs

N, = [1 ~—Po1Pio _pozpzo]\l/3
and Djis same as given in the expression (18) of section VI(b).

The expected busy period in repair of unit-1 failed due to hardware, unit-1 failed due to human error and
unit-2 failed due to normal cause during time interval (0, t) are respectively given by-

T (t):jB}) (u)du, Th (t):jBé (u)du  and T (t):ng (u)du

So that,
py (s)=By (s)/s ue (s)=Bg" (s)/s and w (s)=By" (s)/s (26-28)

d) Profit Function Analysis

The net expected total cost incurred in time interval (0, t) is given by
P(t) = Expected total revenue in (0, t) - Expected cost of repair in (0, t)

1 2 3
= Kobtyp (£) =Ky (1) = Kamsy (£) = Kop (1) (29)
Where, K, is the revenue per- unit up time by the system during its operation. K,, K, and K; are

the amounts paid to the repairman per-unit of time when he is busy in repair of unit-1 failed due to
hardware, unit-1 failed due to human error and unit-2 failed due to normal cause respectively.
The expected total profit incurred in unit interval of time is P = K,A, —K,B} —K,Bz —K,Bj

VII. Particular Case

When the repair time of unit-1 failed due to hardware and human error also follow exponential with

p.d.fs as follows-
g, () =6, 22(1) =0,67
The Laplace Transform of above density function are as given below-
~ 0 ~ 0
“(s)=G,(s) = ——, “(s) = G, (s) = —2
g1(5) =G (s) 5+6, g2(s) =G, (s) 546,

Here, G,(s) and G,(s) are the Laplace-Stieltjes Transforms of the c.d.fs G,(t) and G,(t) corresponding to
the p.d.fs g;(t)and g, (t).

In view of above, the changed values of transition probabilities and mean sojourn times.

b :l_oc'z(l—r) (4):0L'2(1—r) Py = 0,
10 (-ra})’ B -ra)’ 07 o, (1-1)+0,
35) _ az(l—r) 1 1

B 1-1)+0, Y a-n+e,’ Vo d e,
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VIII. Graphical Study of Behaviour and Conclusions

For a more clear view of the behaviour of system characteristics with respect to the various
parameters involved, we plot curves for MTSF and profit function in Fig. 2 and Fig. 3 w.r.t. a; for three
different values of correlation coefficient r=0.25, 0.35 and 0.45 and two different values of repair
parameter 0,=0.7 and 0.9 while the other parameters are kept fixed as A=0.09, a, =0.045, B=0.8,

0, = 0.7 .From the curves of Fig. 2, we observe that MTSF increases uniformly as the values of r and 6,
increase and it decreases with the increase in @ . Further, to achieve MTSF at least 94 units we conclude
from smooth curves that the value of a; must be less than 0.118, 0.190 and 0.332 respectively for r =0.25
,0.35,0.45when 0, =0.9. Whereas from dotted curves we conclude that the value of a; must be less
than 0.100, 0.171, 0.294 for r =0.25, 0.35 and 0.45 when©, =0.7.

Similarly, Fig. 3 reveals the variations in profit (P) w.r.t. o; for varying values of r and 0;, when
the values of other parameters are kept fixed as A=0.09, a,=0.045, Bp=0.8, 0,=0.7,K,=160,
K, =400,K, =250 and K3 =350. Here also the same trends in respect of @,, r and 0, are observed as
in case of MTSF. Moreover, we conclude from the smooth curves that the system is profitable only if a,
is less than 0.581, 0.700 and 0.850 respectively for r =0.25, 0.35, 0.45when 0, = 0.9. From dotted curves,
we conclude that the system is profitable only if @, is less than 0.520, 0.612 and 0.759 respectively for
r=0.25,0.35 and 0.45 when, =0.7.

Behaviour of MTSF w.r.t. a, for different values of rand 0,

160 --e---1=0.25,0,=0.7 —e—1=0.25,0,=0.9
140 --4---1=0.35,0,=0.7 ——1=0.35,0,=0.9
120 4+ --#---1=0.45,0,=0.7 —a—1=0.45,0,=0.9
100
B 80
=
60
40
20 -
0 T T T T T T T 1
0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
(051 %
Figure.2
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Behaviour of PROFIT (P) w.r.t.a; for different values of rand 0,
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