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Abstract

The paper analyses a two non-identical unit parallel system in respect of various measures of
system effectiveness by using regenerative point techniques. It has been considered that the life
times of both the units are correlated random variables and a single repairman is always available
with the system to repair a failed unit.
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I. Introduction

Various authors including Sridharan & Kalyani (2002), Mokaddis & Sherbeny (2008) in the field of
reliability theory have been analyzed two unit parallel system models under different sets of
assumptions using regenerative point technique. Some of the authors using the concept of giving
the priority to one of the unit in repair and compare to other, Malik et al. (2010), Kumar et al.
(2018, 2021) developed a reliability model for a system of non-identical units parallel system with
priority to repair . In all these systems models it is assumed that the lifetimes are uncorrelated
random variables, but in practical situations this seems to be unrealistic because in many cases
there may be some sort of correlation between the lifetimes of operating units. Singh & Poonia
(2019) introduced the concept of correlation between failure and their times in the analysis of a
single server two unit cold standby system. Later various papers including those by Gupta et al.
(2010) have been analyzed the correlated failure and repair time distribution of a unit.

Gupta and co-workers [2008,2018] analyzed two unit parallel and standby system models
under different sets of assumptions by taking the failure and repair times as correlated random
variables having their joint distribution as bivariate exponential. They have considered only single
type of failure in an operating unit. Some authors including [1999, 2013] analyzed two-unit parallel
system models by taking the joint distribution of life times of the units working in parallel as
bivariate exponential. They have also considered the single type of failure in an operating unit.

In the present paper we analyze a two non-identical unit parallel system model with priority
in repair and correlated life times of the units working in parallel having their joint distribution as
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bivariate exponential distribution with different parameters as the form of the joint p.d.f. given
below.
f(xq,%,) =00, (1-r)e” 7% (2 Jay0,1X X, );  X(,X,p,04,0, >0; 0<r<1
Where, I, = z %
k=0 (k!)

is the modified Bessel function of type-I and order zero.
By using regenerative point technique, the following measures of system effectiveness are

obtained-

i. Transition probabilities and mean sojourn times in various states.

ii. Reliability and mean time to system failure (MTSF).

iii. Point-wise and steady-state availabilities of the system as well as expected up time
of the system during time interval (0, t).

iv. Expected busy period of repairman in the repair of unit-1 and unit-2 during time
interval (0, t).

V. Net expected profit earned by the system in time interval (0, t).

II. System Description and Assumptions

1. The system consists of two non-identical units (unit-1 and unit-2). Initially, both
the units work in parallel configuration.

2. Each unit of the system has two possible modes-Normal (N) and total failure (F).

3. The first unit gets priority in repair.

4. System failure occurs when both the units stop functioning.

5. A single repairman is always available with the system to repair a totally failed
unit and repair discipline is first come, first served (FCFS).

6. If during the repair of a failed unit the other unit also fails, then the later failed unit
waits for repair until the repair of the earlier failed unit is completed.

7. The repair times of both the units are uncorrelated random variables, each having
a general distribution with different parameters.

8. Each repaired unit works as good as new.

9. The joint distribution of lifetimes (failure times) of both the units is taken to be
bivariate exponential having a joint density function of the form,
f(x1,X,) =00, (1-1)e” ™ 7% I (240 0,1X, X, ); - X, X5,04,0, >0; 0<r<1

0 2k
Where, I, = Z (z/ 2)2
k=0 (k)
10. The arrival time distribution of repairman is general.

III. Notations and States of the System

We define the following symbols for generating the various states of the system-

Nio-Nao :  Unit-land unit-2 is in N-mode and operative in parallel.

E,.E, :  Unit-1 and unit-2 is in F-mode and under repair.

By :  Unit-2 is in F-mode and under waiting for repair.

Fllr First unit is in failure mode and its repair is continued from state §;.
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Considering the above symbols in view of assumptions stated in section-2, the possible states
of the system are shown in the transition diagram represented by Figure. 1. It is to be noted that
the epochs of transitions into the state S,from S, are non-regenerative, whereas all the other

entrance epochs into the states of the systems are regenerative.
The other notations used are defined as follows:

E
X.(i=12)
f(x,,%,)

g (x)

K; (o X)

k(%) [ X, =%x,):
ky (%, | X =x):

Jod (o),Gi (o);i:I,Z: The repair time probability distribution function and cumulative

g ()" (")
Py (*)-py" (*)

Pijx (')

By

®
» Pijx

()

Set of regenerative states.

Random variables denoting the failure time of unit-1 N-mode and unit-

2 respectively for (i=1, 2)

Joint probability density function of x;;i=1,2

=000 (1-1)e M™% [ (2, oy 0, 1% X )
; X[5X9,0,0, >0; 0<r<l

o0

k
Where, I, (2oyopmx, ) = 3 (1%2iX2)

o kY’
Marginal p.d.f. of X, =x
=ay (1 —r)e 4 x> 0,00>0
Conditional p.d.f. of X, |Xj =x;1#],j=12
Conditional p.d.f. of X | X, =x

ST A (24Jo 051X X )

Conditional p.d.f. of X, | X, =x

= oy @I (2 fo o, xx, )

distribution function of x;

: P.d.f. of transition time from state S, to S;and S, to S; via S, .

: Steady-state transition probabilities from state S; to S;and S; toS;via

S, -

: Steady-state transition probabilities from state S, to S;and S; to S, via

S, when it is known that the unit has worked for time x before its

failure.

Repair time of failed unit-2

Symbol for Laplace Transform i.e. gi(s) = j e g, (tdt
Symbol for Laplace Stieltjes Transform i.e. Q5 (s) = I e "dQ; (Mt

Symbol for ordinary convolution i.e.

A(t)©B(t)=j A(u)B(t-u)du

115

RT&A, No. 1 (67)
Volume 17, March 2022



Pradeep Chaudhary, Anika Sharma RT&A, No. 1 (67)
A TWO NON-IDENTICAL UNIT PARALLEL SYSTEM Volume 17, March 2022

tThe limits of integration are 0 to oo whenever they are not mentioned.

TRANSITION DIAGRAM
S, So Si
Xz Xl
NlOe F2r ]' N ‘( NIO, Nzo l " ‘( Flra NZO

Gi(*) vy XolXy
Flr, F2w Fllr, FZw
S4 S;
O : Up State D : Failed State @ : Regenerative Point >< : Non Regenerative Point
Figure.1

IV. Transition Probabilities and Sojourn Times

Let X(t) be the state of the system at epoch t, then {X(t);t > O} constitutes a continuous parametric
Markov-Chain with state space E = {SotoS4} .The various measures of system effectiveness are

obtained in terms of steady-state transition probabilities and mean sojourn times in various states.
First we obtain the direct conditional and unconditional transition probabilities in terms of

o =4 o, = —22
oy By ’ a, +6,
as follows-
o (eP)t —o (1 a
Poi IJ.(XI(I—I‘)G o, (1 1’)te a, (1 r)tdt: 1
o+,
o (1D o (1— a
Poo :J.az(l—r)e a, (1 r)te a, (1 r)tdt: 2
oy +a,

Py = J.dGl(t) =1

Piojx = IdG Kz (t | X) = jdG (UJOL ef(azy+a,rx)1 (2 [0( o rXYFY

0

= [da (t)[ja e*“zywmz(“ 10, TXY)’ Jdu

0 =0 (J')

=q e“‘“z(a(?')rx) U ooy [Gl (Y)Jd}’j

Similarly,
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_ " —orx(l-a)) _ ) —orx(l-ay)
Paojx =1-oye ™ v, Pogjx =04€ :

—arx = (040, TX =
) =1-| e 3 a0y [y [Gin oy
=G o
The unconditional transition probabilities with correlation coefficient from some of the above
conditional transition probabilities can be obtained as follows:

10 :JPIO\X g,(x) dx

—a,(1-nfe ", ‘“I“Z(“(‘J‘,;") U [G&y)]dy}

j=0 0

Similarly,
_ . oy(-1) _oy(1-1)
Pan (-or)’ * (1-ar)

pY —al(l—r)je“'(l”x[ |:a ea'rxz(a(?')m) (.[ - [G (Y)JdYHJd

0
It can be easily verified that,

3
Po1 +Pg2 =1, Pio +p§z) =1, psp =1, P20 + P2y =1 (1-4)

V. Mean Sojourn Time

The mean sojourn time y, in state S, is defined as the expected time taken by the system in state S;
before transiting into any other state. If random variable U, denotes the sojourn time in state S;
then,

= [P[U, > tjdt
Therefore, its values for various regenerative states are as follows-

1
— efonl(lfr)tefot2 (lfr)tdt — 5
vo=] (oy +a,)(1-1) ©

Viix =J61(t)122 (t | X) dt = o e—arxz(alqzrx) {J‘ e %Y [J.Gl(t)dt] J
j=0 (.]') 0
So that,
v ZJ\I’HX g (x) dx
= [wijx o (1= 0" dx

I (3 . (6)
= o0y (1 —r)z (a( O:)Zr) (J.e%yyJ UG1(t)dt}dyJ(J-e“'rxe“'(lr)xxjdx)}
=0 U 0
= [0 Gy (1) dt
1 " —ayrx(l-o)) |
So that,
1. oy(d-1)
=—|1-2 7
Ve Bl{ (1_a;r)} v
vy =[Gi(t) dt ®8)
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VI. Analysis of Characteristics
L. Reliability and MTSF

Let R, (t)be the probability that the system operates during (0, t) given that at t=0 system starts
fromS; e E . To obtain it we assume the failed statesS, and S,as absorbing. By simple

probabilistic arguments, the value of R (t) in terms of its Laplace Transform (L.T.) is given by

)= Zy +40.Zy +dppZ,
1-q01910-902920
We have omitted the argument’s from q; (s)and ZT (s)for brevity. Z? (s);i=0,1,2 are the L. T. of
Z, (t)=e o)t Z,(t) =Gi(t), Z,(t)=eP"

Taking the Inverse Laplace Transform of (9), one can get the reliability of the system when

Ry (s )

system initially starts from stateS, .
The MTSF is given by,

E(T,)=[R, (t)=limRg ()

_ Yo *PoiVi +Poa V2 (10)
1=po1P1o —Po2P20

II. Availability Analysis

Let A; (t) be the probability that the system is up at epoch t, when initially it starts operation from
stateS; € E. Using the regenerative point technique and the tools of Laplace transform, one can

obtain the value of A (t) in terms of its Laplace transforms i.e. Ag (s) given as follows-

: N (s)
Al (s) = 11
0 (S) D1 (S) ( )
Where,
Ni(®)=Zy | 1-G30 |+ Zidy) [ 1-andia |+ 25 [q&qﬁ)* +qu]
and

* * * * * * * * 3 * *
Dy (s) =1-qp4947 — 910901 (1 —924942 )— 20 (%1‘1%2) +qp ) (12)
Where, Z (t) ,1=0,1,2 are same as given in section VI(I).

The steady-state availability of the system is given by

A, =1im A, (t)=1 A7 13
o = fim Ao (1) =l s A5 (5 )
We observe that
D, (0)=0
Therefore, by using L. Hospital's rule the steady state availability is given by
N,(s) N
A, = lim ﬁ =—1 (14)
520 D, (s) D,
Where,
3
N; =y, [1 ~P24Pa2 } + W1 Por [1 ~P24Pa2 J VW, [Pmpgz) *Po2 ]
and
Dvl =WYoP2o TV1Po1P20 V2 (1 ~P1oPor ) T W42y (1 ~P1oPo1 ) (15)

The expected up time of the system in interval (0, t) is given by
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Hup (t) = _(i;Ao (u)du

Aq (s)

So that, py, (s)=
s

(16)

III. Busy Period Analysis

Let B! (t) and B} (t)be the respective probabilities that the repairman is busy in the repair of unit-
1 failed due to first repair with priority of unit-1 and unit-2 failed due to second repair at epoch t,
when initially the system starts operation from state S, € E . Using the regenerative point technique
and the tools of L. T., one can obtain the values of above two probabilities in terms of their L. T. i.e.
B{" (s) and B} (s)as follows-

* N " N
B} (s):ﬁ, Bi2 (s):ﬁ
D, (s) D, (s) (17-18)
Where,
N(): Z*+*Z* * 1_* % —Z* * (3)**+* %
28 1 Y1343 901 q42924 4 (901912 924 T 902924
and

* * 3)* *
N;(8)=72, (QOlqu) g2 )
and D, (s) is same as defined by the expression (12) of section VI(II).

The steady state results for the above two probabilities are given by-

By =lims By (s)=N,\D; and Bj=lims B; (s)=N,\D; (19-20)
s—0 s—0
Where,
3
N, (0) = (‘I’l +Pi3V3 )P01 (1 ~P42P24 ) —Wy (P01p£2)P24 +Pp2P24 ) (21)
3
N; (0) =V, (pmpgz) +poz) (22)

and D'l is same as given in the expression (15) of section VI(II).

The expected busy period in repair of unit-1 failed due to first repair with priority of unit-1
and unit-2 failed due to second repair during time interval (0, t) are respectively given by-

t t
b (1) = [BY (u) o, b3 (1) = [ B (u)du
0 and 0
So that,
By By
wy (s)= @ and ue' (s)= OT(S) (23-24)

IV. Profit Function Analysis

The net expected total cost incurred in time interval (0, t) is given by
P (t) = Expected total revenue in (0, t) - Expected cost of repair in (0, t)

=Koy, (t)_KIML (t)_Kﬂ’tg (t) (25)
Where, K, is the revenue per- unit up time by the system during its operation.K; and K,are

the amounts paid to the repairman per-unit of time when the system is busy in repair of unit-1
failed due to first repair with priority of unit-1 and unit-2 failed due to second repair respectively.
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The expected total profit incurred in unit interval of time is P =K A, - KIB%) —Kng

VII. Particular Case

Let, Gi(y)=¢
In view of above, the changed values of transition probabilities and mean sojourn times.

Projx = aze*%m i (qlqer)J [T e—uzyyj I:al (y)] dy] _ a'ze—alrx(l—aé)
j= 0

=Gy
3 . o, (1-1) o, (1-1)
(1-a,r) (I1-a,r)
Vi (-0 +7h,

VIIL. Graphical Study of Behaviour and Conclusions

For a more clear view of the behaviour of system characteristics with respect to the various
parameters involved, we plot curves for MTSF and profit function in Fig. 2 and Fig. 3 w.r.t. a, for

three different values of correlation coefficient a,=0.1, 0.5, 0.9 and two different values of repair
parameter r =0.25, 0.6 while the other parameters are p,=0.085, 8, = 0.6. It is clearly observed from
Fig. 2 that MTSF increases uniformly as the value of a,and r increase and it decrease with the
increase ina, . Further, to achieve MTSF at least 17 units we conclude for smooth curves that the
values of a; must be less than 0.13, 0.23 and 0.45 respectively for a,=0.1, 0.5, 0.9 when r =0.6.
Whereas from dotted curves we conclude that the values of a, must be less than 0.12, 0.14 and 0.31
for a,=0.1, 0.5, 0.9 when r =0.25.

Similarly, Fig.3 reveals the variations in profit (P) with respect to a, for three different values
of a,=0.3, 0.6, 0.9 and two different values of r =0.3, 0.6, when the values of other parameters B,
=0.95, 0,=0.09, Ko=200, K1=95 and K>=175. Here also the same trends in respect of @, ,a, and r are

observed in case of MTSF. Moreover, we conclude from the smooth curves that the system is
profitable only if a, is less than 0.22, 0.42 and 0.66 respectively for a,= 0.3, 0.6, 0.9 when r =0.6.

From dotted curves, we conclude that the system is profitable only if @, is less than 0.19, 0.3 and

0.5 respectively for a,= 0.3, 0.6, 0.9 when r =0.3.

Behaviour of MTSF w.r.t. @, for different values of a,and r

120



Pradeep Chaudhary, Anika Sharma
A TWO NON-IDENTICAL UNIT PARALLEL SYSTEM

25
B 20
=
=
15
10
5
0 T T T T T 1
0,1 0,2 0,3 0,4 0,5 0,6 0,7
—>
(051
Figure.2
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