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A Discrete Parametric Markov-Chain Model of a Two Non-
Identical Units Warm Standby Repairable System with
Two Types of Failure ...

Pradeep Chaudhary, Anika Sharma, Rakesh Gupta

The paper deals with the stochastic analysis of two non-identical units (unit-1 and unit-2). Initially, one unit is
operative and other is kept into warm standby. Each unit of the system has two possible modes-Normal (N) and
Total Failure (F). A single repairman is always available with the system to repair a failed unit. The operative
unit is non-repairable, hence upon failure it goes for replacement. The system failure occurs when both the
units are in total failure mode. Failure and repair times of a unit are taken as independent random variables of
discrete nature having geometric distributions with different parameters.

Random Processes Imitation in Fatigue Studies ...

Irina Gadolina, Alexei Erpalov, Nelly Dinyaeva

Modelling random processes traditionally supposes working with the spectral density. Although many
engineering problems require the knowledge of spectral density, the specific character of fatigue damage
accumulation dictates the different approach — namely, the consideration of the distribution of random values of
the local extremes, which is responsible for fatigue damage accumulation. There is a need in developing the
methods of random loading imitation in the experimental and numerical study of fatigue. According to the up-
to-date situation in science in fatigue, both opposing approaches should be considered - the time domain and the
frequency domain. The proposed method, which consists of two stages, meets that requirement. The performed
case study based on laboratory fatigue testing confirms its applicability.

A NOVAL APPLICATION OF DUANE PROCESS FOR
MODELING TWO GRADED MANPOWER SYSTEM WITH
DIRECT RECRUITMENT IN BOTH THE GRADES. ........cccoooiiiiriireiecereeeens

Ch. Ganapathi Swamy, K. Srinivasa Rao

Human Resource Management and other companies rely heavily on manpower models. Manpower planning
was a prerequisite for effective organization administration. The construction and analysis of two graded
manpower models with direct Duane recruiting processes in both graduates is the subject of this paper.
Duane’s recruitment procedure was capable of identifying time-dependent recruitments. Poisson and non-
homogeneous Poisson processes are used in the Duane recruitment process as precise instances for specified
parameter values. It is assumed that the organization has two grades and that the recruitment procedure is
based on the Duane Process. The processes of leaving and promotion are Poisson processes. The model’s
transient behavior was investigated by deriving unambiguous expressions for system characteristics such as the
mean number of employees in each grade, the mean durational stay of an employee in each grade, and the
variance of number of employees in each grade using differential equations. The model’s sensitivity analysis of
parameters shows that the Duane recruiting process has a substantial impact on system performance
indicators. It was also noted that this model incorporates rates of recruitment that are increasing, decreasing, or
stable. This model proved helpful in analyzing organizational manpower issues.
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Parallel System Analysis with Priority and Inspection
Using Semi-Markov Approach ...,

Neetu Dabas, Reetu Rathee

In this paper a parallel system has been discussed with the idea of priority to preventive maintenance over
replacement. The system has two identical units and facility of inspection is given to the failed unit before
repair/replacement. There is a single server who play four-in-one role of inspection, replacement, repair and
preventive maintenance and comes immediately when required. Units are failed with constant rate whereas
failure time is random. The distribution of time for repair activities is arbitrary and there rates follow
exponential distribution. The random variable associate with different rates are stochastically independent.
Mathematical expression for several reliability terms like MTSF, availability, busy period analysis for server ,
expected number of visits by the server and cost benefit are obtained by using semi-markov process and
regenerative point technique. Graphs are drawn to find the effect of various parameters on MTSF, Availability
and profit.

AN UNIQUE OPTIMAL SOLUTION FOR TYPE - 111
TRIANGULAR INTUITIONSTIC FUZZY
TRANSPORTATION ISSUE.......c.oooiiiiiiiiiieteteteteecetct et

Indira Singuluri, N. Ravishankar, CH. Uma Swetha

In real-life decisions, usually we happen to suffer through different states of uncertainties. In order to counter
these uncertainties, in this paper, the author formulated a transportation problem in which availability, demand
and costs are mixed terms of real, triangular intuitionistic fuzzy numbers. In this paper, a simple method for
solving type-3 intuitionistic fuzzy transportation is applied. So, the proposed method gives the optimal solution
directly. The solution procedure is illustrated with the help of numerical examples.

ZECH DISTRIBUTION: DERIVATION, PROPERTIES AND
APPLICATIONS TO REAL LIFE DATA ..ottt

Sunday Adeyeye, Ademola Adewara, Emmanuela Akarawak, Adeyinka Ogunsanya,
Alabbasi Jamal

The roles of heavy — tailed distribution in modelling real life events, especially in financial and actuarial
sciences, cannot be over — emphasized. In this paper, a new heavy right — tailed, three — parameter continuous
distribution with increasing hazard rate called Zech distribution is developed. The proposed model is very
suitable for modelling heavy right- tailed data. Zech distribution is the reciprocal of the random variable which
follows Gompertz- Inverse — Exponential (GolE) distribution and it does not involve addition of extra
parameter, thereby removing the cumbersomeness in the estimation process posed by other methods involving
additional extra parameters, especially where more than three parameters are involved. The statistical
properties of the new distribution such as survival function, hazard function, cumulative hazard function,
reversed hazard function, quantile function, order statistics, moments, mean, median, variance, skewness, and
kurtosis were derived. The Linear representation of the pdf of the newly developed distribution revealed that its
probability density function is a weighted exponential distribution. Also, method of maximum likelihood was
used in estimating the model’s parameters. The simulation results revealed that as the sample sizes increased,
the root mean squared errors decreased which showed that the parameters of Zech distribution are stable. The
proposed distribution was applied to two real life data sets. The results showed that Zech distribution performs
better than Gompertz Inverse Expomnential distribution, Weibull Exponential distribution and Gompertz
Exponential distribution.
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A New Effective Approach to Solve Fuzzy Transportation
ProbIems..........ccooiiiiiiiiiiii

Kaushik A Joshi, Kirankumar L. Bondar, Pandit U. Chopade

In this article, we will take a look at FTP, and then present a way to solve many such problems by using the
affected method for FN level. Some of the numbers in FTP may be sharp or sharp numbers. In many decision-
making problems, numbers are represented in terms of FN. FN can be normal or oblique, triangular or
trapezoidal or any other FN LR. So, some FNs do not compare immediately. First, we convert QF such as price,
quantity, supply and demand, into accurate quantities by using our system, and then using sophisticated
algorithms, we solve and solve the problem. The new system is a configuration, easy to install and can be used
for all types of TP, or to increase or decrease the target function. In the end, this process is illustrated by digital
examples.

THE LENGTH BIASED NEW QUASI LINDLEY
DISTRIBUTION: STATISTICAL PROPERTIES AND

APPLICATION ..ottt sttt sb e st sae et be e sae s

N. W. Andure (Yawale), R. B. Ade

In this paper, a new distribution namely the length biased new quasi-Lindley distribution is proposed with the
different weight function. The different mathematical and statistical properties of the proposed distribution are
derived and discussed. The survival function, hazard rate function and mean residual life function for the
length biased new quasi Lindley distribution is discussed. Also, concepts like stochastic ordering and entropy
for proposed distribution are studied. The parameters of the proposed distribution are estimated by using the
method of maximum likelihood estimation. The performance of the newly introduced distribution is studied
using a real- life data set.

POWER WEIGHTED AKASH DISTRIBUTION WITH
PROPERTIES AND APPLICATIONS. .......cooitiiiiteteeeteteteeteset et

Rama Shanker, Kamlesh Kumar Shukla

In In this paper power weighted Akash distribution (PWAD) which includes weighted Akash distribution
(WAD), power Akash distribution (PAD) and Akash distribution as particular cases has been proposed and
investigated. Its moments, hazard rate function and mean residual life function have been discussed. Method of
maximum likelihood estimation has been discussed for estimating the parameters of the distribution.
Applications of the proposed distribution to two real lifetime datasets have been presented and compared with
other one parameter, two-parameter and three-parameter well-known lifetime distributions.



RT&A, No 2 (68)

Table of Contents Volume 17, June 2022

COMPREHENSIVE OPTIMIZATION OF SIGNOMIALLY
COMBINED-NUMERAL NONLINEARITY CODING
PROBLEMS WITH FREE VARIABLES QUANTITY ....ccccooiiiiiiiiiiniiiicicneciccieniee

Dr. K. Srinivasa Rao, Dr. U. V. Adinarayana Rao

Combined-numeral nonlinearity coding problem (CNNLCP) troubles concerning usual restrictions and
empirical roles and constant then numeral variable quantity frequently appear in a production project,
substance method business, and organization. Even though several optimize techniques need to be established
for CNNLCP troubles, these techniques can hold signal relationships together with a particular variable
quantity. Thus, this analysis intends a different approach used to explain a signal CNNLCP trouble and set
free variable amount towards achieving an internationally optimum explanation. The signal CNNLCP trouble
is initially converted into an individual with one certain variable quantity. However, the changed trouble is
redeveloped as a curving combined-numeral system as the Convexness of the approaches and piecewise
linearization systems. A comprehensive optimal signal CNNLCP trouble can ultimately be realized inside the
acceptable inaccuracy. Algebraic models are also introduced to establish the effectiveness of the recommended
approach.

SELECTION OF SINGLE SAMPLING PLANS BY
VARIABLES BASED ON GENERALIZED BETA
DISTRIBUTION ...ttt ettt ne

R. Vijayaraghavan, A. Pavithra

Statistical quality control (SQC) has wider applications in industries and production engineering. Product
control, one of the two major categories of SQC, consists in procedures by which decisions are made on the
disposition of one or more lots of finished items or materials produced by manufacturing industries. Sampling
inspection by variables in product is the methodology that is employed for deciding about the disposition of a lot
of individual units based on the observed measurements on a quality characteristic of randomly sampled units
from the lot submitted for inspection. These procedures are defined under the assumption that the quality
characteristic is measurable on a continuous scale and the functional form of the probability distribution must
be known. Inspection procedures which have been developed based on the implicit assumption that the quality
characteristic is distributed as normal with the related properties are found in the literature of sampling
inspection procedures. The assumption of normality may not be realized often in practice and it becomes
inevitable to investigate the properties of variable sampling plans based on non-normal distributions. In this
paper a single sampling plan by variables is formulated and evaluated under the assumption that the quality
characteristic is distributed according to a generalized beta distribution of first kind. Procedures are developed
for determining the parameters of the proposed plan for specified requirements in terms of producer’s and
consumer’s protection.

10
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RELIABILITY ANALYSIS OF REVERSE OSMOSIS
FILTRATION SYSTEM USING COPULA.........ccciiiiiiiicicccs

Anas Sani Maihulla, Ibrahim Yusuf

In this study, the reliability metrics used to assess the strength of a three-subsystem reverse osmosis filtering
system. The subsystems include sand filter, carbonated filter, and precision filter. Each subsystem is composed
of active components that can operate in series parallel. The system of partial differential equations was built
using the mmemonic rule and analytically solved. Other reliability wvariables that were investigated for
determining system strength included availability, reliability, mean time to failure (MTTF), profit analysis,
and sensitivity analysis. The Maple software was used to obtain numerical solutions. In addition, a graphical
representation of the numerical results was provided to demonstrate the behaviors of reliability characteristics
with regard to time and failure rate. The study could assist water treatment firms and their repairers in
overcoming some of the challenges faced by repairers of specialized manufacturing and industrial systems
working in harsh settings or contaminated environments unfit for human consumption.

11
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SENSITIVITY ANALYSIS OF A UREA FERTILIZER
PLANT ettt st et a e sa e st

Deepika Garg, Arun Kumar, Vimal Kumar Joshi, Nahid Fatima

Purpose — This paper presents a sensitivity analysis of a urea fertilizer manufacturing system comprising
several sub-systems of differing nature. Design/methodology/approach—A mathematical model is developed for
the consistent general repair and disappointment rates for every subsystem. The framework is analyzed by
utilizing regenerative point graphical technique; as a result, some recommendations are made for the optimized
output. A state transition diagram of the system is developed to find mean time to busy period server, system
failure and system availability. Findings — The present study suggests an approach to improve the system
performance. The analysis and results outlined in this paper are useful to system managers, training
supervisor, engineers and reliability analysts in the manufacturing industry. Originality/ value — The
manufacturing system of Urea fertilizer consists of a complex structure with the high risk of machine failure.
Machine/ Production failure leads to high risks of economic & environmental loss and worker’s safety. To
address this challenge effectively, sensitivity analysis of the urea fertilizer plant is discussed for minimizing the
risk of machine failure.

Fractional Multi-objective Capacitated Transportation
Problem with Different Membership Functions..............ccocccccniiniiniinnninnne.

Sheema Sadia, Qazi Mazhar Ali, Zainab Asim, Ahteshamul Haq

This Fractional Transportation Problem arises when an enterprise has to face the issue of maintaining a good
ratio of some critical parameters. These parameters are directly concerned with product(s) transportation from
sources to destination. This paper considers a multi-objective Capacitated Transportation Problem with
Fractional Objectives. A fuzzy goal programming approach with different membership functions is applied to
generate a different set of solutions. We also use Chebyshev’s Goal Programming for obtaining the solutions.
Finally, a numerical illustration is provided to validate our proposed model.

Reliability of Gas Insulated System under Electric Field
Stress with Optimal Design of FGM Post Type Spacer............cccoccevvincinccnnnnnne.

Akanksha Mishra, G. V. Nagesh Kumar, D. Deepak Chowdary, B. Sravana Kumar

Gas Insulated Substation (GIS) is essential for the transmission and control of power both in AC and DC
electrical systems. Functionally Graded Material (FGM) technology is widely used for the design of the spacer
material in the GIS to reduce the electric stress in the system. Optimal designing of the material of the spacer
gradings with a particular attention to the number of gradings may prove to be very useful in reduction of the
stress in the GIS at an effective cost. This paper deals with the design and development of an optimal dielectric
material for the functionally graded material (FGM) spacer in a GIS. A novel optimization method has been
proposed which is used for the optimization of the conductor material and the FGM epoxy spacer. The optimal
value for each grading of functionally graded material spacer is determined by the proposed method. A dual-
objective function is chosen for the optimization problem. The objective of the problem is to minimize the
maximum field stress in addition to the standard deviation in the electric field. A post type spacer has been
considered for the study. Initially, the optimization of the dielectric material is done only for 4 gradings.
Gradually, the number of gradings in the FGM-spacer is increased to determine the optimal number of
gradings suitable for the design.

12
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A GENERALIZED APPROACH IN MULTIPROCESSOR
ENVIRONMENT USING REGRESSION TYPE
ESTIMATOR AND COST ANALYSIS ...ttt

Sarla More, Diwakar Shukla

Consider a multi-processors computer system consisting of a ready queue of different jobs to be
executed/processed. Lottery scheduling is fair enough to schedule the resources for each and every job. The
research idea assumes condition where one can observe some processes to be fully executed; some partially
executed few blocked/suspended/ terminated, after sudden system breakdown. An estimation strategy has been
designed for the estimation of the total time required to process all these types of processes (processed, partially
processed and blocked processes). How much time is required to process the remaining in any hazardous
situation? A regression type estimator of sampling theory is used to perform this task. This remaining time
estimation technique deals with the backup cost and recovery management as well. Sampling techniques are
used in proposed approach for the testing purpose and a simulation has been performed. Another tool adopted is
the confidence intervals which are calculated and gives proper précised values in comparison to the true mean
for the total remaining time. The linear, square root and square cost function model are adopted for the
calculation of backup cost and recovery management. In addition some auxiliary information is also
incorporated in the form of size measure of the processes which is an effective approach to calculate the complete
remaining time of the processes in multiprocessor environment. The purpose of the proposed research has been
served effectively as one can observe the results of disaster and recovery management of the computer system.

IMPROVEMENT OF MANAGEMENT METHODS FOR
THE OPERATIONAL RELIABILITY OF DISTRIBUTED
ENERGY FACILITIES .......ooiiiiiiieteteeteeetete ettt ettt ne

Farhadzadeh E.M., Muradaliyev A.Z., Abdullayeva S.A.

Improving the management of the technical condition of equipment, devices and installations, the service life of
which exceeds the standard value, is one of the most important problems of state security. Today, the relative
number of such equipment already exceeds 60%. The results of the analysis of literature data on this problem
presented, which confirm its relevance and significance. It is important to note that these findings apply to not
only electrical power systems, but many other production systems as well. The main difficulties in solving the
analyzed problem, first of all, the paucity of statistical data characterizing the reliability of work, their
multidimensional and random nature. The authors propose to solve this problem by moving from average
annual reliability indicators to average monthly indicators of operational reliability. A brief description of the
solution of individual tasks of this problem for overhead power lines is given, which together represent a new
methodology for managing the technical condition of distributed type objects. Science-intensive, cumbersome
and labor-intensive calculation algorithms determine the expediency of the transition to intelligent systems. At
the same time, the management of the electric power system and its individual production enterprises will
monthly receive specialized forms indicating recommendations that optimize the increase in the reliability of
overhead power transmission lines by restoring wear and tear.

13
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RELIABILITY CRITERIA FOR DESIGNING LIFE TEST
SAMPLING INSPECTION PLANS BASED ON LOMAX
DISTRIBUTION ..ottt et sae e

R. Vijayaraghavan, A. Pavithra

Acceptance sampling plays an important role in ensuring the quality of the products manufactured by the
industrial production processes. Sampling inspection plans by attributes are adopted for taking decisions about
the lots submitted for inspection. Such procedures are employed for sentencing individual lots or batches or lots
in continuous stream. Reliability sampling is s specific inspection procedure which is used to decide whether
the submitted lot or batch is acceptable or non-acceptable based on life tests. In reliability sampling, the lifetime
of the items randomly drawn from the lot is considered as a random variable which follows a continuous
probability distribution. In this paper, designing of single sampling plans for life tests is considered under the
assumption that the lifetime random variable follows a Lomax distribution. Reliability criteria for designing life
test plans when lot quality is evaluated in terms of mean life, median life, hazard rate and reliability life are
proposed. Conversion factors for adapting acceptable quality levels to life and reliability testing under the
assumption of Lomax distribution are determined and suitable illustrations are provided.

A NEW RANKING IN HEPTAGONAL FUZZY
NUMBER AND ITS APPLICATION IN PROJECT
SCHEDULING ...ttt sttt sttt st s

Adilakshmi Siripurapu, Ravi Shankar Nowpada

Ranking fuzzy numbers is significant in optimization approaches such as assignment challenges,
transportation problems, project schedules, artificial intelligence, data analysis, network flow analysis, an
uncertain environment in organizational economics etc. This paper introduces a new fuzzy ranking in
Heptagonal fuzzy numbers and arithmetic operations of Heptagonal fuzzy numbers defined. In the network,
every activity duration is viewed by a Heptagonal fuzzy number. Every Heptagonal fuzzy number is
transformed into a crisp number using the ranking function. By applying the traditional method, we calculate
the fuzzy critical path. These procedures are illustrated with numerical examples and compared with existing
ranking functions.

Weibull Inverse Power Rayleigh Distribution with
Applications Related to Distinct Fields of Science............cccoccociiiiiinnnine.

Muzamil Jallal, Aijjaz Ahmad, Rajnee Tripathi

In this paper an extension of Weibull Power Rayleigh Distribution has been introduced, and named it is as
Weibull Inverse Power Rayleigh Distribution. This distribution is obtained by adopting T-X family technique.
Various Structural properties, Reliability measures and Characteristics have been calculated and discussed. The
behaviour of Probability density function, Cumulative distribution function, Survival function, Hazard rate
function and mean residual function are illustrated through different graphs. Various parameters are estimated
through the technique of MLE. The versatility and flexibility of the new distribution is done by using real life
data sets. To evaluate and compare the out effectiveness of estimators, a simulation analysis has also been
carried out.

14
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Estimation and Prediction for Exponentiated Exponential
Distribution under Generalised Progressive Hybrid
CONSOTING ..ot

Aakriti Pandey, A. Kaushik, S. K. Singh

In this article, we propose the estimators for the parameters of exponentiated exponential distribution under
generalized progressive hybrid censoring scheme obtained through different methods of estimations like
maximum likelihood, Maximum product spacing, Bootstrap and Bayesian. Asymptotic confidence, Bootstrap
and HPD intervals have also been computed. Moreover, Stress Strength reliability estimation is also discussed.
The performance of the estimators have been studied in terms of their MSEs. Bayesian prediction of future
observations has also been attempted. For illustrating the proposed methodology, a real data set is taken into
account.

RELEASE TIME ANALYSIS OF OPEN SOURCE
SOFTWARE USING ENTROPY AND RELIABILITY ....cccccociiiiiiiiinieniiieniecieeeee

Vishal Pradhan, Gunjan Tripathi, Ajay Kumar, Joydip Dhar

Any software system, however securely written or precise the code is, is always susceptible to failure. These
factors, such as the number of errors in the program or the mean-time for software failure, measure the program
" s reliability. In order to meet more customer needs, current OSS products must be reliable. To measure these
parameters, like the reliability of the software, we use different growth models called Software Reliability
Growth Models. These models help us in determining the different reliability measures. Faults occur due to
several reasons in software- sometimes, it is the environmental factors. It can also be because of casual human
behavior. Faults may also occur during the process of removal of previous faults. Whenever the code is changed,
randomness in the software increases. We can calculate the optimal release time of a software product based on
the calculated reliability measures, which have entropy also been considered. Finally, the user ’ s satisfaction
level can also be considered.

Performance Analysis of System where Service Type for
Boiler Depends Upon Major or Minor Failures ...,

Upasana Sharma, Rajveer Kaur

In industries, the type of failure sensitively affects the system. So, it is essential to Categorize these failures into
different categories to enhance the system performance. In this research, concentration made in differentiating
the failure type into major/minor categories with repair/replacement facility for the service by single repairman.
Currently, we studied the boiler system of the steam generation plant to perform the task of repair/replacement
with a single repairman. A reliability model constructs to compute MTSF(mean time to system failure),
availability, Busy period for repair/replacement, and profit evaluation. The above measures were estimated
numerically and plotted graphically using semi-Markov processes and regenerative point technique. Various
effectiveness measures show how system performance gets affected by major/minor failures & the type of service
provided.
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Estimation of Average Degree of Social Network Using
Clique, Shortest Path and Cluster Sampling to monitor

Network Reliability ..........ccccooiiiiiiii e

Vivek Kumar Gupta, Diwakar Shukla

In recent past, Online Social Networks (OSN) has emerged as a platform for sharing information, thoughts,
and activities. In the real-world network, method of considering the appropriate samples is most frequently used
for network analysis. Graph sampling is a procedure used for computing unknown parameters. Many sampling
algorithms exist in literature such as Random node, Random edge sampling, Rank degree, etc. can be used for
estimation. This paper presents a comparison of clique based procedure (CBP) and shortest path based
procedure (SPP) to estimate the average degree of a vertex in a social network using an overlapping cluster
sampling. A comparative procedure is used to obtain the lower and upper limit of confidence intervals with the
help of multiple samples. Ogive based simulation is also used for single value computation of limits of CI. The
results, obtained from simulation, show that clique based sampling algorithm (CBP) is more efficient than the
shortest path based sampling algorithm (SPP). The estimated confidence intervals can be used for monitoring
the reliability of a social network in terms of control over average network degree.

Inverse Weibull-Burr III Distribution with Properties
and Application Related to Survival Rates in Animals.................ccccocooninnnnn.

Aijaz Ahmad, Mujamil Jallal, I. H. Dar, Rajnee Tripathi

The objective of this study is to develop an extension of the Burr-III distribution which is achieved by adopting
the inverse Weibull-G family of distribution and is referred as inverse Weibull-Burr III distribution (IWB-III)
to evaluate complicated data. Different structural characteristics of the suggested distribution have been
determined and analysed. Distinct plots depict the behaviour of the probability density function (pdf) and the
cumulative distribution function (cdf). The maximum likelihood estimation method is applied to estimate the
stated distribution parameters. To assess and investigate the efficacy of estimators in terms of bias, variance,
and mean square error (MSE), a simulation study was conducted. Lastly, the effectiveness of the stated
distribution is proven by an actual data set relevant to survival rates in animals.

Reliability and Economic Analysis of Captive Power Plant
With Reduced Capacity ...,

Upasana Sharma, Avtar Singh

This paper reported the performance evaluation of Captive Power plant working in the fertilizer industry with
possible production capacities. The idea of reduced capacity and load sharing to use the available system
optimally is analyzed. The system works on two STG s (steam turbine generators) and one gridline. Gridline
can bear the load of one or both STG ” s on failures. At the breakdown in gridline and STG, the system work at
reduced capacity. Gridline repaired on a priority basis. The semi-Markov processses and regenerative point
technique are used to evaluate the reliability and economic measures such as availability, busy period of
repairman, and expected no. of repairs. The graphical study shows the relationships between these measures
with the failure rates of STG and gridline.
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MAP/PH/1 Queue with Vacation, Customer Induced Interruption,
Optional Service, Breakdown and Repair Completion..........c..ccccceeevevinencnennenncnnns

G. Ayyappan, S. Sankeetha

The paper considers a single server that provides consumers with both regular and optional services. The
system’s inter-arrival time is determined by a Markovian Arrival Process (MAP), the service time is
determined by a phase type distribution, and the remaining random variables are distributed exponentially.
This system was represented as a QBD process, with the block elements of the generated matrix having finite
dimensions, to investigate steady state. Additionally, we addressed the busy period and waiting time
distribution for our concept. The system’s performance parameters are calculated and graphically shown.

On a Wide Plurimodal Class of Distributions Suitable for
Asymmetric Data Sets...........ccccoiiiiiiiiii

C. Satheesh Kumar, G. V. Anila

Asymmetric normal distributions have received much attention in the literature during the last three decades.
But, plurimodal asymmetric normal distributions are not much studied in the literature even though it has
much relevance in practical situations. Here we propose a new class of plurimodal, asymmetric normal
distribution and investigate its several statistical properties, including certain reliability aspects. A location-
scale extension of the proposed model is developed and studied their properties. The maximum likelihood
estimation method is employed for estimating the parameters of the proposed extended class of distributions and
conducted generalized likelihood ratio test procedure for testing the parameters of the distribution. Three real-
life data sets are considered for illustrating the usefulness of the model and a brief simulation study is carried
out for examining the performance of maximum likelihood estimators of the proposed model.

PERFORMANCE MODELING AND DSS FOR ASSEMBLY LINE
SYSTEM OF LEAF SPRING MANUFACTURING PLANT .......ccccocviiiininiinenne

Shanti Parkash, P.C. Tewari

This work deals with the Performance Modelling and purposed the Decision Support System (DSS) for
maintenance priorities of an assembly line system using a probabilistic approach. This system consists of four
subsystems i.e. Shot Peening, Painting Machine, Assembly Platform and Riveting Machine. Performance
modelling among various subsystems has been done by Markovian approach. Steady state probabilities are
determined by drawing transition diagram and solving the differential equations. Decision matrices are formed
with the help of different combinations of failure and repair rates of all the subsystems. The key finding of this
work is that painting machine is the most critical subsystem.
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CERTAIN CURVATURE CONDITIONS ON

LORENTZIAN PARA-KENMOTSU MANIFOLDS ........ccccociiiiniiiiiinicnienene

S. Sunitha Devi, K. L. Sai Prasad, T. Satyanarayana

We classify Lorentzian para-Kenmotsu manifolds which satisfy the curvature conditions W2.C = 0, Z.C =
LCQ(g, C), W2.Z —ZW2 = 0 and W2.Z + Z.W2 = 0, where W2 is the Weyl- projective tensor, Z is the
concircular tensor, and C is the Weyl conformal curvature tensor. We study and have shown that the manifold
M is 7-Einstein provided that the Weyl-projective curvature tensor W2 meets the condition W2.Z —Z.W2 =
0, and it is an Einstein manifold if W2.Z + Z.W2 = 0. Finally, in this article, we derive the conditions in
relation to conformally flatness of the manifold, whenever the LP-Kenmotsu manifold satisfies the condition
Z.C=LCQ(g, C).

Bayesian Survival Modeling of Marshal Olkin Generalized-G

Family With Random Effects Using R and STAN ...,

Shazia Farhin, Firdoos Yousuf and Athar Ali Khan

The purpose of this paper is to fit the Marshall-Olkin generalized-G(MOG-G) family to censored survival data
with random effect in the Bayesian environment. Three special distrbution based on MOG-G family are
obtained, namely Marshall-Olkin generalized-exponential, Marshall-Olkin generalized-Weibull, and Marshall-
Olkin generalized-Lomax. The probabilistic programming language STAN is used for the fitting of these three
distrbution to the survival data. STAN offers full Bayesian inference and implements via Hamiltonian Monte
Carlo algorithm and No-U-Turn Sampler(NUTS) algorithm of MCMC. We compared the models with the help
of leave one out cross-validation information criteria and Watanabe Akaike information criteria. Stan codes for
the analysis are provided.

On the Use of Entropy as a Measure of Dependence of

TWO EVENES. PATt 2 ..ottt e et ettt taaareseseeetestasnassessssesssnnnnnannss

Valentin Vankov Iliev

The joint experiment J(A,B) of two binary trials A [ Ac and B [ Bc in a probability space can be produced not
only by the ordered pair (A, B) but by a set consisting, in general, of 24 ordered pairs of events (named Yule’ s
pairs). The probabilities x1, x2, x3, x4 of the four results of J(A,B) are linear functions in three variables a =
Pr(A), b =Pr(B), q = Pr(A \ B), and constitute a probability distribution. The symmetric group S4 of degree
four has an exact representation in the affine group Aff(3,R), which is constructed by using the types of the
form [a, b, q] of those 24 Yule s pairs. The corresponding action of S4 permutes the components of the
probability distribution (x1, x2, x3, x4), and, in particular, its entropy function is S4-invariant. The function
of degree of dependence of two events, defined in the first part of this paper via modifying the entropy function,
turns out to be a relative invariant of the dihedral group of order 8.
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Analysis of MAP/PH/1 Queueing model with Multiple
Vacations, Optional Service, Close-down, Setup,
Breakdown, Phase Type Repair and Impatient Customers ................ccccciiii

G. Ayyappan, G. Archana Gurulakshmi, B. Somasundaram

The purpose of this paper is to analyse a single server queueing model with multiple vacations, optional service,
close-down, setup, balking, breakdown and repair under the assumption that the customers arrive according to
a Markovian Arrival Process (MAP). The service and repair times follow the phase-type distributions. At the
completion of service, in case there are no customers in the system, the server closes down the system and goes
for vacation. After completion of the vacation, the server has to start the setup process if a minimum of one
customer is present in the system or else the server goes for another vacation. The server provides optional
service to the customers those who are in need of additional services. By employing the matrix analytic method,
the stationary probability vector has been evaluated. The stability condition, busy period analysis, distribution
function for waiting time and some of the system performance measures concerning this model are derived. The
outcome arising out of numerical values and graphical representations are also presented for this model.

Reliability and Sensitivity Analysis of Two Non-Identical
Unit Standby System Subject to Pre-operation Random
Inspection of Standby Unit................ocooooiiii

Amit Manocha, Anil Kumar Taneja, Gulshan Lal Taneja

This paper examines the stochastic behavior of standby redundant system having two non-identical units. The
system comprised of main unit and non-identical cold standby unit. When the main unit collapses, standby
unit is exposed to operable conditions. Due to long-time and non-use of standby unit, though with small
chances, it is observed that standby unit gets corrupt and becomes inoperable even in standby mode. Further, it
demands repair/maintenance to make it worth-operating. Henceforth, it is considered to perform random
inspection of standby unit to ensure that whether it is in operable condition or not. Inspection as well as repair
both the tasks are performed by single repair facility. semi-Markov and regenerative processes are applied to
derive expressions for the system performance indices. Profit function and bounds (upper/lower) for various
costs involved are evaluated. Numerical study has been performed to illustrate the behavior of model developed.
Sensitivity and relative sensitivity analysis has also been done for MTSF and steady-state availability.

THE NEGATIVE BINOMIAL-AKASH DISTRIBUTION
AND ITS APPLICATIONS ...ttt sttt

Rajitha C.S., Ashly Regi

A new two-parameter negative binomial mixture distribution named as negative binomial-Akash distribution
is introduced in this paper. The proposed distribution is attained by compounding the negative binomial
distribution with the Akash distribution. Some of its special characteristics are also derived, including factorial
moments, mean, variance, index of dispersion efc. Furthermore, the behaviour of mean, variance and index of
dispersion are discussed. The parameters of the proposed distribution are estimated using the maximum
likelihood estimation method. This distribution can be used for modeling overdispersed count data. The
usefulness and application of the proposed distribution are illustrated using two actual count data sets.
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Generalized Transmuted Exponential-Exponential
Distribution and its Applications ...........ccccccoeviiininiiininciincceeceeseeeeeseeeeeas

A.S. Mohammed, F.I. Ugwuowo, T. S. Patrice, H. Muhammad

Modeling of datasets requires knowledge of their appropriate distributional assumptions. In this research, we
generalized the transmuted exponential-exponential distribution, and it was observed that the addition of the
shape parameter to the model proved to be helpful in improving the flexibility of the model. Different
characteristics, as well as structural properties of the model, were investigated and presented in an explicit
form. The probability density function of the order statistics and numerical results for some descriptive
statistics were obtained. A 95% confidence interval and interval widths, together with biases and mean square
errors (MSEs) of the mean estimates, were equally evaluated using the Monte-Carlo simulation approach. To
validate the flexibility of the model, we used real datasets and the generalized transmuted exponential-
exponential distribution (GTE-ED) outperformed the competing distributions.

ANALYSIS OF MARKOVIAN BATCH SERVICE QUEUE
WITH FEEDBACK AND SECOND OPTIONAL SERVICE ........cccccceiiiininininenens

P. Vijaya Laxmi, Hasan A.B.D. Qrewi, Andwilile A. George

The aim of this paper is to analyze a single server batch service queue model with feedback and second optional
service under a transient and steady state environment. The server provides the first essential service (FES) to
all customers who arrive at the system and the second optional service (SOS) to those who need it. After
completion of FES, if the customer is not satisfied with the service, he may rejoin the queue or may opt for SOS
or exit the system with a particular probability. The service times of both FES and SOS follow exponential
distribution. We use the probability generating function and the Laplace transform expression to obtain
probabilities in the transient state after inverting Laplace transforms into the time domain. Also, we apply the
Tauberian property in the Laplace transform expression to get the steady state probabilities. Finally, some
performance measures and numerical results are provided.
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A Discrete Parametric Markov-Chain Model of a Two Non-
Identical Units Warm Standby Repairable System with
Two Types of Failure

Pradeep Chaudhary, Anika Sharma, Rakesh Gupta

Department of Statistics
Ch. Charan Singh University, Meerut — 250004 (India)
E-mail: pc25jan@gmail.com; ash27sharma@gmail.com; smprgccsu@gmail.com

Abstract

The paper deals with the stochastic analysis of two non-identical units (unit-1 and unit-2).
Initially, one unit is operative and other is kept into warm standby. Each unit of the system has two
possible modes-Normal (N) and Total Failure (F). A single repairman is always available with the
system to repair a failed unit. The operative unit is non-repairable, hence upon failure it goes for
replacement. The system failure occurs when both the units are in total failure mode. Failure and
repair times of a unit are taken as independent random variables of discrete nature having
geometric distributions with different parameters.

Keywords: Transition probabilities, mean sojourn time, geometric distribution,
regenerative point technique, reliability, MTSF, availability, expected busy period
of repairman, net expected profit.

1. Introduction

The Two non-identical units warm standby system have been widely studied in the literature of
reliability as they are frequently used in modern business and industries. It is obvious that the
standby unit is switched to operate when the operating unit fails and the switching device which is
used to put the standby unit into operation may be perfect at the time of need. Some authors
including [5, 9, 10 and 13] analyzed two unit warm standby and two non-identical units warm
standby redundant system models using different concepts. All the above system models have
been analyzed by considering continuous distributions of all the random variables involved.

In many realistic situations, some writers [4 and 7] analyzed a two identical unit and two non-
identical units cold standby system with two types of failure and later on [3] analyzed two non-
identical units parallel system subject to two types of failure and correlated life times. Some
authors [11, 12] analyzed the deferent concepts of assumptions. So in case of discrete random
variable, discrete distribution is considered to be appropriate for obtaining the effectiveness of
different reliability measures.

In the area of reliability using discrete distribution had given their ideas by analyzing two
non-identical unit parallel system with geometric failure and repair time distribution. Since there is
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always a possibility for failure of any system during in its operative conditions in different
measures. So to detect the type of failure inspection is very much required which had been always
ignored by the researchers, whether using continuous or discrete distributions.

This system model is based on discrete parametric Markov-chain. Moreover, [1, 2, 6 and 8]
introduced the concept of discrete parametric Markov-chain in analyzing the system models in the
field of reliability modeling. The following economic related measures of system effectiveness are
obtained by using regenerative point technique-

i Transition probabilities and mean sojourn times in various states.

ii. Reliability and mean time to system failure.

iii. Point-wise and steady-state availability of the system during time (0, t-1).

iv. Expected busy period of repairman during time (0, t-1).

v. Net expected profit incurred by the system during a finite and steady-state are
obtained.

2. System Description and Assumptions

1. The system comprises of two non-identical units. Initially, one unit is operative
and other is kept into warm standby.

Each unit of the system has two modes- Normal (N) and total failure (F).

A single repairman is always available with the system to repair a failed unit.

The operative unit is non-repairable, hence upon failure it goes for replacement.
The system failure occurs when both the units are in total failure mode.

The repaired unit works as good as new.

NSOk wD

Failure and repair times of the units follow independent geometric distributions
with different parameters.

3. Notations and States of the System
3.1 Notations :

pia; :  p.m.f. of failure time of type-1 and type-2 respectively for i=1,2,3 and p; +q; =1.
rs; : p.m.f. of repair time by repairman of type-1 and type-2 respectively for i=1, 2 and
L+s, =1.

pq* : p.m.f.of repair time of first unit; p +q =1.

0,0 :  probability that the replacement of a second unit respectively; 6+6 =1
q;(),Q;()  : pm.f and C.d.f. of one step or direct transition time from state S, toS; .

P :  steady state transition probability from state S; toS; .

Py = Q ()

Z(t) : probability that the system sojourn in state S; up to epoch (t-1).

v, :  Mean sojourn time in state S, .

*h :  symbol and dummy variable used in geometric transform e. g.

GT[q;(t)]=q;(h)= Z{;htqu (1)
3.2 Symbols for the states of the system
NL ! unit-iis in normal mode(N) and operative; i=1,2

N ! unit-iis in normal mode(N) and warm standby.; i=1,2
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F./F,: unit-2isin total failure (F) mode and under replacement/waits for replacement.

F'/E, : unit-1isin total failure (F) mode and under repair.

The transition diagram of the system model is shown in Figure. 1.

TRANSITION DIAGRAM
Sl S() SZ
P P,
1 2 D 1 12 > 1 2
F.,N; , | N N§, ) Fy s N
r, r,
y PP pzp [
P; P, p 1 0 Ps
P;
1 2 1 2 1 2
F. ,Fx > No. Fr |8
r, r
S S
4 S3 5
O : Up State D : Failed State @ : Regenerative Point X : Non-Regenerative Point
Figure.1

With the help of above symbols the possible states of the system are:
S, =(NL.NZ,), S, =(F.N2), S, =(E..N?)

ws 2r>

S, =(NL.F), S, =(E.Ex). S, =(F.F2 )

The states S,,S,,S,,S, are up states; S,,S; are failed states.

4. Transition Probabilities and Sojourn Times

Let Q; (t) be the probability that the system transits from state S, to S, during time interval (0, t)
i.e, if T,is the transition time from state S, to S; then
Q,(t)=P| T, <t|

By using simple probabilistic arguments we have,

Q)= % :1 _(qul% )Hl J ’ Qui (1) = %[1 —(q'qlqz )M}
Qos (1) =1_p§ﬁ:1—(q'q]q2 )M] Qu (1) = 1_%:113 3 [1-(s0.)" ]
(=g (160" Q=2 16"
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Qu () =21 (5,0,)" |, Qu ()= = 1~(s,0,)"]

1-s,q; 1-s,q,
Qs ()= 1223 [1-(s,0.)" ], Qu (1) = [1 —(6)‘”J

Qu(t)=]1-(s)" |, Qu(1)=[1-(s2)" | (1-14)

The steady state transition probabilities from state S;to S, can be obtained from (1-14) by taking t

—o0, as follows:

_ P49 P99 _ PAY% _ PP
=T Pp=7"7", Pos = 0 ’ Pos = '
1-qq,9, 1-qq,q, 1-qq,q, 1-qq,q,
p'Pa 1,q Lp s,p
05:#/ pm:#, p13=#/ p14=4
1-qqq, l-s,q; l-s,q, 1-s,q,
nq Lp S,p
pZOZL/ p23:Lr pzs:A
1-s,q, 1-s,q, 1-s,q,
We observe that the following relations hold-
Ps =Ps =Pss =1, Poi T Poz +Po3 +Pos +Pos =1
P +Pi;+P =1, Pao +Pss +Ps =1, (15-18)

5. Mean Sojourn Time

Let T, be the sojourn time in state S, (i=0-5) then y; mean sojourn time in state S, is given by

=E(Ti)=§:P[Ti >t—1]

t=1

In particular,

_ 9949, _ 8.4, _ S0
- l 7 1~ 7 2
’ 1-qqq, 1-s,q, 1-s,q,
é S S
=y, ve=1, - (1924)

-
—

6. Methodology for Developing Equations

In order to obtain various interesting measures of system effectiveness we developed the
recurrence relations for reliability, availability and busy period of repairman as follows-

6.1 Reliability of the system

Here we define R;(t) as the probability that the system does not fail up to epochs 0, 1, 2,.., (t-1)
when it is initially started from up state S,. To determine it, we regard the failed states S,,S; as

absorbing state. Now, the expression for R;(t); i=0, 1, 2, 3; we have the following set of convolution

equations.
R qtq}q;-quOl t 1- u Zqoz t 1- u)
=ZO( )+q0]( —1)© ]( —1)+q02( —l)©R2(t—1)+q03(t—1)©R3(t—1)
Similarly,
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R, (t)=Z (t)+q, (t—1)OR, (t—1)+q,; (t—1)OR, (t—1)

R, (t)=Z,(t)+qy (t—1)OR (t—1)+q, (t—1)OR, (t—1)

R, (t)=Z,(t)+qs (t—1)OR, (t-1) (25-28)
Where,

Z(t)=519;, Z,(t) =343, Zy(t)=q"

6.2 Availability of the System

Let A, (t)be the probability that the system is up at epoch (t-1), when it initially started from state
S, . Then, by using simple probabilistic arguments, as in case of reliability the following recurrence

relations can be easily developed for A, (t);i=0 to 5.

t—1 t—1
A q‘qfqé#—qu t 1-u -i—Z:q02 t 1 ©A +Z:q03 t 1 ©A )
u=0 u=0
-1
n q04(t 1)©A, (t Zqost 1)©A, (t-1)

=Zo(t)+q01(t—l)@Al(t—1)+q02(t 1)©A, (t—1)+q,; (t—1)©A, (t-1)
+qy, (t—1)OA, (t—1)+qy (t—1)OA, (t-1)

Similarly,
A (1) =Z,(t)+q, (t-1)OA, (t—1)+q,; (t—1)©A; (t-1)+q,, (t—1)©A, (t-1)
A, (1) =Z, (1) 4y (t-1)OA (t=1)+q,5 (t—1)OA, (t 1)+, (t—1)OA, (t-1)
A (t)=Z,(t)+q5 (t-1)©A, (t-1)
A, (t)=

Qa3 (t_1)©A3 (t _1)
AS( ):q53(t—1)©A3 (t—l) (29-34)

Where the values of Z, (t) ; i=0 to 3 are same as given in section 6.1.

6.3 Busy Period of Repairman

Let B (t)and B[ (t) be the probability that the repairman is busy in the repair and replacement of
a failed unit at epoch t-1, when it initially started from stateS, . Then, by using simple probabilistic

arguments, as in case of reliability the following recurrence relations can be easily developed for
B (t)and B (t);i=0to 5.

B (t) =qq, (t—1)©B] (t—1)+q,, (t—1)©B} (t—1)+qy, (t—1)©B} (t—1)+q,, (t—1)©Bj (t 1)
+qs (t—1)©B (t—1)
Bl (t)=Z,(t)+q, (t—1)©B (t—1)+q,; (t—1)©B; (t—1)+q,, (t—1)©B; (t—1)
B (t) = Z, (t)+y (t—1)©B (t—1)+q,; (t—1)©B; (t—1)+q,5 (t—1)©B; (t 1)
B (t)=qs (t—1)©B; (t—1)
B, (t)=Z,(t)+q, (t-1)©B(t-1)
B! (t) = Z,(t)+qs (t—1)©B; (t-1) (35-40)

Where,
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The values of Z,(t) and Z,(t) are same as given in section 6.1, Z, (t)=s; and Z,(t) =s}.

By (t) =y (t=1) OB (t=1)+ 4y, (£ =1)OB; (t=1)+q4 (t=1)©B3 (t=1)+qy (t~1)OB; (t-1)
+dys (t-1)©B; (t-1)

B (t)=q, (t—1)©By (t—1)+q,; (t—1)©B} (t—1)+q,, (t—1)©B} (t—1)
B} (t) =, (t—1)©B; (t—1)+q,, (t—1)©B; (t—1)+q, (t—1)©B; (t—1)
B (1) = Z, (1) +qy (1-1) OB (t-1)
B () =y (1-1)@BY (t-1)
B: (t) =qs (t—1)©B} (t—1) (41-46)

Where,

The value of Z, (t) is same as given in section 6.1.

7. Analysis of Reliability and MTSF

Taking geometric transform of (25-28) and simplifying the resulting set of algebraic equations for
R, (h) we get

(47)

Where,

N, (h) =Z; +hqy, Z; +hq,Z; +| h’qy,q;, +h°qu,03 +hay, |Z,

D, (h)= L T G G D | S S | G TS S A | G Y Y
Collecting the coefficient of h' from expression (47), we can get the reliability of the system R, (t).
The MTSF is given by-

E(T —hmZhR Dl(l)_l (48)

h—>1

Where,
N, (1) =VYo+PuV, + PV, + [p01p13 +PgaP2s +Pos ]\V3
Dl (1) = 1_p01p10 ~Po2P20 ~Po3 ~PoiPi3 ~ PP

8. Availability Analysis

On taking geometric transform of (29-34) and simplifying the resulting equations for we get,

N, (h)
Ay(h)=—""—= (49)
D, (h)
Where,
Zy ~hqg, —hqy, —hqg —hgy, —hdgs
z 1 0 ~hq; —hqy, 0
N, (h) = z’*; 0 1 —hgy 0  —hq

Z, 0 0 1 0 0
0 0 0 —hqy |1 0
0 0 0 ~—hqy O 1
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and
I —hgy —hdg, —hqy —hqy, —hes
~hqy, 1 0 —hqj; —hqy 0
D, ()= _hQEo 0 1 -hgy O  —hgi
~hq}, O O 1 0 0
0 0 0 —hqy 1 0
0 0 0 -hqy; O 1
The steady state availabilities of the system due to operation of unit —
N, (h
A, =limA(t) = 1im(1—h)£
t—o0 h—1 D2 (h)

But D, (h) at h=1 is zero, therefore by applying L. Hospital rule, we get
N, (1
A, =) (50)
D; (1)

Where,

N, (1) = Wy +PoW; +PoaWs +[PoiPis + PoiPis + PoaPas + PoaPas +Pos + Pos + Pos | W
and

D} (1) =V +PoVi + PV,
Now the expected uptime of the system due to operative unit upto epoch (t-1) are given by
t—1
(9= 4, (1)

So that

(Gl

9. Busy Period Analysis

On taking geometric transforms of (35-40) and (41-46), simplifying the resulting equations, we get

N, (h) R (h)zN“_(h)

B! (h)= D, (h) and B, D, ()

(52-53)

Where,

N (h) = Zihqg, +Z3hqg +Z3h? iy + Zshdg, +Zsh Qg +Zshds
and

N, (h)=2; Lhzq&qi} +1°q0Q140as +h°d0dn +17d005505; +hag; +hdg,q; + hzqgsq;J
and D, (h) is same as in availability analysis.

In the long run the respective probabilities that the repairman is busy in the repair and
replacement of a failed unit are given by-

ro_1; r _1: N3(h) R _1: R 13 N4(h)
B; =limB; (t)—lhlgll(l—h) D, (h) and By =limB; (t)—%gr]l(l—h) D, (h)
But D, (h) ath=1 is zero, therefore by applying L. Hospital rule, we get
B =-— Nf (1) and By =- N:‘ () (54-55)
D3 (1) D (1)

Where,
N, (1) =PV, TPV, + (p01p14 +Dos )\V4 + (p02p25 *+Pos )Ws
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and
N, (1) =V, [p01p13 +DgiPig T PPas T PoaPas + Pos T Pos +p05]
and D) (1) is same as in availability analysis.

Now the expected busy period of the repairman in repair of a failed unit up to epoch (t-1) are

respectively given by-
t-1

()= ng (x) and e (t) =B (x) (56-57)

x=0

10. Profit Function Analysis

We are now in the position to obtain the net expected profit incurred up to epoch (t-1) by
considering the characteristics obtained in earlier section. Let us consider,

K, = revenue per-unit time by the system due to operative unit.

K, = cost per-unit time when repairman is busy in the repair of failed unit.

K, = cost per-unit time when repairman is busy in the replacement of a failed unit.
Then, the net expected profit incurred up to epoch (t-1) is given by,

P(t) = Ko, (1) =K, (£) =Kopy (1) (58)

The expected profit per unit time in steady state is given by-

P=1imm=1im(l—h)2 P’ (h)

too h—1

_K§ 2A(h) By (h) » B
_KOEE}(I_h) (l_h)—Kllhlg}(l—h) = _KZLIE}(I_h)

=K A, - KB} —K,B} (59)

11. Graphical Representation

The curves for MTSF and profit function have been drown for different values of failure
parameters. Fig.2 depicts the variation in MTSF with respect to failure rate (p,) for different values

of repair rate (p,) of a unit and constant repair rate (p' ) when values of other parameters are kept
fixed as p; =0.001,5, =0.5, r, =0.7and 6=0.01. From the curves we conclude that expected life of
the system decrease with increase in p, . Further, increases as the values of p, and p increases.

Similarly, Fig.3 reveals the variations in profit (P) with respect to p, for varying values of p,
and p, when other parameters are kept fixed as p;=0.01,1;=0.92, r,=0.99and 0=0.01,
K, =100, K, =100, K, =400 and K, =300. From the figure it is clearly observed from the smooth
curves, that the system is profitable if the value of parameter p, is greater than 0.2, 0.33 and 0.5
respectively forp, =0.4, 0.6 and 0.8 for fixed value of p =0.15. From dotted curves, we conclude
that system is profitable only if value of parameter p, is greater than 0.27, 0.39 and 0.6 respectively
forp, =0.4, 0.6 and 0.8 for fixed value of p =0.3.
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Behavior of MTSF with respect top,, p, and p
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12. Conclusions

1. It is indicated in fig.2 that we can easily obtain the upper limit of “p,” to achieve at least a
particular value of MTSF. As an illustration to get at least MTSF 16.8 unit, the failure rate “p,”
must be less than 0.24, 0.56 and 0.79 respectively for repair rate p, = 0.01, 0.03 and 0.05 when
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activation rate is kept fixed as p = 0.93. Similarly, when p'= 0.99 is kept fixed as “p,” must be
less than 0.43, 0.68 and 0.87 corresponding to p, =0.01, 0.03 and 0.05.

2. In fig. 3 it is reveled from the smooth curves, that the system is profitable if the value of
parameter p, is greater than 0.2, 0.33 and 0.5 respectively for p, =0.4, 0.6 and 0.8 for fixed

value of p =0.15. From dotted curves, we conclude that system is profitable only if value of
parameter p, is greater than 0.27, 0.39 and 0.6 respectively for p, =0.4, 0.6 and 0.8 for fixed
value ofp =0.3.
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Abstract

Modelling random processes traditionally supposes working with the spectral density. Although
many engineering problems require the knowledge of spectral density, the specific character of fatigue
damage accumulation dictates the different approach — namely, the consideration of the distribution
of random values of the local extremes, which is responsible for fatigue damage accumulation. There
is a need in developing the methods of random loading imitation in the experimental and numerical
study of fatigue. According to the up-to-date situation in science in fatigue, both opposing approaches
should be considered - the time domain and the frequency domain. The proposed method, which
consists of two stages, meets that requirement. The performed case study based on laboratory fatigue
testing confirms its applicability.

Keywords: metal fatigue, random loading, imitation,
1. Introduction

The quality of machines and equipment depends on the advanced quality management. The
repair plan is also important [1]. The reliability of the industrial production should be guaranteed
by reliable testing and design methods for estimation durability. Objective hazards that threaten the
performance and durability of machine parts are the processes of degradation of their elements. It is
necessary to consider the fatigue process caused by natural factors, namely, alternating loading.
Therefore, the engineers need a tool for loads assessing, taking into account their random nature.

In fatigue studies under random loading, two main approaches are widely used [2]. They
correspond to the time domain and the frequency domain. Both have their own areas of applications.
Investigations in the frequency domain [3] are important while considering problems with studying
the impacts of the particular frequencies (resonant effect), modal analysis. They are also important
while treating the enormous data storage while using the method of Critical Plane Approach [4]. On
the other hand, the well-proved fatigue accumulation problems mostly based on the information
about cycles, their extremum values, their order of appearance. It is worth mentioning that the
problem of the fatigue crack propagation almost ultimately based on information about extremums
(not the frequencies) [5]. Applicable to automobile parts, the study [6belec] consider the random
loading strictly in a time domain. A discussion goes on [7,8], which of the two methods is correct:
the time-domain methods (mostly, Rainflow [9 endo]) or the frequency domain [3]. It goes out that
choosing the particular domain for investigation dictates some additional requirements [10].
Registration of the random loading process is different [11]. It follows from the fact that treating in
the time domain supposes the higher precision of peaks registration.
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It is important to have a tool to estimate the spectral density of the processes, which are
given only by a sequence of extrema. The example of such task is in paper [10]. The aim of this paper
to provide such opportunity for the researchers.

2. Methods

This problem partly was first studied in [12]. During testing and numerical modelling in fatigue
studies, the investigators should introduce the randomness in one or another way because it exists
in service. The conditions of exploitation vary. Some factors are hard to control, etc. The proposed
method consists of two steps, namely:

2.1. Random sequence of extremums generation

As mentioned in the Introduction, the most direct path to fatigue estimation is the Rainflow [2, 9],
which operates with the extremums' sequence, namely local maximums and minimums of the
random process. It would not be justified to repeat this sequence without change in fatigue studies
because it would not have reflected the randomness in service and takes a lot of time. The good
decision was proposed earlier in [13]. It introduced the so-called Markov’s matrixes to create the
variability.

Later, the method of target Markov’s matrixes was developed, intended to reflect the service
conditions of a particular object of investigation. The main idea of filling up the matrix is
schematically presented in Fig.1. One by one, the half-cycles (ranges) are entered into the Markov’s
matrix (Fig.1, b). All important information is being presented in this way, namely, the maximum
amplitude in realization, distributions of the values of the half-cycles, the number of their repetition
during the period of investigation. The information concerning the sequence of the events is being
lost during this procedure. The investigation of the impact of the sequence effect on the crack-
propagation stage was reported in [14].

(a) (b)
_, Initial

1 2 3 4 5 6
Class level
| |
6
A 2 21
5
4 3 611
2 4111315 11
3
2 . 212 Ascending
€ 1 ranges
1 l l‘ B
re ) ] )
Final level Descending

ranges

Figure 1: Filling up the target matrix

Next, the numerical modelling basing on the filled up earlier matrix is performed. The
random number generator is used here. In this way, the engineers get the tool for the experimental
or numerical study of fatigue by taking into account the random character of the loading, which is
intrinsic to loading in service. As the result of this modelling, the investigators get the sequence of
extremums. This sequence is sufficient for estimating the longevity of the objects using the time
domain loading approach like Rainflow, [2,9].
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2.2. Construction of the continuous function

Unfortunately, it is impossible to estimate the spectral density only the sequence of extremums
generated by described above method. The function does not possess the property of smoothness;
its firsts derivate is not continuous. It is worth mentioning that there is a need to estimate spectral
density [10] of the modelled processes, particularly for the application of spectral methods
(frequency domain) for longevity estimation. Although those methods are at some extend doubtful,
they are still widespread [3]. As we mentioned above, they also have their own field for application:
like des [4].

To overcome this problem, a method for introducing smoothness into the process was
developed [12]. The adjacent peaks of the sequence are proposed to connect by half-cosines at the
period (0,7). At the next step these half-cosines parts are concatenated.

The equations of half-cosines:

x(t) =A cos (wt+p) 1)
where x(t)- is the part of the continuous extrapolating function, which is defined on the domain
t=0... t/w, because the period of the cosine function is T=27t/w, s.

For each half-wave (1) starting from the successive extremum MAX or MIN, the parameters
A, w, and @ are unique. The stress amplitude A [MPa] is defined as half of the range (modulus) of
successive extremes:

A=mod (MAXi-MIN i1)/2 Vv A=mod (MAXi-MIN 1)/2 (2)

The obtained in this way sequence of the random reading forms the continuous random
process with continuous first derivate. The concordances and peculiarities of the modelled processes
will be analyzed later in the Case study. The main idea of this modelling — that is the values of the
turning points, and their sequence remains unchanged. This point is paramount for fatigue
estimation not only on the stage of crack initiation in fatigue but also during the crack propagation
stage [5].

3. Case study

Following an engineering problem, the task was initially formulated to investigate the fatigue
resistance of the metal specimens under the impact of the random process with the particular
spectral density, shown in Fig. 4 [15]:

MPa”’iHz

<10

Stress PSD,
»

Figure 2: Target spectral density for testing
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In Fig.3 the testing equipment is shown. Six Al specimens were tested simultaneously.

Figure 3. Testing equipment for regular and random cantilever loading

Fatigue experiment [15] was performed on 4 levels of loading to build the so-called Gassner
curve (see also [7]). The example of the loading history is shown in Fig.5.

S, [MPa)
0 100 200
1 1 1

-100
1

Figure 4. I-second recording of the stress at the level of root mean square RMS=108 MPa.

The main characteristics of the imitated random processes were obtained numerically and are
shown in Table 1. With the aim of the study, the modelling was based on the laboratory records. For
the sake of representativity several modelled trials on the base of laboratory realization were
executed. In Table 1 the mean stress of the block is shown, RMS (the root mean square of realization),
I -isirregularity factor [2] (I=No/Ne, I<1; where No is the number of crossings of the middle level line
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and Ne is the number of extremums. It is worth mentioning, that value I depends on the level
number, in other words, on the registration precision. Spectra fullness V is defined as follows:

= "1y p (Zal yrm

V= \/nz hl (O'amax) 3)

The value of V <1 and is dimensionless. In formula (3) m is the slope coefficient of the fatigue

curve; n is the total number of cycles in the block; ki is the number of cycles at the i-th step; 0. is the

current value of the stress amplitude; Oamax is the maximum amplitude in the block. As can be seen

from the formula, the fullness ratio of the spectrum V depends not only on the spectra form, but also
on fatigue exponent m.

Table 1: The main characteristics of random realizations: initial and modelled ones

Mean RMS, 1 V
value [MPa]
[MPa]
Experimental | 0.0244 108 0.67 0.56
realization
1-st -0.0123 107 0.66 0.53
modelled
realization
2-nd -0.0056 99 0.68 0.55
10-th 0.0342 104 0.66 0.57

Unlike the widespread practice of ignoring the time factor during the cycle counting, in this
study, following the aim of the investigation, not only the peaks were selected, but also the half-
periods of quasi-cycles.

According to the proposed method, each stress range: r [MPa] is associated with the following
half period: hT [s]. The scatterplot of two random variables is shown in Fig. 6. The estimated
correlation was cor=0.76. Also, the regression equation by the least square method was estimated:

r=-161+10.77 hT @)

- =-161+10.77 11

700

cor=0.76

200 300 400 500 600
1 | 1

100
1

0
|

half-period. hT.s

Figure 5. The Scatterplot of half-periods hT and ranges r (with a regression line).
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The regression equation (3) was used for modelling the cosine curves in extrapolation. Unlike
equation (1), in which the frequency is assumed to be the same for all half-cycles, a variable
frequency value is used to form a more realistic process. To determine the frequency, the regression
equation (3) was used. Equation (4) was used during modelling.

4. Results and discussion

After performing the tests with sufficient repetition of specimens at each loading level, the Gassner
curve has been built [7,15]. This curve is analogous to the fatigue curve, but instead of the constant
amplitudes, a maximum value in the block is shown. The realization of the random process,
modelled on the base of spectral density (Fig. 4), was recorded, and the Rainflow cycle counting
procedure [9] was performed.

The main statistical characteristics of a few modelled realizations were shown in Table 1. The
spectral density of the modelled realization #1 is slightly differ from target spectral density. Anyway,
the first and second frequencies coincide.

A much better coincidence is shown for Rainflow distributions. Several replicas were compared
among each other as well with the distribution of initial realization. The good coincidence of
parameters is also evident from Table 1.

5. CONCLUSIONS

Machine parts would be deteriorated due to fatigue produced by repeated loading, so the
engineers should consider the fatigue impact.

Those impacts are of random nature, so the special imitation method was developed. This
method works in time, as well in the frequency domain.

The method was approbated in the Case study based during the laboratory fatigue experiment
under random loading.

The better coincidence takes place in the time domain. To improve modelling in a way it works
equally well in both domain, addition experiment and researches are needed.
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Abstract

Human Resource Management and other companies rely heavily on manpower models. Manpower
planning was a prerequisite for effective organization administration. The construction and analysis of
two graded manpower models with direct Duane recruiting processes in both graduates is the subject of
this paper. Duane’s recruitment procedure was capable of identifying time-dependent recruitments.
Poisson and non-homogeneous Poisson processes are used in the Duane recruitment process as precise
instances for specified parameter values. It is assumed that the organization has two grades and that
the recruitment procedure is based on the Duane Process. The processes of leaving and promotion are
Poisson processes. The model’s transient behavior was investigated by deriving unambiguous
expressions for system characteristics such as the mean number of employees in each grade, the mean
durational stay of an employee in each grade, and the variance of number of employees in each grade
using differential equations. The model’s sensitivity analysis of parameters shows that the Duane
recruiting process has a substantial impact on system performance indicators. It was also noted that
this model incorporates rates of recruitment that are increasing, decreasing, or stable. This model
proved helpful in analyzing organizational manpower issues.

Keywords - Two graded Manpower model, Duane process, Time dependent
recruitment rate, Sensitivity analysis.

I. Introduction

Planning the organization with the manpower structure in mind was a prerequisite for
getting the most out of the resources. Due to their usefulness in creating strategies for Human
Resource Development and resource allocation, much work has been reported on manpower models.
Seal was a pioneer in the mathematical modelling of labour systems [1]. Silock looked at the
observable fact of labour yield, which is related to the study of demography [2]. Bartholomew
examined manpower models based on probability distributions of an employee's total service time in
the organization [3] [4]. Ugwuowo and Mc Clean, as well as Wang, have examined manpower models
and various approaches to their development [5] [6].

The parameters of the manpower model, such as the mean number of employees in each
grade, the mean duration of stay an employee in each grade, and the variation of number of
employees in each grade, were required for effective analysis and design of manpower systems
Srinivasa Rao [7]. Kannan Nilakantan investigated the manpower models staffing rules and their
extension to individual outsourcing [8]. Jeeva and Geetha looked at manpower models in a hazy
environment [9]. Lalithadevi and Srinivasan used geometric process and shock models to investigate
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a single graded manpower system [10]. Osagiede and Ekhosuehi used continuous-time Markov
chains and sparse stochastic measures to investigate Manpower models [11].

The graded manpower models with poisson processes have been examined by Srinivasa Rao,
K. et al., Kondababu et al., and Govinda Rao et al. They implied that the hiring procedure was time-
sensitive [12] [13] 14] [15] [16]. Parameswari, K., and Srinivasan [17] used a geometric technique to
investigate the reduction in manpower for a two-graded system. Amudha.T and Srinivasan.A,
discussed the problem of time to recruitment for a two-graded system, taking into account the loss of
personnel in the form of an LLD Exponential random variable sequence [18]. Saral, L. et al.
established a two-tiered personnel structure and a recruiting policy based on two thresholds [19].
Srividhya, K. et al. investigated manpower loss in a multi-graded organization [20]. Jayanthi et al.
(2018) looked at a single graded manpower system and looked at the time to recruitment with a
break-even point [21]. Tamas Banyai et al. used Markov chains to study a model for analyzing human
resource use [22]. Arokkia Saibe,P et al. investigated two stochastic models based on the assumption
that manpower shortages and inter-policy decision delays constitute two distinct sequences of
independent and identically distributed random variables with two distinct breakdown thresholds
[23]. They assumed that the hiring procedure was time-sensitive.

However, in many real-world circumstances in corporate offices and government agencies,
the recruitment process was time-sensitive and did not necessarily follow the Poisson process. As a
result, non stationary models must be considered for correct analysis. Srinivasa Rao et al. [24] recently
developed two graded manpower models based on non-homogeneous Poisson recruitment. Srinivasa
Rao,K et al. [25] have studied on two grade manpower model with Duane recruitment process. They
realized that the recruitment rate was linearly proportional to time and that the duration between
recruitment was distributed in an exponential manner. However, the recruiting rate in many
organizations may increase/decrease/remain steady and time-dependent. The time-dependent non-
stationary recruitment process can be fully characterized by the Duane process, which follows a
Weibull distribution of inter-recruitment time. Little is reported in the literature on two hierarchical
workforce models that use the Duane recruitment process directly at both grades. Therefore, this
paper uses the Duane recruitment process of both graduates to develop and analyze a two-step
manpower model. Poisson and non-homogeneous processes are two examples of the Duane process.
The concept can be applied to a variety of organizations thanks to the recruitment in both grades. The
remainder of the paper was laid out as follows:

II. Two graded manpower model with direct recruitment:

Consider a personnel system with two grades, each of which has its own recruitment process.
The grade I recruiting process was supposed to be a Duane process, with the mean recruitment rate
being a power function of time t and the form Ai(t) = aibit’1!. The grade II recruiting process was
considered to be a Duane process with a mean recruitment rate of Az(t) = azbatb21. A Poisson process
with parameter is used to promote students from grade I to grade II. Poisson processes with
parameters and are used in the grade I and grade II leaving processes, respectively. "Figure 1"
depicted a schematic diagram depicting the two-grade manpower concept.

The grade I recruiting process was supposed to be a Duane process, with the mean
recruitment rate being a power function of time t and the form Ai(t) = aibitbi'l. The grade II recruiting
process was considered to be a Duane process with a mean recruitment rate of Ax(t) = azbatbzl. A
Poisson process with parameter is used to promote students from grade I to grade II. Poisson
processes with parameters and are used in the grade I and grade II leaving processes, respectively.
"Figure 1" depicted a schematic diagram depicting the two-grade manpower concept.
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Figure 1: Two grade manpower model with direct Duane recruitment process.

Let Pnm(t) denote the probability that there are ‘n” employees in grade-1 and ‘m” employees in
grade-2 at time ‘t’ in the organization. Then the difference-differential equations of the model are

T = [, (0 + 2. (® 4 na + 8 + mylBy n® + 4, @18, n®

+, (OB ) +aln + DB, () +Pn + LB () +(m + LBy, () (1)

P = (4, @) +22 (@) +na + 081 B0 + [, 1B, o0 +F( + DRy o® + By, @ )
P = [, 0+ 24, + +my]R ) + [ (1R 1, 40P, (O + P ® + (m + DBy gy,

aPo.olt) ®)

S = [0, () + 4, 1RO + BPLL® + (m + LyRy, © )

Let P(51,52; t) be the joint probability generating function then

P(S,.S,: t) = T, X, ST Pn.m (£) 5)

Multiplying the equations (1) to (4) with corresponding 5757 and summing over alln=0, 1, 2,...;

m=0,12,...; we get

2 =lals; - 5,) + (1 - 5,)] :i +y1- 512 - [, D0 -5,) +2, O - 5P

E —[als,— 5,0+ 81 - SLJ]:_—j'I —yl1-5,] :—F = [4, ®) (5, - 1) +4, (05, — 1P (©)

After simplification, we get

E + [als, -5, ) +p(5, —1)] :—PI+ y[5, — 1] :—’ =[4, (S5, - 1) +a,((, -1P 7)

Solving the equation (7) by Lagrangian’s method, the auxiliary equations are

at _ 35y _ 9% ar

1 w5y —53 1+ 8(5—-1) - Fi5a—1) - [y LEMS —1+45 e) (55— 1P (8)

With the initial conditions that there are N employees in grade-1 and M employees in grade-2 in the
organization at time t=0. i.e.,, Py, (0} = 1and F,,{t) =0 fort>0.

To solve the equation (8) the functional forms of A1(t) and Az(t) are required.
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Since the recruitment processes follow Duane processes we have the mean recruitment rates
of grade-land grade-2 in the system are Ai(t) =aibit P! and Ai(t) = azb2t*?1 respectively, where A>0, a1,
bl, a2 and b2are constants

Solve the equations in (8) we get
A= (5, —1e M

5.—1
B=e"‘“'?'f[{.il—1]+ “L5: J]

y— o+ @)

—a,b, e E (5, — 1) ayby ae (s, — 1) ab, @e " (s, — 1)

[+ A1 TTh-G+Alla+d T -G+l

C= 5{’5;“-’{

ﬂ:b: g—:r'f {5: - J.:]}
¥

N
where 5V = ['J. — (1 -5, )gla+plt _ e [e~la+Blt E"'_I’T]] , S =[1- =5, )e7 7™ .

¥—la+g)

A,B and C are arbitrary constants. 9)
The joint probability generating function of the number of employee in grade-1 and in grade-2 is
P':SJ_ 5: : t] — CEXE] {ﬂj_bj_ {51_ _ J_:] [g—'l:’ﬂ?'l.‘ J-'nglgﬂ?lu UIE?I_LIQ..U]

r.'.b,.x'.w':—l.'[ —la+fit Y la+Bv  (By=1) 4., -yt [F wr (-1 ]
+—;,-_|p;+,9| g fne v dr — g fne v dv

+azb, (5, — D [e7 [ e v®2-Day]} (10)

Substituting the value of ‘C’ from equation (9) in the equation (10), the joint probability generating

function of the number of employees in the grade-1 and grade-2 are obtained as
P(5,,5,: t) =

P_—:z—.‘i‘_n.

[EKP Iﬂl'[“' (5, —1) [e"“'?'r fnre'“+3'“' pBi—Ligy, — +

la+ 0

by o (5, -0 _ t - T a by @in, =11 [g-¥t  grlmsfie
10 2 [g Lo+t -rn g'n'+.?'|, pliB=l g, — gt -rn gf? B l'dl,-‘] + 184 2 [ _ +
¥—la+5) ¥—la+5) ¥ la+ 5]

azbs (5, — D) [ [ v+ aw -]} o))

¥

Where ¥ =5 =

N
1- {]' - 5]. :]g_llx-'-'?lr N fljl-;;:&: [E_IEH-SIL‘ - g_:':r]jl ’

V=§S¥=[1-(1-52)e"",I5]l <15l <1 (11)
III. Characteristics of the model:

The characteristics of the model are obtained by using the equation (11).Expanding
P(S,.5,; tland collecting the constant terms, we get the probability that there is no employee in the

organization as
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Where, X, = [1 —gleBlt 2 [g-lasflr _ e-'r'f]] and ¥, =[1—e V"] (12)
Taking 5, =1 in equation (11), we get the probability generating function of the number of
employees in grade-1 as

PGS0 = [[1- (1 - 5,067 @] [axp [ayb, (5, — 1) [ (et felosplv yoa-nigy En:lwp]”

5,l=1  (13)
Expanding P(S,; t) and collecting the constant terms, we get the probability that there is no employee

in grade-1 as

[ t1” _ _ \] Y _ —[a+i)t
Pn{t) = [[L — e &+ t] 1"] [Exp [ELIJJ_ I:—J.) [E |:a+p_|t J’[: E[:a+|3_|‘- Vlhl Lll:h? _ﬁ]:” (14)
The mean number of employees in grade-1 is
. —|z+ e
L, (£) = [Ne~'e+B'] 4 g b, [e"‘“'?'t fnre'“+'?'“' pif- Uy — Fum,g. ] (15)
The probability that there is at least one employee in grade-1 is
Ut =1-pF(t
I " 1 —[a#i)t
vitl=1- [[J. _ e"“'?'r]v] [E?'-'P [ﬂlbl (—1) [e'[‘“p’t f[: glaBlv g di-tigy EI:Mp-:I ]” (16)
The average duration of stay of an employee in grade-1 is
y _ LI {e)
wyle) = (a+ L —Fgl 1]
[NE*_:E_'T"']+|:|E:'| lp—:z—.']‘;LJ'r:- P:ﬂ_ﬁmu:hl_del"—ﬂ_.::__;uJ
W, () = ; _ 17)
[+ 51 L—[[L—P':ﬂ—ﬁ'.ll]ﬂl] [E!{.‘FI[I:|EJ| I_J_l[e‘l-“-f]l_l'“l glat vy _lJﬂy_u_I!:i_.;;'“]]:“
The variance of the number of grade-1 is
R —{=+ e
ﬂ_':t] — [Ne‘-'_'m"?'r“_'l _ g—'n‘+.?'rJ +a,b, [g—lc:+.9lr_|’;g'n*+3'u LT N PP E|q+3| ] (18)
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Coefficient of variation of the number of employees in grade-1 is cv, (t) =

are given in equations (18) and (15) respectively (19)
Similarly, taking 5, =1 in equation (11), then we get the probability generating function of the

number of employees in grade-2 as

- T T
P(S.; t) = {E’xp %N—M[E_'“S'rf gl@+Rlv b —Lig,, g—',-rJ‘ gf" v'i’"“n’v]
¥ — ':ﬂ' +|rj|:| o o

etstcsler e shetnfer e, stomen o |
[[1-(1 -5, )e"¥]™] where, [S.] <1 (20)
Expanding P(S.:t) and collecting the constant terms, we get the probability that there is no employee
in grade-2 as
Pylt) = EE?{P[% [9"“3'r J;re'“'?"' yB1-ldy — g~ ¥t J:e""" v'i'"L'n’v]

a by a(—1)[e7¥T  g'a+bt
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e e e ] B |

N
[L - v—lo+ 8] [‘E-"_le-'-'?Ir — E‘_;r.r]:l [[J. — E‘_Fr]M] (21)

The mean number of employees in grade-2 is

L,(e) = Me™™ + ,n.r[ [e-(a+Blt _ g ;r]]
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B t I Y -
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The probability that there is at least one employee in grade-2 is
U.(t) =1 -F ()

; by e -0 _ t b & (o) [e¥t
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¥
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(23)
The average duration of stay of employees in grade-2 is
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The variance of the number of employees in grade-2 is
V. (&) = Me ¥ (1 — &777)
—la+80t —¥t —la+80t —¥t
+EIJ |:'r la+g) [ —F ]:||: [ —la+fl [ —F ]]]
+ gy @ [g_ln-ﬂs'lt_rr gln‘+,5"u,-uli;-|—l.|du_ g~ ¥t J’r g¥” Uub.—].udu]
yp=lo+5 o o
I:IE:'I - CL _ ! 'T'IL:I ¥L ..-L |E'-—L| _ g
';'—'cr+.5"[ l|r+.5'l + a.b, [e f € dv - ] (25)
Coefficient of variation of the number of employees in grade-2 is
W (T
v, () == qllhl where, Va(t) and La(t) are given in equations (25) and (22) respectively. (26)

The mean number of employees in the organization is L =Li1+ L2 where, Li(t) and La(t) are given in
equations (15) and (22) respectively. (27)

IV. Numerical illustration and results

A numerical illustration was used to explain the model's behaviour in this subdivision. For
the recruiting, advancement, and leaving rates of the organization, several values of the parameters
were explored. Because the manpower model's performance characteristics were particularly time-
sensitive, the transient behaviour of the model was investigated by computing performance measures
with the following set of values for the model parameters: t= 1.5,2,2.5,3and 3.5; a=3,4,5,6 and 7;
=4,5,6,7 and 8; v=5,6,7,8 and 9; a1=5,10,15,20 and 25; b1=3,4,5,6 and 7; a>=5,10,15,20 and 25; b>=3,4,5,6
and 7; N=1000,1100,1200,1300 and 1400 ; M=600,700,800,900 and 1000.

Performance measures such as the mean number of employees in grades I and II, the mean
duration of stay of a grade I employee and in grade II, the variance of the number of employees in
grades I and II, and the coefficient of variation of the number of employees in grades I and II were
computed and presented in Tables 1 and 2. Figures 2a, 2b, 3a and 3b show the link between
parameters and performance measures.

Table 1 demonstrated that the performance indicators in grades I and II were extremely time
sensitive. The mean number of employees in grade I and grade 2 in the organization increased from
4.0180 to 24.1946 and 8.1050 to 45.6831, respectively, while time (t) varied from 1.5 to 3.5. When all
other factors were held constant, the mean period of stay of an employee in grade I and grade II in
the company increased from 0.5845 to 3.4564 and 1.7138 to 9.1367, respectively.
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When all other parameters were held constant, the mean number of employees in grade I was
not influenced and in grade II it increased from 8.4203 to 8.6416.When all other parameters were held
constant, the mean duration of stay of an employee in grade I was not influenced and in grade II it
increased from 1.7533 to 1.7848.
When all other parameters were held constant, the mean number of employees in grade I was
not influenced and in grade II it increased from 8.4203 to 8.6416.When all others parameters were held
constant, the mean duration of stay of an employee in grade I was not influenced and in grade II it
increased from 1.7533 to 1.7848.

Table 1: Values of L1, L, Wiand W2 for different values of parameters.

t alBlv]|a |bi | a|b N M L: Lo Wi W2
151341515 3 5 3 | 1000 600 4.0180 8.1050 0.5845 1.7138

2 314515 3 5 3 | 1000 600 7.4352 13.5421 1.0628 2.7769
25131415 1] 5 3 5 3 | 1000 600 11.9497 22.0582 1.7071 4.4219

3 314515 3 5 3 | 1000 600 17.5364 32.7960 2.5052 6.5599
35131415 1] 5 3 5 3 | 1000 600 24.1946 45.6831 3.4564 9.1367
151341515 3 5 3 | 1000 600 4.0180 8.1050 0.5845 1.7138
151414155 3 5 3 | 1000 600 3.5804 8.4013 0.4604 1.7508
1515141515 3 5 3 | 1000 600 3.2370 8.6505 0.3744 1.7862
15164155 3 5 3 | 1000 600 2.9553 8.8632 0.3118 1.8188
157141515 3 5 3 | 1000 600 2.7189 9.0462 0.2646 1.8483
151751515 3 5 3 | 1000 600 2.5174 8.7440 0.2282 1.8003
157161515 3 5 3 | 1000 600 2.3435 8.4931 0.1994 1.7634
1517171515 3 5 3 | 1000 600 2.1921 8.2806 0.1763 1.7350
151781515 3 5 3 | 1000 600 2.0589 8.0977 0.1573 1.7130
151781615 3 5 3 | 1000 600 2.0589 6.5928 0.1573 1.2559
151781715 3 5 3 | 1000 600 2.0589 5.7212 0.1573 0.9933
151781815 3 5 3 | 1000 600 2.0589 5.0994 0.1573 0.8147
1517181915 3 5 3 | 1000 600 2.0589 4.6108 0.1573 0.6856
1517 (81910 3 5 3 | 1000 600 4.1178 5.9837 0.2791 0.7104
1517 (819115 3 5 3 | 1000 600 6.1767 7.3565 0.4126 0.8309
1517 (8191203 5 3 | 1000 600 8.2356 8.7293 0.5492 0.9739
1517 (81912513 5 3 | 1000 600 10.2944 10.1021 0.6863 1.1236
1517 (819125 ] 4 5 3 | 1000 600 19.7548 15.5521 1.3170 1.7280
15178191255 5 3 | 1000 600 35.6026 24.0877 2.3735 2.6764
1517 (81912516 5 3 | 1000 600 61.6965 37.3243 4.1131 4.1471
1517 (8191257 5 3 | 1000 600 104.0989 57.6922 6.9399 6.4102
1517 (8191257 [10] 3 | 1000 600 104.0989 60.9278 6.9399 6.7698
1517 (8191257 [15] 3 | 1000 600 104.0989 64.1634 6.9399 7.1293
1517 (8191257 [201] 3 | 1000 600 104.0989 67.3990 6.9399 7.4888
1517 (8191257 [25] 3 | 1000 600 104.0989 70.6346 6.9399 7.8483
1517 [ 8191257 [25] 4 | 1000 600 104.0989 84.7664 6.9399 9.4185
1517 (8191257 [25] 5 | 1000 600 104.0989 107.9303 | 6.9399 | 11.9923
1517 (8191257 [25] 6 | 1000 600 104.0989 145.3699 | 6.9399 | 16.1522
1517 (8191257 [25] 7 | 1000 600 104.0989 205.2306 | 6.9399 | 22.8034
151341515 3 110 ] 3 | 1000 600 4.0180 8.1050 0.5845 1.7138
151341515 3 110 | 3 | 1100 600 4.0208 8.1838 0.5849 1.7230
151341515 3 1101 3 | 1200 600 4.0235 8.2627 0.5853 1.7327
15134155 3 110 | 3 | 1300 600 4.0263 8.3415 0.5856 1.7428
151341515 3 110 | 3 | 1400 600 4.0290 8.4203 0.5860 1.7533
15134155 3 110 ] 3 | 1400 700 4.0290 8.4756 0.5860 1.7610
151341515 3 110 | 3 | 1400 800 4.0290 8.5309 0.5860 1.7688
15134155 3 110 ] 3 | 1400 900 4.0290 8.5863 0.5860 1.7767
1513141515 3 110 | 3 | 1400 | 1000 4.0290 8.6416 0.5860 1.7848
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The performance metrics in grade I and grade II employees in the organization were
extremely sensitive to time, as shown in Table 2. When other parameters were held constant, it was
discovered that time (t) varies from 1.5 to 3.5, the variance of the number of employees in grade I and
grade II increased from 4.0180 to 24.1946 and 8.1042 to 45.6831, respectively, and the coefficient of
variation of the number of employees in both grades decreased from 0.4989 to 0.2033 and 0.3512 to

0.1480.

When the promotion rate (a) from grade I to grade Il increased from 3 to 7, the variance of the
number of employees in grade I decreased from 4.0180 to 2.7189 and increased from 8.1042 to 9.0456,
and the coefficient of variation of the number of employees in grade I increased from 0.4989 to 0.6065

and decreased from 0.3512 to 0.3325, when all other parameters remained constant.
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Figure 2a: Relation between the parameters and performance measures

46




Ch. Ganapathi Swamy, K. Srinivasa Rao

A NOVAL APPLICATION OF DUANE PROCESS FOR MODELING TWO GRADED RT&A, No 2 (68)
MANPOWER SYSTEM WITH DIRECT ECRUITMENT IN BOTH THE GRADES Volume 17, June 2022
Mean no of employees vs b1l Mean delay vs bl
., 200.00 - 10.00
£ 100.00 } |:_‘r <  5.00 1-4_.‘—-
= 000 ——L1(t) = 000 . ——Wwi)
2 .
._g 34 5 6 7 =L 2(t) % 3 45 6 7 == \W2(t)
2 b1 b1
=
g
Mean no of employees vs a2 Mean delay vs a2
- 200.00 - 10.00
2 § 100.00 £ 500 %H n--9
=& 000 S ==L |2 000 L WA
=2
< 5 510152025 —@—L2(t) = 5 10 15 20 25 —E—W2(t)
az az
o Mean no of employees vs b2 Mean delay vs b2
ﬂ)
2 400.00 40.00
= &
g 200.00 L = ﬂ g 20.00 :| . u
= 0.00 R +—L1(t) < 0.00 e v—y—e " W1(t)
2 .
= 34567 —m—L2(t) = 3456 7 ——W2(t)
[x-1
= b2 b2
Mean no of employees vs N Mean delay vs N
- 10.00 2.00 ) p—m—m—u.
5 g g.ggﬂm El.oo}.....
Q o 9]
i E L1(t) -g 0.00 —T —T ™— W1(t)
=y F S & g S 8 8 8 8
s 5 NN ——12(1) = S O 8 ® S —mw2
N N
2 Mean no of employeesvs M Mean delay vs M
2 1000 | g mmm 2.00 | m—m—u—-u—u
S 5.00 %0—0—0—0—0 £ 100 :|.—.—.—.—.
T 0.00 — — T = 0.00 — — ™—
[=] o O o o O @ o o o o O
% ©~ oo 5 ——L2(t) = e = == \W2(t)
= M M

Figure 2b: Relation between the parameters and performance measures

When the leaving rate () of an employee in grade I increases from 4 to 8, the variance of the
number of employees in grade I and grade II decreases from 2.7189 to 2.0589 and 9.0456 to 8.0974,
respectively, while the coefficient of variation of the number of employees in both grades I and II
increases from 0.6065 to 0.6969 and 0.3325 to 0.3514, respectively, when other parameters remain
constant.

When the leaving rate (y) of an employee in grade II increases from 5 to 9, the variance of the
number of employees in grade I is unaffected, while in grade II it decreases from 8.0974 to 4.6108.
When other parameters are held constant, the coefficient of variation of the number of employees in
grade I is unaffected, while in grade II it increases from 0.3514 to 0.4657. When the recruitment rate
parameter (ai1) of employees in grade I was changed from 5 to 25, the variance of the number of
employees in grade I and grade Il increased from 2.0589 to 10.2944 and 4.6108 to 10.1021 respectively,
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while the coefficient of variation of the number of employees in both grade I and grade II decreased
from 0.6969 to 0.3117 and 0.4657 to 0.3146 when the other parameters remained constant.

Table 2: Values of V1,V2, CViand CV: for different values of parameters.

T al|B|ly|a | b |a]|b N M Vi V2 CVi CV2
15 |34 |5 |5 |3 |5 ] 3 [1000] 600 4.0180 8.1042 0.4989 | 0.3512

2 314|553 |5 |3 ]1000] 600 7.4352 13.5421 | 0.3667 | 0.2717
25 |3|4|5] 5|3 |5 ]| 3 1000 | 600 11.9497 22.0582 | 0.2893 | 0.2129

3 314|553 |53 ]1000] 600 17.5364 32.7960 | 0.2388 | 0.1746
35 |3|4|5] 5|3 |5 ]| 3 |1000 | 600 24.1946 45.6831 | 0.2033 | 0.1480
15 |[3]4|5 |5 |3 |5 ] 3 [1000] 600 4.0180 8.1042 0.4989 | 0.3512
15 |4]4]|5|5 |3 |5 ] 3 |1000] 600 3.5804 8.4006 0.5285 | 0.3450
1.5 |54 |5 |5 |3 |5 ] 3 [1000] 600 3.2370 8.6498 0.5558 | 0.3400
15 |6 [4|5]|5 |3 |5 ] 3 [1000] 600 2.9553 8.8626 0.5817 | 0.3359
15 | 714|553 |5 ] 3 [1000] 600 2.7189 9.0456 0.6065 | 0.3325
1.5 |7 [5|5 |5 [ 3 |5 ] 3 [1000] 600 2.5174 8.7435 0.6303 | 0.3382
1.5 | 716|553 |5 ] 3 |1000] 600 2.3435 8.4927 0.6532 | 0.3431
1.5 | 717|553 |5 ] 3 [1000] 600 2.1921 8.2802 0.6754 | 0.3475
1.5 |7 (8|55 |3 |5 ] 3 [1000] 600 2.0589 8.0974 0.6969 | 0.3514
1.5 | 718|653 |5 ] 3 |1000]| 600 2.0589 6.5928 0.6969 | 0.3895
1.5 | 718|715 |13 |5 ] 3 |1000] 600 2.0589 5.7212 0.6969 | 0.4181
1.5 | 71885 |3 |5 ] 3 [1000] 600 2.0589 5.0994 0.6969 | 0.4428
15 | 718195 |3 |5 ] 3 [1000] 600 2.0589 4.6108 0.6969 | 0.4657
1.5 | 718910 3 | 5] 3 [1000 | 600 4.1178 5.9837 0.4928 | 0.4088
1.5 |78 9|15 3 | 5 | 3 |[1000 | 600 6.1767 7.3565 0.4024 | 0.3687
15 | 71819120 3 | 5] 3 [1000 | 600 8.2356 8.7293 0.3485 | 0.3385
15 | 71819125 3 | 5] 3 [1000 | 600 10.2944 10.1021 | 0.3117 | 0.3146
15 | 718925 4 |5 ] 3 |1000 | 600 19.7548 15.5521 | 0.2250 | 0.2536
15 | 7189|255 | 5 ] 3 [1000 | 600 35.6026 24.0877 | 0.1676 | 0.2038
15 | 718925 6 | 5] 3 [1000 | 600 61.6965 37.3243 | 0.1273 | 0.1637
15 |7 (8] 9|25 7 | 5| 3 |1000 | 600 | 104.0989 | 57.6922 | 0.0980 | 0.1317
15 |78 9|25 7 | 10] 3 | 1000 | 600 | 104.0989 | 60.9278 | 0.0980 | 0.1281
15 |78 9|25 7 [ 15] 3 | 1000 | 600 | 104.0989 | 64.1634 | 0.0980 | 0.1248
15 |7 (18] 9|25 7 [20] 3 | 1000 | 600 | 104.0989 | 67.3990 | 0.0980 | 0.1218
15 |78 9 25| 7 [25] 3 | 1000 | 600 | 104.0989 | 70.6346 | 0.0980 | 0.1190
15 | 7189 25| 7 [25] 4 | 1000 | 600 | 104.0989 | 84.7664 | 0.0980 | 0.1086
15 |78 9 25| 7 [ 25] 5 | 1000 | 600 | 104.0989 | 107.9303 | 0.0980 | 0.0963
15 |78 9 25| 7 [25] 6 | 1000 | 600 | 104.0989 | 145.3699 | 0.0980 | 0.0829
15 |7 (18] 9 |25 7 [25] 7 | 1000 | 600 | 104.0989 | 205.2306 | 0.0980 | 0.0698
15 |3]4|5 |5 |3 [10] 3 |1000 | 600 4.0180 8.1042 0.4989 | 0.3512
15 |3]4|5 |5 |3 [10] 3 |1100 | 600 4.0208 8.1830 0.4987 | 0.3495
15 |3 [4|5 |5 |3 [10] 3 [ 1200 | 600 4.0235 8.2617 0.4985 | 0.3479
15 |3 [4|5 |5 |3 [10] 3 |[1300 | 600 4.0263 8.3405 0.4984 | 0.3462
15 |34 |5 |5 |3 [10] 3 | 1400 | 600 4.0290 8.4193 0.4982 | 0.3446
15 |3]4|5 |5 |3 |10] 3 | 1400 | 700 4.0290 8.4746 0.4982 | 0.3435
15 |[3[4|5 |5 |3 [10] 3 | 1400 | 800 4.0290 8.5298 0.4982 | 0.3424
15 |[3[4|5 |5 |3 [10] 3 | 1400 | 900 4.0290 8.5851 0.4982 | 0.3412
15 [3]4|5 |5 |3 |10] 3 | 1400 | 1000 4.0290 8.6404 0.4982 | 0.3402

When the recruitment rate parameter (b1) in grade I is changed from 3 to 7, the variance of the
number of employees in grade I and grade II increases from 10.2944 to 104.0989 and 10.1021 to
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57.6922, respectively, while the coefficient of variation of the number of employees in both grades I
and II decreases from 0.3117 to 0.0980 and 0.3146 to 0.1317, respectively, when the other parameters
remain constant.

When the recruitment rate parameter (a2) in grade II changes from 5 to 25, the variance of the
number of employees in grade I does not change and in grade II it increases from 57.6922 to 70.6346,
while the coefficient of variation of the number of employees in grade I does not change and in grade
I it decreases from 0.1317 to 0.1190.
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~
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. 20 [
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o —
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Figure 3a: Relation between the parameters and performance measures.
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Figure 3b: Relation between the parameters and performance measures.

When the recruitment rate parameter (b2) of employees in grade II varies from 3 to 7, the
variance of the number of employees in grade I is unaffected, and in grade II it increases from 70.6346
to 205.2306, while the coefficient of variation of the number of employees in grade I is unaffected, and
in grade II it decreases from 0.1190 to 0.0698.

When other parameters were held constant, the initial number of employees in grade I (N)
varied from 1000 to 1400, the variance of the number of employees in grade I and grade II increased
from 4.0180 to 4.0290 and 8.1042 to 8.4193, respectively, and the coefficient of variation of the number
of employees in grade I and grade II decreased from 0.4989 to 0.4982 and 0.3512 to 0.3446.

When other parameters were fixed, the variance of the number of employees in grade I was
not influenced and in grade II it was increasing from 8.4193 to 8.6404, coefficient of variation of the
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number of employees in grade I was not influenced and in grade II it was decreasing from 0.3446 to
0.3402, when the primary number of employees in grade II (M) varies from 100 to 500.

V. Sensitivity analysis of the model

The model was sensitivity tested with respect to the value of time (t), recruitment rates A1(t)
and A2(t), promotion rate parameter (a), and leaving parameters(p) and (y) of both grade I and grade
II, as well as all other parameters combined on the mean number of employees in grade I and grade
II, mean duration of stay of an employee in grade I and grade II, and variance of the number of
employees in grade I and grade IL

For different value of t,a,(3,y,a1,b1,a2 and b2 the mean number of employees in grade I and in
grade II, mean duration of stay of an employee in grade I and in grade II, the variance of the number
of employees in grade I and in grade II were computed and presented in Table 3a and 3b with
variation of -15%,-10%,-5%,0%,5%,10% and 15% of the model parameters.

Time had a significant impact on the performance measurements (t). The mean number of
employees, mean duration of stay of an employee, and variation of the number of employees in grade
I and grade Il increased when t increased from -15 % to 15%.

The mean number of employees, mean duration of stay of an employee, and variation of the
number of employees in grade I decreased and in grade II it was increasing as the promotion rate
parameter («) increased from -15 % to 15%. The mean number of employees, mean duration of stay of
an employee, and variation of the number of employees in grade I and grade II decreased as the
leaving rate parameter ( 3) in grad-1 increased from -15 % to 15%.When the leaving rate parameter
(v) in grad-2 is increased from -15 % to 15%, the mean number of employees, mean duration of stay of

Table 3a:The values of Li(t),La(t), Wi(t), Wa(t),V1(t) and Va(t) for different Values of t, a, B, v, a1, b1, az and b2

Para Performance
-15% -10% -5% 0% +5% +10% +15%
-meters Measure
L1 5.2497 5.9333 6.6624 7.4356 8.2524 9.1123 10.0152
L2 16.7277 | 18.7380 | 20.9764 | 23.4109 | 26.0219 | 28.7973 | 31.7300
=2 W1 0.7539 0.8499 0.9530 1.0629 1.1792 1.3019 1.4308
W2 3.5231 3.9175 4.3407 4.7972 5.2901 5.8205 6.3878
VI 5.2497 5.9333 6.6624 7.4356 8.2524 9.1123 10.0152
V2 16.7276 | 18.7379 | 20.9763 | 23.4109 | 26.0219 | 28.7973 | 31.7300
L1 7.8716 7.7206 7.5754 7.4356 7.3010 7.1711 7.0457
L2 23.0525 | 23.1764 | 23.2957 | 23.4109 | 23.5220 | 23.6292 | 23.7329
a=3 W1 1.2022 1.1528 1.1065 1.0629 1.0218 0.9831 0.9466
W2 4.7743 4.7801 4.7879 4.7972 4.8075 4.8187 4.8305
VI 7.8716 7.7206 7.5754 7.4356 7.3010 7.1711 7.0457
V2 23.0525 | 23.1764 | 23.2957 | 23.4109 | 23.5220 | 23.6292 | 23.7329
L1 8.0287 7.8206 7.6232 7.4356 7.2571 7.0870 6.9247
L2 23.7293 | 23.6162 | 23.5103 | 23.4109 | 23.3172 | 23.2286 | 23.1447
=4 W1 1.2549 1.1854 1.1216 1.0629 1.0086 0.9585 0.9120
W2 4.8301 4.8173 4.8064 4.7972 4.7895 4.7833 4.7784
VI 8.0287 7.8206 7.6232 7.4356 7.2571 7.0870 6.9247
V2 23.7293 | 23.6161 | 23.5103 | 23.4109 | 23.3171 | 23.2286 | 23.1446
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Table 3b:The values of Li(t),La(t), Wi(t), Wa(t), V1(t) and V(1) for different Values of t, a, B, y, a1, by, a2 and b2

Para | Performance | ;50 | ;09 -5% 0% +5% | +10% | +15%
-meters Measure
L1 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
L2 26.8975 | 25.5983 | 24.4462 | 23.4109 | 22.4709 | 21.6107 | 20.8184
v=5 W1 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629
W2 6.3982 5.7752 5.2484 4.7972 4.4064 4.0650 3.7647
VI 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
V2 26.8974 | 25.5983 | 24.4461 | 23.4109 | 22.4709 | 21.6107 | 20.8184
L1 6.3205 6.6922 7.0639 7.4356 7.8074 8.1791 8.5508
L2 22.8696 | 23.0500 | 23.2305 | 23.4109 | 23.5913 | 23.7717 | 23.9521
al=5 W1 0.9046 0.9572 1.0100 1.0629 1.1158 1.1688 1.2218
W2 47704 | 4.7742 4.7834 4.7972 4.8146 4.8351 4.8582
VI 6.3205 6.6922 7.0639 7.4356 7.8074 8.1791 8.5508
V2 22.8696 | 23.0500 | 23.2305 | 23.4109 | 23.5913 | 23.7717 | 23.9521
L1 4.7683 5.5453 6.4298 7.4356 8.5783 9.8752 | 11.3459
1.2 22.2169 | 22.5701 | 22.9665 | 23.4109 | 23.9089 | 24.4666 | 25.0909
b1=3 W1 0.6870 0.7953 0.9200 1.0629 1.2257 1.4108 1.6209
W2 4.6951 4.7717 | 4.7796 4.7972 4.8525 4.9345 5.0407
VI 4.7683 5.5453 6.4298 7.4356 8.5783 9.8752 | 11.3459
V2 222169 | 22.5701 | 22.9664 | 23.4109 | 23.9089 | 24.4666 | 25.0909
L1 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
L2 20.4589 | 21.4429 | 22.4269 | 23.4109 | 24.3948 | 25.3788 | 26.3628
a2=10 W1 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629
W2 4.1923 4.3939 4.5955 4.7972 4.9988 5.2004 | 5.4021
VI 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
V2 20.4589 | 21.4429 | 22.4269 | 23.4109 | 24.3948 | 25.3788 | 26.3628
L1 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
L2 16.4841 | 18.5091 | 20.8066 | 23.4109 | 26.3602 | 29.6977 | 33.4714
b2=3 W1 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629
W2 3.3778 3.7927 | 4.2635 4.7972 5.4015 6.0854 6.8587
VI 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
V2 16.4841 | 18.5091 | 20.8066 | 23.4109 | 26.3602 | 29.6977 | 33.4714
L1 4.0256 4.0276 4.0297 | 4.0318 4.0338 4.0359 4.0380
L2 13.4547 | 13.5138 | 13.5729 | 13.6321 | 13.6912 | 13.7503 | 13.8094
N=1500 W1 0.5855 0.5858 0.5861 0.5864 0.5866 0.5869 0.5872
W2 2.8212 2.8257 | 2.8307 | 2.8360 2.8418 2.8479 2.8543
VI 4.0256 | 4.0276 4.0297 | 4.0318 4.0338 4.0359 4.0380
V2 13.4537 | 13.5128 | 13.5719 | 13.6310 | 13.6901 | 13.7491 | 13.8082
L1 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
L2 23.4075 | 23.4086 | 23.4097 | 23.4109 | 23.4120 | 23.4131 | 23.4143
M=500 W1 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629 1.0629
W2 4.7969 4.7970 4.7971 4.7972 4.7973 4.7974 | 4.7975
VI 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356 7.4356
V2 23.4075 | 23.4086 | 23.4097 | 23.4109 | 23.4120 | 23.4131 | 23.4143

The mean number of employees, mean duration of stay of an employee, and variation of the
number of employees in grade I and grade II increased when the recruitment rate parameter (al) in
grade I increased from -15 % to 15%. The mean number of employees, mean duration of stay of an
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employee, and variation of the number of employees in grade I and grade II increased when the
recruitment rate parameter (b1) in grade I increased from -15 % to 15%.

When the recruitment rate parameter (a2) of employees in grade II goes from -15 % to 15%,
the mean number of employees, the mean duration of stay of an employee, and the variance of the
number of employees in grade I are unaffected, while they increase in grade II. When the recruitment
rate parameter (b2) of employees in grade II is increased from -15 % to 15%, the mean number of
employees, mean duration of stay of an employee, and variance of the number of employees in grade
I are unaffected, but they increase in grade II.

V1.Comparative Studies of the models:

In this part, a comparison of the generated model with a model with homogeneous Poisson
recruitment was shown. Table 4 shows the performance measures of both models for various values
of t=1.6,1.7,1.8, 1.9, and 2.

Table 4: Comparative study of models with Homogeneous and Non-Homogeneous
Recruitments.

Characteristics Non- Homogeneous Def Percentage
t Measured Homogeneous recruitment CIETENCe 1 of Variation
recruitment
L1 2.1021 0.7348 1.3673 65.0445
L2 4.7680 2.3187 2.4493 51.3695
t=1.6 W1 0.3421 0.2017 0.1404 41.0406
W2 1.1085 0.6329 0.4756 42.9048
VI 2.1021 0.7348 1.3673 65.0445
V2 4.7680 2.3187 2.4493 51.3695
L1 2.2347 0.7245 1.5102 67.5795
L2 4.7067 1.9718 2.7349 58.1065
t=1.7 W1 0.3575 0.2008 0.1567 43.8322
W2 1.1500 0.6342 0.5158 44.8522
VI 2.2347 0.7245 1.5102 67.5795
\ 4.7067 1.9718 2.7349 58.1065
L1 2.3724 0.7193 1.6531 69.6805
L2 4.7803 1.7598 3.0205 63.1864
t=1.8 W1 0.3738 0.2003 0.1735 46.4152
W2 1.2040 0.6611 0.5429 45.0914
VI 2.3724 0.7193 1.6531 69.6805
V2 4.7803 1.7598 3.0205 63.1864
L1 2.5127 0.7168 1.7959 71.4729
L2 4.9365 1.6303 3.3062 66.9746
t=1.9 W1 0.3906 0.2001 0.1905 48.7711
W2 1.2579 0.6972 0.5607 44.5743
VI 2.5127 0.7168 1.7959 71.4729
V2 4.9365 1.6303 3.3062 66.9746
L1 2.6543 0.7155 1.9388 73.0437
L2 5.1432 1.5513 3.5919 69.8378
t=2.0 W1 0.4079 0.2000 0.2079 50.9684
W2 1.3082 0.7320 0.5762 44.0453
VI 2.6543 0.7155 1.9388 73.0437
V2 5.1432 1.5513 3.5919 69.8378
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Table 4 shows that the percentage variation of the performance measures between the two
models increased as time progressed. The assumption of the Duane recruitment process was found to
have a considerable impact on all of the manpower model's performance measures. Time has a
substantial impact on system performance, and the proposed model can more correctly forecast
system performance.

VII. Conclusion

The purpose of this work is to build and analyze a two-graded manpower model with direct
recruitment in both grades for non-stationary recruitment. The Duane recruitment procedure was
capable of identifying recruitments that were time-dependent. The model's characteristics were
obtained explicitly to assist HR Managers in adopting optimal operating policies, such as the mean
number of employees in each grade, the mean duration of stay of an employee in each grade, the
variance of the number of employees in each grade, and the coefficient of variation of an employee in
each grade in the organization. The model's sensitivity study revealed that the Duane recruitment
process has a considerable impact on system performance indicators. A comparison of the suggested
model with Poisson recruitment reveals that the proposed model predicts system properties more
accurately. When the recruiting was done in a time-dependent manner, the performance measures
could be anticipated more correctly and realistically using the evolving model. This model can also be
expanded by factoring in cost considerations while determining the best values for the parameters,
which will be done elsewhere.
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Abstract

In this paper a parallel system has been discussed with the idea of priority to preventive maintenance
over replacement. The system has two identical units and facility of inspection is given to the failed
unit before repair/replacement. There is a single server who play four-in-one role of inspection,
replacement, repair and preventive maintenance and comes immediately when required. Units are
failed with constant rate whereas failure time is random. The distribution of time for repair activities
is arbitrary and there rates follow exponential distribution. The random variable associate with
different rates are stochastically independent. Mathematical expression for several reliability terms
like MTSF, availability, busy period analysis for server , expected number of visits by the server and
cost benefit are obtained by using semi-markov process and regenerative point technique. Graphs are
drawn to find the effect of various parameters on MTSF, Availability and profit.

Keywords: parallel system, priority, preventive maintenance, replacement,
inspection

I. Introduction

The world is moving day by day towards the smart technology. Advance development of
technology has significantly increased cost and complexity of industrial systems. Thus it has become
an essential to operate industrial systems with minimum down time in order to achieve optimized
production, increase profit and to avoid the losses. Hence, the need for reliability modeling and
analysis of complex industrial systems is inevitable. Reliability analysis of parallel systems has been
broadly studied by many researchers because parallel configuration is more reliable then series.
Dhillon and Viswanath [6] analyzed a parallel system with the common-cause failure. Sridharan and
Kalyani [7] gives common-cause failure analysis of a two non-identical unit parallel system using
GERT technique.
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A parallel (2n-2) system was investigated by E.Papageorgious and G. Kokolakis [9] where two units
start operation simultaneously and any one of them was replaced by one of (n-2) warm standby
units upon failure. Reliability of parallel systems was studied based on multiple competing
dependent failure process by Sanling and David [10]. This problem was formulated for

the conditioning on shock sets because not all shocks cause degradation. N. Sharma and J.P.Singh
Joorel [8] investigate a two unit parallel system with inspection and preparation time for
replacement. To improve the reliability PM and Inspection are widely used in modern engineering
systems. PM can help to extend the life time of an equipment, increase the productivity and hence
decrease unexpected maintenance spending. Inspection aims to find the defect of the system and
type of the defect. Goel and Gupta [13] considered a two identical unit parallel system with the
concept of PM, inspection and two types of repair. They assumed that the time to failure,
commencement to PM and inspection are constant while repair and maintenance times are
arbitrarily distributed. M.K.Kakkar and ].Bhatti [12] purposed a two dissimilar parallel unit
framework under the presumption that the unit may also fail during the preventive maintenance
(PM). Wang and Lin [5] found a methodology to optimize the non-periodic maintenance for a series-
parallel system. Shruti [11] analyzed a stochastic model with two units subject to routine inspection,
maintenance and replacement. In this research routine inspection is conducting over operative unit
and after inspection either the unit is maintained or it failed. Repair and replacement of the unit is
based upon guarantee period of the equipment. In many research priority concept is also used to
make the system better in performance and hence more profitable. P. Kumar, A. Bharti, and A. Gupta
[3] investigated and analyze a two unit parallel system in which priority was given to one unit over
other. In this system priority unit was repairable and non-priority unit was non-repairable and
preference to repair of priority unit was given over replacement of non-priority unit. R.Rathee and
D.Pawar [4] introduced a reliability model of a parallel system in which priority to repair over
replacement was given using maximum operation and repair times.A.Kumar and S.C.Malik [1]
considered a computer system with two identical units and in each unit H/W and S/W components
works together. Priority was given to PM of the unit over S/W replacement under certain
assumptions. C.Aggarwal and N.Ahlawat [2] done the profit analysis of a standby system with
priority to PM over repair by considering rest of the server between repairs.

In the present study a parallel system is investigate under some assumptions. Priority is given to
PM over replacement with inspection. Inspection is done to find the type of failure. Semi-Markovian
approach and regenerative-point-technique are used to obtain numerical expressions for various
reliability terms such as MTSF, Availability, busy period analysis for server, expected number of
visits by the server and cost benefit. Graphical interpretation is done to visualize the effect of several
parameters (related to repair activities) on obtained reliability measurable terms.

For practical implication of system one of the example is a parallel compressor rack system. Jim
Coats [14] gives the commercial and industrial applications of parallel compressor racks. There are
several advantages of this system like low installation cost, capacity control, redundancy and
maximum efficiency etc.
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Figure 1: Parallel compressor Rack

II. Notations for System Model

S; + States of the sytem (i = 1,2,....,15)

A : Constant failure rate

a/b/x, : repair/replacement/PM rate of the system

upm/UPM: Unit is under PM/continuosly under PM

wpm/WPM: Unit is waiting for PM/continue waiting for PM

FUi/FWi: Failed unit under inspection/waiting for inspection

FUI/FWI: Failed unit continuously under inspection/waiting for inspection

FUr/FUrp : Failed unit under repair/replacement

FUR/FURP: Failed unit continuously under repair/replacement

U;i: mean sojourn time in the state S;

m;;: Contribution to mean sojourn time in state S; when the system
transits directly to state S;

h(t)/f(t) /r(t)/g(t): pdf of the inspection/repair/replacement/PM time

III. System Description and Assumptions

A parallel system with two identical units is studied under some practical assumptions which are
given below:

- Initially both the units are in operative condition

- Failure rate is constant

- Only one server operator is taken to do all repair activities

. Repair is perfect or units restore in initial condition after repair

. Post failure inspection is done to find unit is repairable or replaced by new

. Time taken for repair activities is arbitrary and there rates follow exponential

distribution
. The random variable associate with different rates are stochastically independent

Table 1: Description of the states

States Description

So Both the units are in normal mode

S1 One unit is operative and other is failed under inspection
S2 Resume for PM
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Ss One is working and other is failed under replacement
S4 One unit is continuously under inspection from previous state and other is waiting
for inspection
Ss One is working and other is failed under repair
Se One unit is continuously under inspection from previous state and other is waiting
for PM
Sy One unit is working and other under PM
Ss One unit is continuously under replacement from previous state and other is waiting
for inspection
So One unit is under repair and other is continuously waiting for inspection from
previous state
S1o One unit is under replacement and other is continuously waiting for inspection from
previous state
Su One unit is continuously under repair from previous state and other is waiting for
inspection
Si2 One unit is continuously under repair from previous state and other is waiting for PM
S One unit is under repair and other is continuously waiting for PM from previous state
Su One unit is under PM and other is continuously waiting for replacement from
previous state
S5 One unit is continuously under PM from previous state and other is waiting for
inspection
SLZ
fit) FUR
wpin Ao
S, Sic S5 Su
//'_ ., e -
Lo )\ A FWi [ o A FUR
" upm | UPM \ Fur | FWi
S - Q{?f o
o J iz ahit
2 | = Y } SE : ) S
upm Oy ah(t) FUr
= Wpm \ FWI
b bh(t)
513
FUr ah{t)
WPM
b = O operating state
b'/‘i‘ = O  Failed state
upm [0 Failed and regenerative state
FWip |51 e Regenrative Point

Figure 2: Transition State Diagram
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IV. Formulation and Stochastic Analysis of the Model

L. Transition Probabilities & Mean Sojourn Times (};)

Steady- state transition probabilities from regenerative state i to state j are given by the formula

Py = Qy(®) = [} q;; (Ddt M
Here Q;;(t) / q;;(t) are the c.d.f/p.d.f from state i to state j in (0,t) time.
22 _
Po1 = 2A+ay” Poz = 2+
P13 = bR (A +X), pra = 77— (1 = h"(A +%)), P15 = ah’ (A +X), P16 = /:i (1 =h"(A+x))
0 0
* A * *
P30 =T "(A+X), P3g = P31g = T+ (11— r"(A+%)), p31a = /1:(:(0 (1-1r" (A +x))

Pso = D613 =@, D10 =DPe14a = D
* A . o«
Pso = fT(A+%g) , P51 = Ps111 = m(l — " A +%0)) , Ps12 = Ps7.12 = /1_0

+xq
P70 =8A), 0715 =Pr1s =1—g" A,
Aa Ab

1 - f"(A+xq))

P19 = 7 (1 =h"A+%)) ,P11410 = Treg (1-h"A+x)),
b * *
P1146 = —;_0“0 I -h"A+x)), P17613 = ;iojo (I-h"A+x)) ,

D27 = Pg1 = Po1 = Pio1 = P11,1 = Piz7 = P137 = P1a3 = Pisp = 1

It can verified that
Po1 T Poz = P13 T P15 T P11.49 T P11.410 T P17.6,13 T P1,146~
Pso T Ps111 T Ps712 = P30 T P318 T P314 = Pag T Pa10= DPe13 T Ps14 = P70 T P71.15 =P27 = De1 =

Po1= D101~ P11,1= P12,7= P137= P143= P1s1= 1

And p;° are given by the formula

w=E@® = [ P(T>t)de =%;my; v
and
dafQ;; ()]
my; = % |s =0 (3)
1
o iy = (1 -h R+ ), us = 1=+ )

20+ o 2+ o
Hs = ror (L= F 0t o), 1ty = 5 (1= g' (W)
S SR

m= e T et T o

3 B+4) * ’ 1 1
Us =m(1—f A+ ay)), “5:;,,117:5

A+ ag

L Ya-ra
+?+z]( —h* (A + ap))

II. Reliability & Mean Time to System Failure (MTSF)

Let @;(t) be the cdf of first passing time from the state S; to the state in which failure occur and we
take absorbing state as the failed state. So, the expressions for @;(t) from which MTSF of discussed
system is obtained are given as

Di(t) = X Qi (1) ® P5(1) + ik Qi (O (4)
Where j is the operating regenerative state to which the given regenerative state i can transit and k
is the failed state to which state i can directly transit.

If we take LST of above relation (4) and solved them for @;*(s), we have

1- @™ (s)

R(s) =220 5)
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The system reliability is obtained by taking Inverse Laplace transform of (5) and MTSF is given by

the formula
1-0™(s) _ N

MTSF =lim——=— (6)
s-0 s D

Where,

N = pg + t1Po1 + H3Po1P13 + UsPo1P1s and D = 1 — py1D13P30 — Po1P1sPso (7)

[II. Analysis of Availability

Let A;(t) be the probability of system working at time ‘t" w.r.t the condition that system goes to
regenerative state S; at t = 0. We have the relations for 4;(t) as

Ai(®) = My(t) + Ti;q7 (DOA;(D) ®)
Where j is any successive regenerative state to which the regenerative state i can transit through n
transitions.

M; (t) is the probability that the system in up state Si up to the time t without visiting to any other
regenerative state.

Mo(t) = e~ @4+ =)t ©)
M, (t) = e~ A+%0tH(t) (10)
Ms(t) = e~ +*0)IR(t) (11)
My(t) = e=A+<0)tF (1) (12)
M;(t) = e= @G (1) (13)

Now, if we use LT of (8) and solved it for Aj(s).We get the result for steady state availability as

Ap(0) = limsAy(s) =2 (14)
s-0 Dy

Where

Ny = uoA + (g + uspys)B + ps3C + pu; D (15)

Dy = (o + HaD02)A + (U + UsP1s)B + usC + uzD + uy4E (16)

IV.Busy Period Analysis for Server

Let BI(t), BR(t), B (t), Bf (t)be the probability of busy period of server during inspection, repair,
replacement and PM at instant’t’ with the given condition that the system go to regenerative state Si
at t=0. The recursive relations for B! (t), BR(t), B[ (t), B (t) are as follows:

BI(t) = Wi(t) + 3,4 (OB (1) (17)
BR(t) = Wi(t) + Xija (DOBR(®) (18)
B () = W) + %4 (OB (1) (19)
BP () = Wi(t) + Xi;q.” ()OB](t) (20)

Where j is any successive regenerative state to which the regenerative state i can transit through n
transitions.

Wi(t) is the probability of server busyness at state Si due to repair activities at time t without making
any transition to any other regenerative state or returning to the same via one or more non
regenerative state.

Here,

W, (t) = e"M<tH(t) + (e~ A= @1)H(t) + (age" M *'©1)H(t) (21)
Ws5(t) = e”M0F(8) + (e PN O)F(t) + (<o e~ AT ©1)F(t) (22)
W5(t) = e”MH*0ER(t) + (Ae" Xt ©1)R(t) (23)

Wy (t) = G(8) = Wia(£), W5 () = e" DG (0) + (Ae”P*O1)G ()
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Take LT of (17) to (20) and solving for B} (s), B¥ (s), By P"(s), B (s) .The busy time in inspection,

repair, replacement and preventive maintenance for server is given by

Bl(e) =limsBl (s) =22
50 Dy

BR() = limsBE (s) = 2
50 Dy

Rp T Rp* _ Ny
By () = lim sBJ (s) = 3
BP () = limsBE (s) = =

s—-0 Dy
Here,
N, = Wy (0)B,N;3 = W5 (0)pysB, Ny = W5(0)C

Ns = W5 (0)pgA + W7 (0)D + Wi, (0)E and D1 is mentioned above.

V. Expected Number of Visits by The Server

(24)
(25)
(26)
(27)

(28)

Consider [j(t), Ro(t), Rpo(t) ,Pmy(t) as the expected number of visits make by the server for

inspection, repair, replacement and PM in (0, t] .We have the following recursive relations for

Io(t), Ro(t), Rpo(t) , Pmy(t) are

L) = 2,007 (©® (C+1(®)
Ri(t) = %0 (DO (C+R; (1)
Rpi(t) = %:;0” (D® (C+ Rp; (D)
Pmi(t) = %:;0” (DO (C+ Pm; (1))

(29)
(30)
(3D
(32)

Where j is any successive regenerative state to which the regenerative state i can transit through n

transitions and and C =1 if j is the state where the server does the job afresh, otherwise C = 0.

Take LST of above equations solving for I5*(s), Ry*(s), Rpg*(s), Pmy™(s) .The expected number of

inspections, repairs, replacements, and preventive maintenance by the server is given by (per unit

time)

Io(0) = lim sI§* (s) = ~&
s-0 Dy
Ry(0) = lim sRy (s) = 2
s-0 Dy
Ng

Rpo(e0) = lim sRpgy™(s) = =
s-0 1

Pmy(o0) = limsPmg*(s) = Yo
s-0 Dy

Where,

Ng = B,N; = (P11.49 + P15 + P17613)B, Ng = (P11.410 + P1,146 + P13)B,

N; = pgA+ D + E and D, is already mentioned.

Here A, B, C,D & E are

A = (1-p314)(P15Pso + P70(P15Ps7.12 + P17.6,13)) T (P13 + P1,146)P30

B = (1 - p314)(1 — PozP70)

C = (P13 *+ P1,14.6) (1 — Po2P70)

D = (1 = p314)(P1s + P17.6,13 — Po1P15Pso — P1sPs1.11) + Po2P30 (P13 + P1,14.6)
E = (P13P3,14 + P1,146)(1 — PozP70)

VI. Profit Analysis

In steady state the profit function of the system model can be obtained as
P = koA — k;BY — k;BR — k3B — k,BE™ — kglo — kgRo — k;Rpy — kgPm,
Here,

P = Profit function of system model
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ko = Revenue per unit up — time of the system
ki,k,, ks, k, = Costper unit time of the server when it is busy in
inspection, repair, replacement, preventive maintenance
ks, kg, k7, kg = Cost per unit time for inspection, repair,
replacement, preventive maintenance

V. Analytical Study of the Model

In the present study concept of priority to PM over replacement with inspection is used. To see the
applicability of this situation particular cases are taken for the included parameters like F(t) =
e ™t r(t) = Be PL h(t) = ye ", g(t) = Be~°". Results are obtained in form of tables and graphs by
taking random values for the given parameters. On the basis of these cases numerical and graphical
results are obtained which shows the effect of these parameters on MTSF, Availability and Profit
function of the system. From the obtained results we conclude that PM does not effect the MTSF and
as the failure rate increases the availability and the profit of the system is decreases. When the repair
activities rate is increases then availability and profit is also increases. From the results we obtained
that the system is highly profitable if we increase the PM rate at the very first stage when failure rate
is very low but as the failure rate increases the system get more profit by enhancing the inspection
rate. Tabular and graphical results are given below:

Table 2: Values of MTSF w.r.t various parameters
Failure a=2.1,$=2,a=0.6,b=0.4,

=41 =5 =3 0=3.1 =0.4, b= 0.6
rate v=1.3,a00=3 @ P ¥ o 2
0.1 0.33274 0.33275 0.33275 0.33279 0.32204 0.33274
0.2 0.33113 0.33119 0.33119 0.33130 0.32056 0.33113
0.3 0.32875 0.32887 0.32886 0.32908 0.31838 0.32875
0.4 0.32577 0.32596 0.32594 0.32627 0.31563 0.32577
0.5 0.32235 0.32260 0.32258 0.32302 0.31247 0.32234
0.6 0.31859 0.31890 0.31887 0.31943 0.30899 0.31858
0.7 0.31458 0.31495 0.31492 0.31558 0.30527 0.31457
0.8 0.31040 0.31082 0.31079 0.31153 0.30138 0.31039
0.9 0.30610 0.30657 0.30653 0.30736 0.29737 0.30609
MTSF Vs Failure Rate
0=2.1,p=2,a=0.6,b=0.4,y=1.3,00=3
0,34000 ——o=41
0,33000 =2
—e—y=3
—%—a0=3.1
0,32000 Te— @
—

& ~—
=0,31000

0,30000 \\

0,29000

o1 ©02 03 04 05 06 07 08 09
Failure Rate

Figure 3: MTSF VS Failure Rate
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Table 3: Values of Availability w.r.t various parameters

) a=2.1,4=2,a=0.
Failure
Rate | OPT044713,  a=t1 B=5  a=04,b=0.6  y=3 a0=3.1 6=2
a0=3,0=1.4
0.1 0.53503 0.53911 0.54102 0.52635 0.55017  0.53213 0.56972
0.2 0.45652 0.47175 0.46481 0.45459 0.48943 0.45348 0.48158
0.3 0.42387 0.43952 0.43365 0.41815 0.46238 0.42072 0.45061
0.4 0.39668 0.41256 0.40718 0.38870 0.43924 0.39350 0.42408
0.5 0.37357 0.38955 0.38436 0.36427 0.41912 0.37041 0.40101
0.6 0.35358 0.36960 0.36443 0.34357 0.40138 0.35048 0.38067
0.7 0.33606 0.35206 0.34683 0.32572 0.38556  0.33303 0.36257
0.8 0.32052 0.33647 0.33114 0.31012 0.37131  0.31758 0.34631
0.9 0.30661 0.32248 0.31705 0.29630 0.35836  0.30376 0.33159
Availability Vs Failure Rate
0=2.1,=2,a=0.6,b=0.4,y=1.3,00=3,0=1.4
—e—a=4.1
0,60000 B=5
0,55000 —¥—a=0.4,b=0.6
—h—y=3

0,50000 Y oean

o 0,45000 —%—0=2

5=
= 0,40000
=
= 0,35000
<

2, 0,30000
=0
0,25000
0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
Failure Rate
Figure 4: Availability VS Failure Rate
Table 4: Values of Profit w.r.t various parameters
. a=2.1,=2,a=0.
Failure
Rate | OPT04YL3, a=a1 p=5 a=0.4,b=0.6 v=3 a0=3.1 0=2
a0=3,0=1.4
0.1 7355.86 7416.93 7463.24 7208.33 7569.95 7312.12 7759.37
0.2 6014.32 6239.56 6166.20 5957.81 6474.39 5970.56 6258.77
0.3 5391.47 5618.42 5571.51 5271.16 5911.14 5347.74 5648.91
0.4 4873.10 5098.06 5067.35 4713.77 5427.64 4830.27 5130.70
0.5 4433.01 4653.80 4633.45 4249.77 5006.14 4391.57 4683.55
0.6 4053.32 4268.64 4255.27 3855.69 4634.00 4013.52 4292.79
0.7 3721.35 3930.44 3922.08 3515.48 4301.91 3683.31 3947.67
0.8 3427.88 3630.28 3625.81 3217.79 4002.92 3391.63 3640.12
0.9 3166.00 3361.48 3360.25 2954.37 3731.65 3131.53 3363.95
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Profit Vs Failure Rate

0=2.1,=2,a=0.6,b=0.4,y=1.3,00=3,0=1.4
—o—o0=4.1
7800 B=5
—8—2=0.4,b=0.6
6800 y=3
= —»—0=3.1
= 5800 —e—0=2
(=]
St
& 4800
3800
2800

0,1 0,2 0,3 04 05 06 0,7 08 09
Failure Rate

Figure 5: Profit VS Failure Rate

VI. Discussion

The performance of the system model for different values of failure and repair rates is shown by the
table 2, table 3, and table 4 of MTSF, availability and profit analysis w.r.t. various parameters. Also,
the behavior of the MTSF, availability and profit analysis depicted by figure 3, figure 4 and figure 5
respectively.

From the table 2 and figure 3 we conclude that the MTSF is decrease with the increase of the failure
rate. If we fix all the parameters and change the value of repair rate a=4.1, replacement rate =5 and
inspection rate y=3 one by one the MTSF is increase. And the MTSF is decrease if the preventive
maintenance is increase by oo = 3.1 and the other parameters are fixed.

From the table 3 and figure 4 we analyze the availability of the system. By fixing all the parameters
and changing in other parameter one by one we found that availability is increase in we change in
a=4.1, replacement rate (=5, inspection rate y=3 and preventive maintenance rate 0=2. The
availability is decline with the increase of preventive maintenance by ao = 3.1 and inter change the
repair and replacement rate (a=0.4 and b=0.6).

From the table 4 and figure 5 we conclude that profit of the function is decrease by increasing the
preventive maintenance by o= 3.1 and inter change the repair and replacement rate (a=0.4 and b=0.6)
one by one with the fixed of all other parameters. If we change in a=4.1, replacement rate [3=5,
inspection rate y=3 and preventive maintenance rate 6=2 found that profit of the system model is
enhance as compared to the fixed values of all parameters.
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Abstract

In real-life decisions, usually we happen to suffer through different states of uncertainties. In order
to counter these uncertainties, in this paper, the author formulated a transportation problem in
which availability, demand and costs are mixed terms of real, triangular intuitionistic fuzzy
numbers. In this paper, a simple method for solving type-3 intuitionistic fuzzy transportation is
applied. So, the proposed method gives the optimal solution directly. The solution procedure is
illustrated with the help of numerical examples.

Keywords: IFN, TIEN, IFTP of type - 3, Optimum Solution.

1. Introduction

The fuzzy set (FS) hypothesis was at first developed by [9] is useful from numerous points of view
in various applications in different fields. The idea fuzzy numerical writing computer programs
was created by Tanaka et al in 1947 outlining of fuzzy choice of [2]. Idea of Intuitionistic fuzzy sets
(IFS's) recommended by [1] are chiefly valuable to manage numerous exemptions, disarray and
ambiguities. The IFS's different the force of enrollment (MF) and the power of non-participation
(NMF) of a component in the set. Uncertainties' assistance leader to concur the power of
satisfaction, force of non-satisfaction and power of vulnerability for transfer and furthermore help
to make determinant at stronghold degree of endorsement and non-endorsement for
transportation cost (TC) in any transportation issue (TP). Also, without a doubt coming to dynamic
issues IFS turned into an extreme technique which is for the most part closable. In like manner, its
boss to use IFS diverged from FS to adapt to issues which our own dynamic or unworthiness. In
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[6], investigate a general report on TP in fuzzy climate. Along these lines, IFS's are utilized by
numerous creators for various ideal issues. [3] presented math activities of IFS's. Various analysts
are likewise chipped away at and with IFS’s. PSK method for solving mixed and type-4
intuitionistic fuzzy transportation issue (IFTP) was introduced by [8] which limit, requests and cost
are availability, demand and costs are mixed terms of real, triangular intuitionistic fuzzy numbers
and an algorithmic methodology for tackling IFTP was introduced [4]. By utilizing [8] paper in this
article we address mathematical model. [7] Presented another positioning capacity utilizing
centroid of centroids of IFN's.

In this article, we will acquaint another transportation strategy with acquire an ideal arrangement
in an IFTP. For the new transportation method mathematical model is tackled. Plinth of article is
managed: Section 2 quintessence goal, Section 3 gives Ranking capacity, Section 4 arrangements
goal of IFTP of type-3 and computational system, region 5 consists Numerical model, at long last

conclusion given in region 6.

2. Preliminaries

In this part a couple of essential definitions and math tasks are examined.

~IFS
Intuitionistic Fuzzy Set (IFS): AnIFS A in X an IFS is described as an object of following design

~IFS
A ={(x HZIFS (), V;llps x):x€ X}

where the functionsy-~irs: X — [0, 1] and v-~irs: X — [0, 1] defines degree of Enrollment work and
A A
non-participation elementx € X, respectively and 0 < Hies (%), Vips (%) < 1, for every x € X.

~IF.
Intuitionistic Fuzzy Numbers (IFN’s): A subset of IFS, A = {(x, u~1rs(x), v~irs(x)) : x € X }, of real
A A

line R is called an IEN if the following holds:
i ImeR, :uZIFS(m) =land VZIFS(m) =0
(ii),uzms : R > [0, 1]is continuous and for every x € R,0 < Horrs (%), V5ips (%) < 1 holds.

Enrollment work and non-participation capacity of 2" is as follows,
f,(), x € [m—a;,m) 1, X € (—oo,m — ;)
1, xX=m d B f(x), x € [m—a,m)
hy(x), x € (m,m + [)’1] an VZIFS(X) 10 x=m,x € [m+ f, )
0, otherwise hy(x), x € (m,m + B,]
Where f(x)and h;(x); i = 1,2 are strictly increasing and decreasing functions in [m — a;, m) and

pirs(x) =
A

(m,m — B;] respectively. &, and [, are left and right spreads of u-irs(x)and v-~irs(x) respectively.
A A

~IFN
Triangular Intuitionistic Fuzzy Number (TIFN): A TIFN A is an IFS in ‘R with the following

Enrollment function p~rvand non-participation capacity v-irndefined by
A A

0, x < ay 1, x<ay
x—ay @ —x
, G S x < a 1 a, <x<a,
2= ay—a;
pyiFs = . 1;5 X =a, and VaIrs =4, x=a,
.
a, <x<a X~ !
az—ay 2 3 a’3—a2 , Ay <x< as
0 otherwise ;
’ 1, otherwise
r r NIFN ’ r
Wherea ; < a; < a, < az < a3 ThisTIFN isdenotedby A = (al, a,,as;aq,a,,a 3) in Figure 1.
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A

v

a a a, as as
Figure 1: Participation and non-enrollment elements of TIFN

Arithmetic operations of TIFN:

~IFN , , ~IFN / /
For any two TIFN's A = (a4, a,,a3;a 1,0y, a3)andB = (by, by, b3; b 1, by, b 3), arithmetic
operations are as follows,

~IFN  ~IFN

(i) Addition:A @B = (a;+by,a, +by,a;+bg;a +by,a,+byas+b3)
~IFN  ~IFN ) . , )
(ii) Subtraction:A —B = (a; —bs,a, —b,,a3—by;a; —bs,a, —by,a3—by)
~IFN  ~IFN . -
(iii) Multiplication: 4 ® B = (a;by, ayb,,azbs; a b 1,a;b,,a3b 3)
( (kay, kay, kas; ka'y, kay, ka's), k=0

. TN AIFN _
iv) Scalar multiplication: k x A" = {(ka3, ka, kay; ka's kay, ka'y) k < 0

3. Ranking Function

Ranking function is taken from [7], i.e., the ranking function is defined [7], for Trapezoidal and
triangular Intuitionistic fuzzy number as
R(A’FN) _ (% + b, + 2(a, + b3) + 5(az + by) + (a, + by) (4w1 + 5w2)
18 18
- (a; + by) +14a, + (a, + by)\ /4w, + 5w,
IFNY —
R(A™) = < 18 ( 18 )
Consider w; = w, = 1, we get ranking function is
- (a; + by) + 14a, + (a, + by)
R AIFN —
@) = -

Comparison of TIFN’s: To differentiate TIFN's and each other, we need to rank them. A capacity

like R:F(R) —R, which maps each TIFN’s into real line, is called positioning capacity. Here,

F(R)means the arrangement of all TIFN’s.
~IFN

By using ranking function" R", TIFN’s can be compared. Let A = (aq,a,,a3;a 1,a,,a 3) and

~IFN

B = (by, by bs; b1, by, b'3)are two TIFN's thenR (E’FN) =

ai+14az+az+a’1+a’s
o and

- by+14by+b3+b'1+b’ .
R (B’F N ) =17 363 1" 3then the orders are defined as follows

~IFN ~IFN ~IFN ~IFN

@) A >B ifR(A >>R(B )
~IFN ~IFN ~IFN ~IFN

G) A <B ifR(A ><R(B ) and
~IFN ~IFN ~IFN ~IFN

Gi)y A =B ifR(A )zR(B )

Ranking function R also holds the following properties:
~IFN ~IFN ~IFN  ~IFN ~IFN ~IFN
(i)R(A )+R(B )=R<A +B ),(ii)R(kA )=kR<A )vkER
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4. Mathematical Formulation of Triangular Intuitionistic Fuzzy transportation
problem (TIFTP) of Type - IIl and proposed method
4.1. TIFTP of type - III

Consider Examine a TP with ‘m” vendors and “n” insistent. C; is value of transiting one module of

oth
outcome from i vendorto | insistent.

a™ =(al,d,,d,;al ,a,,a,)beIF extent at ;" vendor.

1

~ N +th
IFN e
bj =(b/,b;,b;; b, ,b,,b; )be IF abundant at ] insistent.
N T . ) P
X; = (xll/ R x;j R x;j ; xllj R xlzj R xé’ )be IF quantity transformed from i vendor to j* insistent

Then balanced IFTP of type - Ill is given by

n n
MinZ"™ =3>">"c, xx™
i=1 j=1
n. ~IFN ~IFN -
s.t. E Xy =4 i=1,2,....m

m . ~[FN 7 IFN .
E X :bj ,Jj=12,...n

=17y

IFN A5 « 7 —
xX; 0 =z 0;i=12,....m;j=12,...,n

The TP is termed as type — III TIFTP having availability, demand and costs are mixed terms real,
fuzzy and TIFN’s. To find optimum solution TIFTP of type — III, we are using the following
transportation strategy.

4.2.  Proposed Transportation strategy (Used in [5])

Stage 1: In the given transportation problem calculate the differences between maximum and
minimum cost for each row and column.

Stage 2: Find sum of row difference and column difference and denote row sum by R and column
sum by C. Identify Maximum sum of row and column. Select maximum difference in row and
column.

Stage 3: Choose cell having most minimal expense in row and column identified in stage 2.

Stage 4: Make a feasible assignment to cell picked in stage 5. Delete fulfilled row/column.

Stage 5: Repeat technique until all the designations has been made.

Stage 6: The Optimum solution and triangular intuitionistic optimum value is attained in step 5, is
optimum solution {x;;} and triangular intuitionistic fuzzy optimum value is}%; ¥7"; ¢;®x;;.

5. Numerical Example

Example for TIFTP of type — III: In this province, subsist numerical example ([8]) is solved by using
above transportation strategy. Consider the 3x3TIFTP of type — III
Table 1: TIFTP of Type - 111

D D D ~IFN
! ’ : Supply(d; )
0, (8,10,12; 4 (10,15,20) (4,6,8;3,6,9)
6,10,14)
0, 3 (6,12,18) (4,6,8; 8
2,6,10)
0, (4,8,12) (3,4,5; 6 (2,5,8)
1,4,6)
T~ IFN (3,4,5) (2,6,10; 9
Demand bj 1,6,11)
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The above TIFTP of type — III table can be rewrite as

Table 2: Modified TIFTP of Type - 111

D, D, D, Supply
~IFN
i

0, (8,10,12; (4,4,4; (10,15,20; (4,6,8;

6,10,14 4,4,4) 10,15,20) 3,6,9)

0, (3,3,3; (6,12,18; (4,6,8; (8,8,8;

3,3,3) 6,12,18) 2,6,10) 8,8,8)

03 (4,8,12, (3,4,5, (6;6,6; (255181

4,8,12 1,4,6) 6,6,6) 2,5,8)
Demand (3,4,5; (2,6,10; (9,9,9;
E(FN 3,4,5) 1,6,11) 9,9,9)

Here, we have

(4,6,8;3,6,9)D(8.8,8;8,8,8) D (2,5,8;2,5,8) =
3.4.5:3,4,5)®(2,6,10,1,6,11) D (9,9,9:9,9,9) = (14,19,24;13,19,25).
Accordingly, problem is balanced. Beyond comparison, foregoing IFN’s encounter ranking

. ~IFN 1 IFN
functional values of @; s, b,

s and costs as under:

R(~1FN) =3, R("'IFN) =4, R(~IFN) =2.5,

R ~IFN)_2R ~]FN)_6 R(~]FN)_3

R ~IFN)_4 R

~IFN

Table 3: Row and Column difference table

32 —2R~IFN)—3

=4.5,

D, D, D, Supply Row
~IFN Di
@™y ff
0, (8,10,12; (4,4,4; (10,15,20; (4,6,8; 6
6,10,14) 4,4,4) 10,15,20) 3,6,9)
0, (3,3,3; (6,12,18; (4,6,8; (8,8,8; 4
3,3,3) 6,12,18) 2,6,10) 8,8,8)
03 (4’,8,12; (3;4,5; (6,6,6; (2,5,8; 2
4,8,12) 1,4,6) 6,6,6) 2,5,8)
Demand (3.4,5; (2,6,10; (9,9,9; R=12
I IFN 3,4,5) 1,6,11) 9,9,9)
b;)
Col. dif f 3 4 5 c=12

The problem given in Table 3, transformed in Table 4 by using the Stage 2 and assign first
allocation using stage 4 of proposed method.
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Table 4: First Allocation Table
D, D, D; Supply Row
(c'lvilF'N) dlff
0, (8,10,12; (4,4,4; (10,15,20; (6,8; 6
6,10,14) 4,4,4) 10,15,20) 3,6,
(4,6,8;3,6,9) 0
0, (3,3,3; (6,12,18; (4,6,8; (8,8,8; 4
3,3,3) 6,12,18) 2,6,10) 8,8,8)
0, (4,8,12; (3,4,5; (6,6,6; (2,5,8; 2
4,8,12) 1,4,6 6,6,6) 2,5,8)
Demand (3,4,5; 6,10; (9,9,9;
(E(FN) 3,4,5) 1,6, 9,9,9) R =12
/ (-6,0,6;
-8,0,8)
Col. diff 3 4 5 c=12

Using stage 4 of proposed method remove S, from Table 4. New reduced shown in Table 5 again

apply the proposed procedure.

Table 5: New Reduced Table

D, D, D, Supply Row
Di
(c'lvlF'N) lff
0, (3,3,3; (6,12,18; (4,6,8; (8,8,8; 4
3,3,3) 6,12,18) 2,6,10) 8,8,8)
0, (4,8,12; (3,4,5; (6,6,6; (2,5,8; 2
4,8,12) 1,4,6) 6,6,6) 2,5,8)
Demand (3,4,5; (—6,0,6; (9,9,9; R=6
3,4,5) -8,0,8) 9,9,9)
(EIFN)
Col. dif f 2 4 0 C=6
Table 6: Second Allocation table
D, D, Dy Supply Row
Di
(&IFN) lff
0, (3,3,3; (6,12,18; (4,6,8; (8,8,8; 4
3,3,3) 6,12,18) 2,6,10) 8,8,8)
0, (4,8,12; (34,5; (6,6,6; (X%i; 2
4,8,12) 1,4,6) 6,6,6) 2,5,
(—4,5,14;
—-6,0,6;,-8,0,8
(=6,0.6,-8,0,8) —6,5,16)
Demand (3,4,5; (>4,0,6; (9,9,9; R=6
B 3,4,5) -8,0, 9,9,9)
b"™) 0
Col. dif f 2 4 0 C=6

Again, applying Stage 5 of proposed strategy, all allocations are made as shown in Table 7.
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Table 7: Final allocation table
D D D ~IFN
1 2 3 Supply (a; )
0, (4,6,8; (4,6,8;
3,6,9) 3,6,9)
0, (3.,4,5; 3.,4,5; (8,88;
3,4,5) 3,4,5) 8,8,8)
03 (_6; 0’ 6; (4’ 5: 6; (25558;
-8,0,8) 4,5,6) 2,5,8)
Demand (3,4,5; (2,6,10; (9,9,9;
3,4,5) 1,6,11) 9,9,9)
(5 IFN )

IF optimum solution in terms of TIFN’s:

55121FN =(4,6,8:3,6,9), 55211FN =(@3,4,5;3,4,5), fBIFN =(3.,4,5;3.4.5),
)~C3ZIFN =(—6,0,6;—8,0,8), )?BIFN =(4,5,6:;4,5,6).

Hence, total TIFTP of type — 3 optimum cost = (41,90,139; 21,90,159).

6. Conclusion

In this article, a new method has evolved which provides the opportunity to find the optimal
objective value of the TIFTP of Type 3in terms of mixed intuitionistic fuzzy numbers. Based on
current examination, it very well may be presumed that it is much simple to apply proposed
strategy when contrasted with existing techniques [7], for tracking down the ideal optimum
solution of TIFTP of type — III. Consequently, it is smarter to utilize the proposed technique rather
than existing strategies for tackling TIFTP of type - IIL
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Abstract

The roles of heavy — tailed distribution in modelling real life events, especially in financial and actuarial sciences,
cannot be over — emphasized. In this paper, a new heavy right — tailed, three — parameter continuous distribution
with increasing hazard rate called Zech distribution is developed. The proposed model is very suitable for
modelling heavy right- tailed data. Zech distribution is the reciprocal of the random variable which follows
Gompertz- Inverse — Exponential (GolE) distribution and it does not involve addition of extra parameter, thereby
removing the cumbersomeness in the estimation process posed by other methods involving additional extra
parameters, especially where more than three parameters are involved. The statistical properties of the new
distribution such as survival function, hazard function, cumulative hazard function, reversed hazard function,
quantile function, order statistics, moments, mean, median, variance, skewness, and kurtosis were derived. The
Linear representation of the pdf of the newly developed distribution revealed that its probability density function
is a weighted exponential distribution. Also, method of maximum likelihood was used in estimating the model’s
parameters. The simulation results revealed that as the sample sizes increased, the root mean squared errors
decreased which showed that the parameters of Zech distribution are stable. The proposed distribution was applied
to two real life data sets. The results showed that Zech distribution performs better than Gompertz Inverse
Exponential distribution, Weibull Exponential distribution and Gompertz Exponential distribution.

Keywords: Zech distribution, Gompertz Inverse Exponential Distribution, maximum likelihood
estimation, simulation studies, moments, linear representation.

1. Introduction

Probability distributions play a crucial role in modelling naturally occurring phenomena. In probability theory
and statistics, an inverse distribution is the distribution of the reciprocal of a random variable. To model real
life events, there is need for the extension of the classical forms of distributions so as to have a better fit to the
real data. Several methods of extending distributions have been proposed in the literature. Among these is
‘Inverse Distribution” which does not increase the number of parameter(s) of the parent distribution but
provides a better fit. This is a strong motivation for studying inverse distribution as prescribed by the principle
of parsimony. Eliwa [12] proposed Inverse Gompertz distribution which was found to out — perform other six
competing distributions. The Gompertz Inverse Exponential distribution proposed by Pelumi [5] is good for
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modelling right — tailed data. Said [13] introduced Extended Inverse Weibull distribution whose density
function can be expressed as a linear combination of the Inverse Weibull densities with increasing and
decreasing hazard rates. Ogunsanya [11] developed Weibull Inverse Rayleigh distribution which is an
extension of a one — parameter Inverse Rayleigh distribution that incorporated a transformation of the Weibull
distribution and Log — logistic distribution as quantile functions. El — Gohari A [2] proposed Generalized
Gompertz distribution which is a new generalization of the Exponential, Gompertz and Generalized
Exponential distributions. The main advantage of this new distribution is that it has increasing or constant or
decreasing or bathtub curve failure rate depending upon the shape parameter. It is this property that makes it
suitable for survival analysis. Adewara [3] introduced Gompertz Exponential distribution which is an
extension of Exponential distribution by using the Gompertz Generalized family of distributions proposed by
Morad [4]. To increase the flexibility of Gompertz Exponential distribution, an extra shape parameter was
added to it leading to the introduction of Exponentiated Gompertz Exponential distribution by Adewara [8].

The motivation for this study is to derive a distribution which will be more flexible for modelling heavy
right — tailed data and to obtain interesting properties of the new model. Therefore, the inverse of ‘Gompertz
Inverse Exponential distribution’, which will henceforth be called Zech distribution is proposed. The adoption of
the name ‘Zech distribution” is to avoid the confusion which might arise from using the name: Inverse
Gompertz Inverse Exponential Distribution.

Given the cumulative distribution function (cdf) of a random variable Y, the distribution function of a
random variable X = % is the reciprocal or inverse of the random variable Y. This implies that the cumulative
distribution function G(x) is the inverse function of F(y). This is easier if Y is a continuous random variable
and F (y) is strictly on positive supports. The cumulative distribution function of inverse distribution is derived
according to the method below:

Gy(x) = P(X <x)
1
=P(;Sf)
=P(x2;)1
=1-P(x<?)

1
=1-F(3) ®
The cumulative distribution function (cdf) and probability density function (pdf) of Gompertz Inverse
Exponential distribution are given in equations (2) and (3) respectively.

1:'(y)=1—e%{1_[1_e“y

]
;y>0,a>0,8>06>0 )

6

-B
y 0 _9—B-1 6{1—[1—{?] }
f(y)=ay—zey1—ey e ;y>0,a>0,>00>0 3)

II. Zech Distribution

The Zech distribution is the reciprocal of Gompertz Inverse Exponential distribution. The cumulative
distribution function of Zech distribution is stated in the following theorem.
Theorem 1: If a non - negative random variable Y follows the Gompertz inverse Exponential distribution

expressed as Y~GIE(y; a, 8, ). Assuming a new random variable X = i is defined, then the random variable X

follows Zech distribution, written as X~Zech(x; 6, a, #) with the cdf in equation (4).

6(x) = et =]

Proof:

; x>0,a>0,8>0,0>0 €))
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From equation (1), G(x) = 1-F (%)

G =1- [1 e lie T }]

Gx) = {1 [1-e=0%]" }

The result of the first derivative, with respect to x, of equation (4) is the probability density function of Zech
distribution given by (5).

_R_1 XV [1_,-0x -B
gx) = 0(96‘9"[1 - e‘ex] p Ielf”{1 [1=e] }; x>0a>08>06>0 (5)

o
= o
— ©=005,B=1.0,6=11
— ©=007,p=1.25,6=12
o — ©=006,p=1.1,6=13
2 - — =007, p=107,6=11
=008, B=1.35, 6=1.4
@
« —
f=)
= =
I Z2 w4
= —
f=)
_
o 0=12, B=2.7, 8=3.1
w=4.1,B=25,6=33 o
=38, B=30,6=35
=35, p=22,6=3.1
2 | ©=4.0,B=35,0=27 o
T T T T T T T T T T T T
0 1 2 3 4 0.0 0.1 02 03 04 05 08
X X
Figure 1: CDF Plots of Zech distribution. Figure 2: PDF Plots of Zech distribution.

Figures 1 and 2 illustrate some of possible shapes of the cumulative density function and probability density
function respectively of Zech distribution.

III. Estimation of Parameters

The method of Maximum likelihood is used to estimate the parameters of Zech distribution.

Assuming each of the random samples x; ,x;,. . . ,x, follows the pdf of Zech distribution, the likelihood
function is given by
- -p-1 g{1—[1—e‘9"i]_ﬁ}
L(xy,%5,. .., x5, B,0) = ﬂ{a@e‘e"ih — e_exi] eh } (6)
i=1
Let [ denote the log-likelihood function, that is, let
l=1log L(xy,x5,. .. xn,a,BB) (7)
n
a _
[ =nloga + nlog6 — 92 x— (B + 1)2 log(1—e %) + EZ{ — [1 — e'e"i] ﬁ} ®
i=1
The solutions of 51rnultaneous equations obtamed from— =0 d—ﬁ = 0 and % = 0 are the maximum likelihood

estimates of the parameters «, § and 6. Thus,
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da  a [?Z 1=[1—e™] } C)]

&L _2yn {[1-6—0%] In(1— e} - L3n {1-[1—e %] "} - T, In(1 - e=0x)

ag "~ B B?

-y {1 [1-eon] 7} (10)
&S x = (B D (e ) (1 - e®0) "+ a B, xe (1 - em0x) (11)
Equating % =0 ,% = 0and % = 0, we have
ST 1-[1-e]"} =0 (12)

% ?:1{[1 - e_ex"]_ﬁ In(1 - e_e"")} - ;2 {1 -[1- e‘e"i]_ﬁ} — 7, In(1 — e~b%)

-y {1-[1-ef ) =0 (13)
+ Yo — B+ )X (xe)(1 - —Bxl) +a¥h xe (1 - e‘exi)_ﬁ_l =0 (14)

The Maximum likelihood estimate for parameter a can be obtained from (12) in the form below for a given

and 6

N -np

a= — (15)
2?:1{1_[1_8_9xi] B}

To obtain the MLE of  and 6, equation (15) can be substituted into equations (13) and (14). The resulting

system of non — linear equations can be solved numerically.

IV. Linear Representation

Theorem 2: The pdf of Zech distribution is a weighted function of an exponential distribution with rate
parameter 6(1 + ©).
Proof.

g1 Hq_[1-e-6x17F
g(x) = afe %1 — e~0%] d 165{1 [1=e"] }
Using the exponential expansion

= Z;)f:o),i_l!c (16)
9() = e=0x[1— e=0%] 7! i 1-[1- e-ex]‘”}ki—?(g)k (17)
k=0
From the mixture representation,
(-2 =) Fr((,; D1y (8)
=0
otim e =S ey o

Inserting equation (18) into (16), we have
OO Tk D) af ayk o

90=2 D S V' lp) e e 20)
k=0 j=0

_gx] [BG+D+1]

iy -p-1
Simplifying, [1 — e~%%] P [1—e%] =[1-
Inserting equation (20) into equation (19), we have

21
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I'(k+j) af ra\k _ox1-[BUHD+1]
90‘)‘22 I () (_wﬁ(fg) e EET R

=0 520
By using mlxture representation,

_ F(k+1)
1-2)*= 2 T -
_ox-[BU+D+1] FBG+D+D+i] .

1= Z MG+ D+ a8

r'k+j) af (a\FT[(BG+D+D+i] 0
900 = Z‘),Z)Z I'(k);! (_wﬁ(E) TG+ + 1 ¢ e

_ F(k+]) a9 KTI(BG +1)+1) +1] —ox(14i
90 = Z”Z“Z O (E) TG+ D+ 1! ¢ e
T'(k+j) T[(BG+1)+1)+i]

Let(-1)/ F(k)J]' r[ﬁé;+1)+1]u = Wijk
= g5 Fe

=0 ] 0 i=

ak+l had
00 = 53 e
=0 j=0 1
o(1 +1)ak+1 N ocieis
909 = B+ 2 22 e
=0 j=0i=0
k+1 » X2 X
g(x) _ mzz Wi,j,k[g(l + i)e—9(1+i)x]
=0 j=0 i=0

V. Reliability Properties

The reliability function can be obtained from
Sx)=1-G(x)
Therefore, the survival function of Zech distribution is given as

af, 1i_,—0x1F
S(x):l—eﬁ{l [1-e7"] } ; x>0,a>0>060>0

The hazard function of Zech distribution is obtained from

-2

The hazard function of Zech distribution is given by

a _ox1~B
Qe—ex[l _ e—ex]_ﬁ_leﬁ{l_[l_e ox] }

1— e%{1—[1—e—9’€]_ﬁ}

h(x) = ; x>0,a>0,>0,6>0
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—— o=3.8, pB=30,68=35
@ —— a=35 p=22, 68=31
a=40, B=35,6=27 <
ja g S —— @=12,p=07,8=31
—— o=109, p=05,8=22
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Figure 3: Survival Plots of Zech distribution. Figure 4: Hazard plots of Zech distribution.

Figures 3 and 4 illustrate some of possible shapes of the Survival function and Hazard function respectively
of Zech distribution.

The cumulative hazard function, H(x) of a continuous random variable X from Zech distribution is derived
from

H(x) = —log(S(x)) (36)
Substituting equation (33) into equation (36)

2

—ox1—B
H () geen =—log<1—eﬁ{1‘“‘e ] }) (37)

The reversed hazard function of a random variable x of Zech distribution is obtained from

r(x) = % (38)

Therefore,

r(X)zech = aee_ex[l - e—ex]_ﬁ_l

(39)
VI. Quantile Function and Median of Zech distribution.

Quantile function is very important for generating random numbers which can be used for simulation studies.
Aside that, it can also be used for finding quantiles i.e. quartiles, octiles, deciles and percentiles of a distribution
which are necessary for deriving the measures of skewness and kurtosis.

The quantile function is derived by inverting the cdf

QW) =6""wW (40)

Q) = —%{m [1 - (1 - glnu)_E]} (41)

Where u ~ Uniform (0,1).
To generate random numbers from Zech distribution, it is sufficient that

x = —%{ln [1 - (1 - Sln u)_%]} (42)

The median of Zech distribution can be obtained by substituting u = 0.5 in equation (41) as follows:

Median = —%{ln [1 _ ( —gln 0.5)_5]} (43)
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Other quantiles can also be derived from (41) by substituting appropriate values of "u".

VII. Quantile - based measures of skewness and kurtosis

The measure of Skewness(S) and Kurtosis (K) of Zech distribution using quantile function, defined by Galton
[6] and Moors [7] are given by equations (44) and (45) respectively.
5 = 25)-20E)+e)

G0 0
Q (%) ,Q (g) ,0 (Z) ,0Q (g) ,0 (Z) ,0Q (g), and Q (g) can be obtained by substituting é ,g ,Z,g ,g,g, and g for u
respectively in e_quation (41). Therefo_re,
o()==3fili-(-2n )"
o@)==4fili-(-2n2) )
o@)-=3fil-0-2n )
o()-=3fili-0-2n )"
o(Q)-=3fil-(-2n3) ")
oQ)==3fili-(-2n(e) )
o@-=3fil-(-2n ()"

The skewness of Zech distribution is derived by substituting the values of Q (g), Q (g) and Q (2) into equation
(44).
1 _1 1
sl |-l -
sl ?

| |-fnl-a-£) 7|

Simplifying (53) by factoring out (%), the result shows that symmetry or asymmetry of Zech distribution is

Therefore, Szocn = (53)

independent of parameter 6.
1 1 1
1-o-£n) |- ol |- oo |
1 1
{ln[l—(l—g ln(g))_ﬁ}}— {ln[l—(l —g ln(g))_ﬁ]}
The  kurtosis of  Zech  distribution is derived by  substituting the  values  of

Q (g) Q (z) Q (g) Q (ﬁ) Q (g) and Q (g) into equation (45)

21{1ln

Szecn = (54)
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s r-a-gn ) P s @) 4ol wa () )-a{ofs--506) 7

K = RPN Y APV

Simplifying equation (55) by factorlng out (5), the result shows that the peakedness or otherwise of Zech

(55)

distribution is independent of parameter 6.
) {m[l_(l_gm(g))‘% } {m[l_(l_g m(g))‘%]}_ {m[l_(l_g m(g))‘%u_ jln[l_(l_% m(g))‘%]}
e [nfi-(-2n)

(56)

™R
—
|
o=
=]
—_—
[
|
—~
[
|
=R
-~
S
Py
)
~~
|
™R
—
S

VIII. Distribution of Order Statistics

Let x4,%,,...,x, be a random sample from a cdf and pdf of Zech distribution as defined in (4) and (5)
respectively. The pdf of jth order statistics of any random variable X is given by

! . o
fin(x) = mg(x)(;(x)] [1-G0)]™ (57)

From (56), putting the pdf of the jth order statistics of Zech distribution,

0 o] b-1 o1 T1e0 ) [ o pe-on )
fin®) = Gy 0o L —e ] T e {eﬁ } {1_

<e%{1-[1-e“”‘1_ }>}H 58)

Simplifying equation (58),

a —0x1~ J a _ox1™ n—j
f]n( x) = m e_gx[l — e_gx]_ﬁ_l.{eﬁ{l_[l_e ] B}} {1 — (eﬁ{l_[l_e ] ﬁ})}
J I(n—=j)!

(59)
Therefore, the distribution of minimum and maximum order statistics for the Zech distribution is given by
fin(x) i.e when j = 1 and f,.,,(x) respectively in equations (60) and (61) respectively.

- a _0x1— n—-1
fin(x) = (j_l)ln—(!n_l)laee_gx[l — e_gx]_ﬁ_l.ef{l_[l_e_ex] ﬁ} {1 — (eﬁ{l_[l‘e ox] B})}
After some simplifications,
« o « - n-1
fin(x) = nafe=0%[1 — e'ex]_ﬁ_l.eﬁ{l_[l_e o B}{l B <eE{1_[1'e ” B}>} 60)

Also,

a —_ex~ BN\ « —ee-BN\ )"
fan(x) = #én_n)'age_ex[l - e_gx]_ﬁ_l.{eﬁ{l_[l_e ] }} {1 - (eﬁ{l_[l_e ] })}

After some simplifications,

a —_ox—BN"
frn(x) = nafe 01— e‘ex]_ﬁ_l.{ef{l_[l_e 1 }} (61)

IX. Moments of Zech distribution

The moment about the Origin of Zech distribution is derived as follows: recall from the linear expansion of the
pdf of Zech distribution,

g(x) = mzk 0 2520 XiZo Wi j [0 (1 + D)e 00+Dx]

The rth moment about the origin of a random variable X is given by
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E(X™) = fxrf(x)dx

k=0 j=0 i=0

.

o o o

E(X") = Wl}kJ- xTe=0+Dx g,
0

B"k'

=0 j=0i=0
From gamma expan51on,

[ee]

l'a
7= f x%le™P* dx
0

a—1l=r,a=r+1,b=6(1+1)

. I'r+1)
r,—0(1+i)x —
f e “=la+orn

FO = ﬁkkJZZZ oot 3 D

=0 j=0i=

(62)

(63)

(64)

(65)

(66)

(67)

The first moment about the origin represents the mean of Zech distribution. This can be done by setting r = 1,

B = ﬂ"k' ZZZW”" [e(i(i)mz

=0j=0i=
The second moment about the origin of Zech distribution is

k+1
B = ﬁ"k' ZZZ Wik [e(z(i)l)P

The variance of Zech dlstrlbutlon is obtained from
Var(X) = E(XZ) - [ECO]?

o 0 ©o

ak+l 2
Var(X) = ﬁkk' ZZZ ”"[9(??1’)]3 Brk! Zzzwl“‘[a(z(i)z)]

[ee]
=0 j=0 i=0 k=0 j=0 i=0

The Moment about the Mean of Zech distribution is thus derived.

The rth central moment of a random variable X having Zech distribution is given by

E(Gc— ") = f (x = W) () dx
0

o o oo

Er—m7) = f(x - ﬂkk' 1+ oZZZWUk[@u + e 0] dx

k=0 j=01=0
E((x— ") = Bkk, Z ZZWU,( f G — )" [e=00+Dx] dx
0} 0i=
Bysettmgy—x—u d——l dx=dy, x=y+u
E(G— ) = ZZ Wi | ¥ e 000Gy
k=0 j=0 i=0 0

oo 00 oo

E(Xr) — Bkk| ZZ Wl]kf yre—9(1+i)y_e—€(1+i)udy

k=0 j=0 i=0 0

82

(68)

(69)

(70)

(71

(72)

(73)

(74)

(75)

(76)



S. Adeyeye, A. Adewara, E. Akarawak, A. Ogunsanya, A. Jamal RT&A, No 2 (68)
ZECH DISTRIBUTION: DERIVATION, PROPERTIES AND APPLICATIONS ... Volume 17, March 2022

E(— ) = o Z Z Z Wi e 0000 [y m00tingy
0

=0 j=0i=
Using the Gamma functlon expansion,

[ee)

l'a
b—azfx“_le_bx dx
0

a—1=r, a—r+1 b—9(1+1)
- T,
Y -0+ T+
E(Ge=w7) = Bkk' ZZZWM [6(1+ )]TD

=0 j=0 i=0
X. Moment - based measures of Skewness and Kurtosis

The skewness of Zech distribution based on central moment is given as
2
Skewness= =3
]
(79)

Where u; = Third central momen
U, =8 econd central moment

ak+l —0(1+Du
M3 = Bkkl ZZZWUR [6(1+)]*
0 ] =0 1
ak+t e~ 0(+Du
e =G B"k' ZZZ Wik 9(1+1)]
=0 j=0i=
60kt e—0(1+du
[ Bkk! Zk 02] 021 OWUk [6(1+0)]4 ]
Skewness = ) 0(1+0)
20 - i
[ Bk Y- 0Z Z0ZiZo Wijk [9(1+1)] ]
Kurtosis=
Z_;; (83)
240ak+ ki
But pu, = SRR Zk oZ; 0 e oWijk Teen [6(1+D)]5

The Kurtosis, based on central moment of Zech distribution is given by
240akt e~ 0Q+Du
Bk Zk OZ] OZL Olek [6(1+0)]°

Kurtosis =

20aktl o —9(1+1)u
[ Bk k=0 XjZo LiZo Wijk [9(1+l)]3]

XI. Results
I. Simulation Studies

(77)

(78)

(80)

(81

(82)

(84)

(85)

The behavior of the parameters of Zech distribution was investigated through simulation studies using R

statistical software. Data were replicated 1000 times. A random sample of sizes 50, 100, 150 and 200 were
selected. The parameters were varied as follows: @ = 0.5, 8 = 0.5, and § =05, anda =1, 6 =1, and f = 1;
and @ = 1.5, 0 = 1.5, and B = 1.5 respectively. The maximum likelihood estimates of the true parameters, the

bias, standard error and Root Mean Square Error were obtained from the simulation. The results are shown in

Tables 1, 2 and 3.
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Results of Simulation Studies

Table 1: Simulation study at « = 0.5, 8 = 0.5, and § = 0.5

N Parameters Means Bias Std. Error RMSE
50 a=05 0.0339 0.4661 0.0152 0.0174
6 =0.5 0.6382 -0.1382 0.1931 0.0621
p =05 0.3763 0.1237 0.2300 0.0678
100 a=05 0.0466 0.4534 0.0170 0.0130
6 =0.5 0.5295 -0.0295 0.1348 0.0367
p =05 0.5720 -0.0720 0.1457 0.0382
150 a=05 0.0667 0.4333 0.0185 0.0111
6 =05 0.4228 0.0772 0.0849 0.0238
B =05 0.5170 -0.0170 0.1100 0.0271
200 a=05 0.0818 0.4182 0.0221 0.0105
6 =05 0.4815 0.0185 0.0927 0.0215
p =05 0.6211 -0.1211 0.0987 0.0222
Table 2: Simulation study at « = 1.0, 0 = 1.0, and f = 1.0
N Parameters Means Bias Std. Error RMSE
50 a=10 0.0627 0.9373 0.0446 0.0299
6 =1.0 0.2452 0.7548 0.4291 0.0926
p=10 0.1369 0.8631 0.4911 0.0991
100 a=1.0 0.0834 0.9166 0.0363 0.0191
6 =1.0 0.8306 0.1694 0.1951 0.0442
p=10 0.9365 0.0635 0.2667 0.0516
150 a=1.0 0.1469 0.8531 0.0536 0.0189
6=10 1.0107 -0.0107 0.1898 0.0356
p =10 0.9909 0.0091 0.2452 0.0404
200 a=10 0.1609 0.8391 0.0515 0.0160
6 =1.0 0.8606 0.1394 0.1484 0.0272
p =10 0.9995 0.0005 0.1901 0.0308
Table 3: Simulation study at« = 1.5, 60 = 1.5, and f = 1.5
N Parameters Means Bias Std. Error RMSE
50 a=15 0.0636 1.4364 0.5580 0.0334
0 =15 1.5227 -0.0227 0.5782 0.1075
B =15 1.9951 - 0.4951 0.5450 0.1044
100 a=15 0.0821 1.4179 0.0517 0.0227
6 =15 1.2049 0.2951 0.3506 0.0592
B =15 1.9077 -0.4074 0.3208 0.0566
150 a=15 0.1249 1.3751 0.0621 0.02035
6 =15 1.0912 0.4088 0.2543 0.04120
p=15 0.1713 1.3287 0.2802 0.04320
200 a=15 0.2188 1.2812 0.0825 0.02031
6 =15 1.3248 0.1752 0.2275 0.03370
p=15 1.6958 -0.1958 0.2539 0.03560
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The tables 1, 2 and 3, for each of the selected true parameter values show that as the sample sizes
increase, the root mean square errors decrease. This implies that the parameters of Zech distribution

are stable.

II. Applications to Real Life Data Sets

The performance of Zech distribution, as well as goodness of fit tests when fitted to the real life data sets is
hereby compared with other three — parameter distributions such as Gompertz Inverse Exponential (GIE)
distribution, Weibull Exponential (WE) distribution and Gompertz Exponential (GE) distribution are provided
in tables 6 and 7 respectively.

To select the best among the competing distributions, the following statistical criteria are used: Negative Log-
likelihood, Akaike Information criterion (AIC) and Bayesian Information criterion (BIC). The distribution
having the least value of the criteria above is adjudged to be the best. Also, the goodness of fit tests like
Kolmogorov-Smirnov Statistic (KS) and Anderson-Darling Statistic (ADS) are also computed to select the best
fit. The best distribution has the least value of the statistics above.

Data 1: The first data set represents the survival times (in days) of 72 guinea pigs infected with virulent tubercle
bacilli observed and reported by Bjerkedal [9] and used by Adewara [1].

10, 33, 44, 56, 59, 72, 74, 77, 92, 93, 96, 100,100,102, 105, 107, 107, 108, 108, 108, 109, 112, 113, 115,116, 120, 121,
122, 122, 124, 130, 134, 136, 139, 144, 146,153, 159, 160, 163, 163, 168, 171, 172, 176, 183, 195, 196,197, 202, 213,
215, 216, 222, 230, 231, 240, 245, 251, 253,254, 254, 278, 293, 327, 342, 347, 361, 402, 432, 458, 555

Table 4: Descriptive Statistics for data 1.

Min 1st Median | Mean 3rd Max. Standard | Skewness | Kurtosis
Quartile Quartile Deviation
10.0 108.0 149.5 176.8 224.0 555.0 103.4549 1.341869 | 4.991056
Table 5: Performance rating for the fitted models using data 1.
Distributions Estimates -LL AIC BIC KS ADS
a = 5.1884384
Zech BA: —0.6383047 424.8790 855.7579 862.5879 0.0835 0.4925
6 =0.0128380
a = 0.02683774
GIE p = 1.88823061 427.6661 861.3322 868.1622 0.1095 1.0777
0 = 22.03993914
a =1.157801294
WE f = 1.340608545 431.3887 | 868.7774 | 875.6074 | 0.1195 1.9894
6 = 0.002981762
GE a = 0.004089507
p = 108290306 434.3901 874.7802 881.6102 0.1759 2.6168
6 =0.002751085

The distributions tested showed the performances of each. The results revealed that the distribution with the
lowest value of —-LL, AIC, BIC, KS and ADS is considered to be the best. From Table 5, Zech distribution had
the least value of 424.8790 for —LL, AIC= 855.7579, BIC = 862.5879, KS = 0.0835 and ADS = 0.4925 hence, it was
considered the best fitted distribution among other distributions.
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Figure 5: Histogram and theoretical densities for data 1 Figure 6: P — P plot for data 1

Figures 5 and 6 respectively depict the performance of the new distribution with survival times (in
days) of 72 guinea pigs infected with virulent tubercle bacilli observed, this is compared to other

distributions mentioned in the research.

Data 2: The second dataset represents the gauge of length of 10mm observed by Mohammed [10]
1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397, 2.445, 2.454, 2.474, 2.518,
2.522,2.525,2.532,2.575, 2.614, 2.616, 2.618, 2.624, 2.659, 2.675, 2.738, 2.740, 2.856,
2.917,2.928,2.937,2.937, 2.977, 2.996, 3.030, 3.125, 3.139, 3.145, 3.220, 3.223, 3.235,

3.243, 3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435, 3.493, 3.501, 3.537, 3.554,
3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225, 4.395, 5.020

Table 6: Descriptive Statistics for data 2.

Min | 1st Median | Mean 3rd Max. Standard | Skewness | Kurtosis
Quartile Quartile Deviation
1.901 | 2.554 2.996 3.059 3.422 5.020 0.6209216 | 0.6178407 | 3.286345
Table 7: Performance rating for the fitted models using data 2.
Distributions Estimates -LL AIC BIC KS ADS
a = 238.223663
Zech B =-5177056 | 565097 | 119.0194 125.4488 | 0.0885 | 0.3571
6 =1.971310
a = 330.740054
GIE [?A= —41.32409 57.28159 120.5632 126.9926 0.0903 0.3846
6 = 18.50223
a = 1.8379671
WE ,bi: 3.7232674 63.6584 133.3168 139.7462 0.0986 1.1866
6 = 0.1842052
GE a = 0.944957015
[g = 1.480487938 | 69.1480 144.2960 150.7254 0.1389 1.9840
6 = 0.008481201

The distributions tested showed the performances of each. The results revealed that Zech distribution had the

lowest value of —-LL, AIC, BIC, KS and ADS and is considered to be the best. From Table 7, Zech distribution
had the least value of = 56.5097 for -LL, AIC=119.0194, BIC =125.4488, KS = 0.0885 and ADS=0.3571 hence, it
was considered the best fitted distribution among other distributions.
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Figures 7 and 8 respectively depict the performance of the new distribution with gauge of length of
10mm data, and compared to other distributions mentioned in the research

XII. Discussion

The histogram and theoretical densities plot shows that Zech distribution fits data 1 and 2 best. Also, the
probability plot i.e. (the PP plot) which compares the empirical cdf of data sample with specified theoretical
cumulative distribution, reveals that Zech distribution is closer to the line than the remaining three fitted
models. Tables 1, 2 and 3, for each of the selected true parameter values show that as the sample sizes increase,
the Root Mean Square errors decrease which shows that the parameters of Zech distribution are stable.

Tables 4 and 6 show that the data is skewed to the right. Interestingly, the shape of the pdf graph of Zech
distribution is also positively skewed. Also, the Kurtosis values of 4.991056 and 3.2866345 suggest that the data
is leptokurtic. Data 1 and 2 have a kurtosis of 1.991056 and 0.2866345 respectively above that of normal
distribution which is 3.0

Tables 5 and 7, show that Zech distribution has the lowest value of -LL, AIC, BIC, KS and ADS and is
considered to be the best when compared with the competing distributions such as Gompertz Inverse
Exponential distribution, Weibull Exponential distribution and Gompertz Exponential distribution.

XIII. Conclusion

In this paper, a new three — parameter continuous distribution named Zech distribution was proposed from
Gompertz Inverse Exponential distribution. Its probability density function was plotted and the result
revealed a heavy positively skewed distribution which is suitable for modelling heavily right-tailed data.
Several statistical and mathematical properties of the new distribution were derived. The results of the
simulation studies revealed that the parameters of the new distribution are stabled and as the sample sizes
increased, the Root Mean Square (RMS) errors decreased. The applications to two real life data sets showed
that Zech distribution has the lowest -LL, AIC, BIC, KS and ADS when compared with other competing
distributions such as Gompertz Inverse Exponential distribution, Weibull Exponential distribution and
Gompertz Exponential distribution used in this research paper.
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Abstract

In this article, we will take a look at FTP, and then present a way to solve many such problems by
using the affected method for FN level. Some of the numbers in FTP may be sharp or sharp numbers.
In many decision-making problems, numbers are represented in terms of FN. FN can be normal or
oblique, triangular or trapezoidal or any other FN LR. So, some FNs do not compare immediately.
First, we convert QF such as price, quantity, supply and demand, into accurate quantities by using
our system, and then using sophisticated algorithms, we solve and solve the problem. The new system
is a configuration, easy to install and can be used for all types of TP, or to increase or decrease the
target function. In the end, this process is illustrated by digital examples.

Keywords: Fuzzy Transportation Problem, Fuzzy Numbers, Optimization, Ranking of
Fuzzy Numbers

Abbreviations

Optimal Solution : oS
Linear Programming Problem : LPP
Fuzzy Number : FN
Transportation Problem : P
Fuzzy Transportation Problem : FTP
Shipping Cost : SC
Transportation Model : ™
Fuzzy Quantities : FQ
Fuzzy Solution : FS
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Feasible Solution : FeS
Transportation Cost : TC
Right Hand Side : RHS
Transportation Tableau : 1T

I. Introduction

TP is a unique LPP that manifests itself in many useful applications. In this issue, we determine the
best shipping method between source or source and destination. Many terms unrelated to
transportation have this system. Suppose n from the start will give me a place to use some products.

Let b, be the number of products in the beginning k, and ¢, be the number of products required in
place I. Also, we assume that the cost of shipping a unit of product from the beginning k to the
destination lisd, , then we leave y,, to represent the cost from the beginning k to point [. In the case

of SC, it is thought that the corresponding number of upgrades from each start to anywhere to reduce
the total SC would be LPP. The TMs have fast and easy delivery and supply chain to reduce costs.
When the price range and the number of supply and demand are well known, several algorithms
are developed to optimize TP. But, in the real world, there are many cases where the cost factors and
the amount of supply and demand are FQ. FTP is the TP of TC, the supply and the required number
are FQs. Most of the current systems only provide a clear solution for FTP. [1-3] have devised a
system to fix FTP. [4] obtained FS for two steps reducing the FTP value of the donor and the required
trapezoidal FNs. [5] has developed a system, i.e. a zero-path path, to find an operating system for
FTP where all parameters are trapezoidal FNs.

In many decision-making problems, data is represented in the FN system. In FTP, all parameters is
FN. FN can be normal or irregular, triangular or trapezoidal. So, some FNs do not compare
immediately. Comparisons between two or more NFs in terms of the numbers are one of the key
topics, and how to describe the level of NF is one of the key topics. Introducing several methods for
processing FN. Here, we want to use the introductory method for the design of FN, by [6]. Now we
want to apply this method to all FTP, where all parameters can be trapezoidal FN, triangular FN,
FN LR arbitrary, normal FN or negative FN. This process is very easy to understand and apply.
Finally, the operating system of the problem can be accessed as FN or net number.

II. Mathematical Formulation of a FTP

In mathematics, useful work can be said as follows:

Minimize
n o n
w= 2 X d y (2.1)
k=1l/=1 k™ Kkl
Subject to
n
2 y,=b, k=123...,n
k=1
n (2.2)
> v, =¢ [=1,2,3...,n
k=1
v, 20 k=1,23..,n [=123..,n
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where d, is the TP of a unit from kth source to Ith point, and the y,, value must be a positive or
negative number, which is transmitted from kth source to Ith point. What is clear is that the absolute
conditions for the LPP given in (2.1) to find a solution are as follows
T b -3
k=1 k lzlcl &
that is, assume that the available sum is equal to the required sum. If this is not true, the source or
destination may be added. It should be noted that this problem has FeS if the (2.2) condition is

satisfactory. Now the problem is to determine y,,, so that the total TC total.

In mathematics, FTP can be defined as:

§ g d
w= y 2.4
T (2:4)
Subject to
n *
> v, =b, k=1273...,n
k=1
. * 25)
Y y,=c, [1=1,2,3....n
k=1
>0 k=1,2,3...,n 1=1273..,n

kK —
of the number of TCs d" o » supply b , and demand ¢ ; is FQ. An important and absolute condition

for non-essential LPP given in (2.4) and (2.5) to find a solution is that

m m

2bi=q (2.6)

k=1 I=1
A large number of systems are provided for FTP. Some of them are based on FN level. Some of the
NF-level systems, for example, have limitations, are difficult to compute, or lack understanding,
making them ineffective and useful applications, especially in the decision-making process.
However, in some of these methods, such as those compared to FN as their centroid point [7-11], the
decision maker does not work it each with comparisons between FN. However, there are some ways
to compare FNs individually [12-14]. It is not always the case that there is no point in the nature of
uncertainty and incorrect title information, but these situations often occur in practice when
expressing language words. For this reason, when comparing two FNs, it is natural that the results
of the comparison are inaccurate or, at least, parametric, due to its own nature and specifications.
This can also be seen in the variability of practitioners in the fuzzy set theory. We clearly see that
non-parametric decision makers and non-parametric practitioners perform better than non-
parametric practitioners with respect to experimental data [15, 16]. Two factors play an important
role in the decision-making process: Contributor's decision-making and decision-making process,
ease of total. This essay attempts to provide a system of degrees and compares NF to account as
much as possible of the factors mentioned above. The expected mechanism was also discussed in
the centroid system [17, 18].

III. Definition of an Arbitrary FN

FN has been described in various forms. We use the next FN definition very accurately. We present
the FN B strongly by the two prescribed paths (B (s), B * (s)), where 0 < s < w and w are the

fluctuations between zero and one (0 <w < 1), with a parametric shape that meets the requirements:
e B (s)is a continuous function that does not go down the top left [0, w].
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e B *(s)is a continuous incremental function left at the top [0, w].

e B(s)<B*(s), 0<s<w.
The net number "i" represents only B (s) = B * (s) =i, 0 < s < w. By proper definition, the holes FNs {B
(s), B * (s)}, becoming convex cone F1 are isomorphic and isometric embedded in the Banach hole. If
Bis FN then cut pof Bis [B*] f=[B (B), B* ()], 0<p <w.If w=1, the coefficient described above
is called the normal FN.

IV. An Approach for Making Ranking FN

As mentioned earlier, it seems that the parametric method of FN comparison, mainly in the theory
of non-parametric determination, is better than non-parametric methods. For example, in a centroid
system from a study [19], FN was compared to their Euclidean origin from the beginning. Negative
FN is not included in the Cheng centroid core system. Sometime later, however, [20] tried to solve
this problem by using the area between the centroid point at the beginning. But their study was also
flawless. [21] found that the regional systems of a study lead to some time in unintelligible planning.
That study showed a marked eye pattern. But their method is not parametric and is only available
in normal FN. It is well known that non-parametric methods compared to FN have some setbacks
in practice.

*
According to the above definition of FN, as B =(B(s), B (s)),(0<s<w) u, FN, then the value
w

N(B ), assigned to B for decision. Levels greater than "B” calculated as follows:
w

Nﬂ(B;):%z{B(s)+B*(s)}ds where 0< <1

This number will be used as a basis for comparing FN with a resolution level higher than 3.

V. Trapezoidal and Triangular FNs

The two major classes of FN, commonly used for practical and easy-to-use purposes, are the
"trapezoidal and triangular FN", some ways of bringing the FN and the trapezoidal FN closer and
closer, see also [22-24] and therefore there is no concern in this.

L. Triangular FNs

FN, B is a triangular FN called (o, 1, a) where 0, n and a is a real number and its functions are given

by Up (v) below,

uB(y):O fory<o
u (y):y—a for c<y<nm
B n—o

”B(y)=1 for y=n
u (y):a—y forn<y<a
B a—n

uB(y):0 for y>«a
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According to the description above of the triangular FN, let B= (B (s), B *(s)), (0 <s<1) one FN, then

the value N(B), to assign with B calculated as follows:
1

N —Tra(B) = % j {B(s)+ B (s)}ds = i [2n+0+a]

0

that is very useful for calculations.

II. Trapezoidal FNs

A FN, B is a trapezoidal FN identified by the symbol (o, n, m, a), where o, m, n, a are real numbers

and the membership function u B (y) is given below.

uB(y)=0 fory<o
u (y):y—a forco<y<n
B n—o
uB(y)zl for n<y<m
u (y)=m_ for n<y<a
B oa—m
uB(y)=0 for y>2«

According to the above definition of the FN trapezoid, let B= (B (s), B *(s)), (0 <s <1) FN, then the
value of N (B), set B, as the following is calculated. :

N—Tm(B)=%j{B(s)vLB*(s)}ds=i[n+m+0'+a]

0

that is very useful for calculations.

VI. A Newly Developed Approach for Solving FTP

We are now introducing a new approach to FTP solutions where key contributors, resources and
requests are FNs. FNs in each problem can be triangular, trapezoidal, or any FN or mixture. The FTP
operating system can be downloaded explicitly or implicitly.

First Step: Calculate the values of N (.) For each fuzzy data, TC d,,, supply b,, and ¢, demand
values, which are FQ.

Second Step: By replacing N (d,, ), N (b ) and N (¢, ) which are fragile values withd,, ,b,, and c,

K
values which are FQ, you select a new fragile TP.

Third Step: Fix a new TP net, through the old system, and get the problematic network. Note that

each answer in the laboratory will have a specific (n-m-1) point FS. We know that OS y,, must be an

integer or an integer, but OS y,, for net TP may be an integer or not an integer, because the RHS of

the problem is an FN which is an integer. If you accept a soft solution, stop. The OS is in your hands.
If you want the kind of nonsense solution, go to the next step.

Forth Step: Determine where the FS are not missing in the TT. The background is a rooted tree, that
is, there must be at least one cell in each row and in each column of the TT. In addition, the
foundation must be wood, that is, cells (n-m-1) cells will not have a circle. Therefore, there are rows
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and columns with only one main cell. Starting with these cells, calculate the nonlinear core solution,
and continue until you obtain a (n-m-1) foundation solution.

VIIL. Examples

The following example may be useful to clarify the proposed procedure:

Example: Consider the following FTP which is in [25]. All data for this problem are trapezoidal FNs.

We want to use our method to solve it, then we will compare the results.

Table 1: FNs, Demand and Supply

1 2 3 4 Supply
1 4,5,6,7 4,6,7,9 12,14,15,17 8,10,11,14 4,9,10,13
2 3,4,5,7 2,3,4,5 8,9,10,11 3,4,5,6 34,56
3 6,8,9,11 §,11,12,15 15,18,19,22 10,12,13,15 8,13,15,20
Demand §,10,11,13 4,8,9,13 4,6,7,9 4,5,6,7

According to the description above of the trapezoidal FN or A = (A (s), A * (s)), (0 < s <1) FN, then
the value N (A), is assigned and Calculated as part:

N—Tm(A)=%j{A(s)+A‘(s)}ds=i[n+m+a+a]

0

Thus, we obtain the values of N ( B ), N ( b, )and N ( o8 ) according to the recommended formula:

Table 2: Trapezoidal FNs

FNs

Trapezoidal FNs

B11=4,5,6,7

N-Tra(B11)=1/4(4+5+6+7)=5.5

B12=4,6,7,9

N-Tra(B12)=1/4(4+6+7+9)=6.5

B13=12,14,15,17

N-Tra(B13)=1/4(12+14+15+17)=14.5

B14=8,10,11,14

N-Tra(B14)=1/4(8+10+11+14)=10.75

B21=3,4,5,7

N-Tra(B21)=1/4(3+4+5+7)=4.75

B22=2,3,4,5

N-Tra(B22)=1/4(2+3+4+5)=3.5

B23=8,9,10,11

B24=3,4,5,6

N-Tra(B24)=1/4(3+4+5+6)=4.5

B31=6,8,9,11

N-Tra(B31)=1/4(6+8+9+11)=8.5

B32=8,11,12,15

N-Tra(B32)=1/4(8+11+12+15)=11.5

B33=15,18,19,22

N-Tra(B33)=1/4(15+18+19+22)=18.5

B34=10,12,13,15

(B12)=
(B13)=
(B14)=
(B21)=
(B22)=
N-Tra(B23)=1/4(8+9+10+11)=9.5
(B24)=
(B31)=
(B32)=
(B33)=
(B34)=

N-Tra(B34)=1/4(10+12+13+15)=12.5

and fuzzy supplies are given as:

Table 3: Trapezoidal Fuzzy Supplies

Supply

Trapezoidal Fuzzy Supply

b1=4,9,10,15

N-Tra(b1)=1/4(4+9+10+15)=9.5

b2=3,4,5,6

N-Tra(b2)=1/4(3+4+5+6)=4.5

b3=8,13,15,20

N-Tra(b3)=1/4(8+13+15+20)=14

and fuzzy demands are given as:
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Table 4: Trapezoidal Fuzzy Demands

Demand Trapezoidal Fuzzy Demand
c1=8,10,11,13 N-Tra(c1)=1/4(8+10+11+13)=10.5
c2=4,8,9,13 N-Tra(c2)=1/4(4+8+9+13)=8.5
c3=4,6,7,9 N-Tra(c3)=1/4(4+6+7+9)=6.5
c4=4,5,6,7 N-Tra(c4)=1/4(4+5+6+7)=5.5

total fuzzy supply is given as: T = (9, 20, 24, 35) as well as total fuzzy demand is given as: F = (11, 20,
24, 33), hence:

Table 5: Trapezoidal Total Fuzzy Demands and Supply

Demand / Supply Trapezoidal Fuzzy Demand
T=9,20,24,35 N-Tra(T)=1/4(9+20+24+35)=22
F=11,20,24,33 N-Tra(F)=1/4(11+20+24+33)=22

Since N-Tra (T) = N-Tra (F), the given problem is a valid problem. Now using our system, we convert
FTP to pure TP. So, we have these reduced FTP:

Table 6: Reduced FTP

1 2 3 4 Supply
1 6.4 7.4 154 11.65 10.4
2 5.65 4.4 10.4 5.4 5.4
3 9.4 12.4 19.4 134 15
Demand 11.4 9.4 7.4 6.4

As shown in Table 6, the defuzzification results of FN obtain values of non-numerical values.
Therefore, the existence of a negative value in TP is next to the fact that the solution of net TP is not
important. Note that the solution and the useful function are quantitative, because its matrix is uni-
modular (26). If we solve the new problem, we will get the following answers:
Yip =94, Y13 =5, Yy =54,yy =114,y =5,y = 64,
and the total value of the problem is y, = 160.
Table 7: Reduced Solution

1 2 3 4 Supply
1 94 5 14.4
2 5.4 5.4
3 114 5 6.4 22.8
Demand 114 9.4 15.4 6.4

Now we can go back to the original problem and get the FS of FTP based on the data in table-7.

Table 8: Reduced FNs, Demand and Supply

1 2 3 4 Supply
1 4,8,9,13 -6,3,5,14 4,9,10,15
2 3,4,5,6 3,4,5,6
3 8,10,11,13 -6,2,6,14 4,56,7 8,13,15,20
Demand  8,10,11,13  4,8,9,13 4,6,7,9 4,5,6,7
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where the default OS for FTP provided is:

*

Y12

(4,8,9,13) 3y, = (-6,3,514) 3y, = (3,4,56)3v, = (810,11,13)31,, = (-6,2,6,14);

(4,5,6,7)

*

Y34

The results are the same as to the previous studies (4, 8). Note that the benefits of the changes are
the same, but the benefits of objective work are different. The best CT net value for the problem
provided by the Pandian system is 132.17 where it is obtained from our system is 160. That seems
clear is that there is no single system to compare FN, and that different approaches can meet different
desirable requirements.

VIII. Conclusion

In this article, a simple but effective parametric method has been introduced to configure FTP using
the FN interface. This method can be used for all types of FIP, either triangular or trapezoidal FN
with normal or negative data. The new system is a configuration, easy to install and can be used for
all types of TP, or to increase or decrease the target function.
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Abstract

In this paper, a new distribution namely the length biased new quasi-Lindley distribution is proposed
with the different weight function. The different mathematical and statistical properties of the
proposed distribution are derived and discussed. The survival function, hazard rate function and
mean residual life function for the length biased new quasi Lindley distribution is discussed. Also,
concepts like stochastic ordering and entropy for proposed distribution are studied. The parameters
of the proposed distribution are estimated by using the method of maximum likelihood estimation.

The performance of the newly introduced distribution is studied using a real- life data set.

Keywords: Length Biased Distribution, New Quasi Lindley Distribution,
Reliability Analysis, Stochastic ordering, Maximum Likelihood Estimation.

I. Introduction

The concept of weighted distributions was first introduced by [8] to model ascertainment
bias, weighted distributions were later formalized in a unifying theory by [16]. Weighted
distribution is used in a variety of research fields related to reliability, environment, engineering and
biomedicine. The weighted distribution reduces to length-biased distribution when the weight
function considers only the length of the units. The concept of length-biased sampling was first
introduced by [5] and [24]. [14] studied size-biased sampling and related form-invariant weighted
distributions. Refer [15] for a general statistical discussion of weighted distributions. [12] proposed
a useful result by giving a relationship between the original random variable X and its length-biased
form Y when X is either Inverse Gaussian or Gamma distribution. Several researchers have studied
length biased versions of different distributions see, [10], [6], [7], [17], [13] and [19].

Initially Quasi Lindley distribution was proposed by [22]. Later New Quasi Lindley (NQL)
distribution was studied by [21] for modelling various data sets with probability density function
(p.d.f) as follows

2
F(x;0,0) =9§?(9+ax)e_9x Xx>00>0602+a>0 (1)
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The NQL distribution in (1) is a mixture of exponential and gamma distribution [exponential (0) and
gamma (2, 0)].
In the present work, length biased new Quasi Lindley distribution is proposed and discussed in next

section.
II. Length Biased New Quasi Lindley Distribution

Suppose X be a non-negative random variable with pdf f(x). Let w(x) be the non-negative
weight function, and then the pdf of the weighted random variable X, is given by:
_w)f(x)
) = Fwe)
where w(x) be a non - negative weight function and

E(w(x)) = fw(x)f(x)dx <

When w(x) = x¢ ,the resulting distribution is termed as weighted distribution. When w(x) = x the

x>0

resultant is known as size or length biased distribution. In this paper, the length biased version of

new quasi-Lindley distribution is proposed. The weight function used is as follows
nx

w) = @)

According to [1], let X is a non-negative random variable with pdf f(x). Let w(x) be the non-
negative weight function then the pdf f;(x) for a length biased distribution of X is given by:

_ wow@F ()
[ =L owey X0 ®)

Assuming the E (W(x)w* (x)) = [w@)w,(x)f (x)dx < o

Provided that w,(x) = x

Using equation (1) and (2) in (3), the pdf of length biased new quasi-Lindley (LBNQL) distribution
is

2
%—efi 2 (0 + ax)e%*

E(w()w.(x))

fik;0,a) =

where
nx x6? 2n(6? + 3a)

“Mﬂm@”=ﬁ'EE:EW+”%””x:E%ﬁEE

94
2(02+3a)

filx;0,a) = x2(0 + ax)e ™ x>0,0>0,a>0 4)

and the cumulative distribution function (CDF) of LBNQL distribution is obtained as

Fx)=1-PrX>x)=1- fmfl(t; 0, a)dt

94— [eY)
FO)=1———— | t2(0 + at)e~®tdt
@) 200% + 3a)J; (6 +at)e
4 (o] (o]
Fx) =1 —wa—ﬂa)(e [Pt e %dt +a [ t3 e dt)

after the simplification, the CDF of the LBNQL distribution is

1 a83x3+x(6a8+20%)+(3a02+0)x2\ _g,
Fe) =1 (1 + 2(62+3a) )e

)
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Figure 2: CDF of LBNQL distribution for different values of 0 and «.

III. Reliability Analysis

In this section, the reliability function or survival function, hazard rate function and mean residual
life for the LBNQL distribution is discussed.

I. Survival Function of LBNQL Distribution

The survival function or the reliability function of Length biased new quasi-Lindley distribution
(LBNQLD) is defined as

S@) =1-F(x) ©)

Substituting from equation (5) in (6),

S(x) = (1 +

a93x3+x(6a9+293)+(3a92+94)x2) o—0x
2(02+3a)

?)
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Figure 3: survival function of LBNQL distribution for different values of 0 and a.

II. Hazard Rate Function of LBNQL Distribution

The basic tool for studying the aging and reliability characteristics of the system is the hazard rate
(HR). The hazard function is also known as the hazard rate. Thus, the hazard rate function of the
LBNQL distribution is given by

;6,
h(x) = f—lg"( x)‘” ®)

Substitute the value of (4) and (7) in (8),
x204(0 + ax)

h(x) =
) = 207+ 30) + a87x® + (6af + 207)x + (3a6Z + 822
o
™
o — Lo=1,0=1)
0 — Lo=1,0=12)
o Lo=1.6=14)
o — La=1,0=16)
_ L(e=1,0=18)
X 0o |
I -
o |
wn
o
o |
Q

0 5 10 15 20

X
Figure.4: Hazard rate function of LBNQL distribution for different values of 6 and «.

Figure (4) shows the behavior of hazard function. For different choices of @ and 6 it shows increasing

failure rate.
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III. Mean Residual Life Function of LBNQL Distribution

The mean residual life function is defined as
m(x) =E[X >x J. — F(t)]
( [ I= F( ) ®ld

B (1 4 @6°x3 + x(6ab + 293) + (Baf? + 64)x? ) —ox
2(6% + 3a)

® af’t® +t(6ab + 26°%) + (3a6” + 6M)t*\
xf 1+ 5 e”®tdt
. 2(62% + 3a)

After simplifying, we get
24a + 60% + af3x> + x(18ab + 463) + (6ab? + 6*)x?

M) = G 6a + 267 + a7x + (3207 + 6% + x (608 + 207))

3(62+4a) _

It can be easily verified that  m(0) = - T — M

IV. Moments and Associated Measures

Let X denotes the random variable of LBNQL distribution with parameters a and 6 then the r'"

order moment of LBNQL distribution can be defined as

[oe]

EX") =, =f x"fi(x; 0, a) dx

0

— v —0x
—f x 2(92+3a)(6’+ax)e dx

f x"2 (6 + ax)e *dx

2(92+3a)

_2(52+3a)( J‘ xr+3 1 _Gxdx-l-df xTH4-1 —9xdx)

, 64 (F(r+3) aF(r+4))
,Llr 2(92+3a) or+2 ort4

Putting r = 1 in (9), the mean of LBNQL distribution is given by

3(6? + 4a)

6(6% + 3a)

and putting r = 2,3,4 in (9), the second, third and fourth raw moments are

)

p=EX) =

12(62%+5q)
62(602+3a) ’

60(62%+6a)
03(62+3a)”’

360(62+7a)
64(62+3a)

Wy = E(X) = Wy = EX) = Wy = E(X%) =

Therefore,
_ 3(12a 24+8a6%+6%)
62(62+3a)?
V3(12a% + 8ab? + 6*)
6(62 + 3a)

o /3(12a%+8afb? + 6%)
ﬁ B 3(62 + 4a)
0’
u

Variance = o>

Standard Deviation = o =

Coefficient of Variation(c.v) =

(12a® + 8af? + 6*)

Coefficient of Dispersion(y) = 9(92 T 32) (6% 1 4a)
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I. Moment Generating Function and Characteristic Function

Let the random variable X follows the LBNQL distribution. By definition of moment generating

function of X and using equation (4), we get

(oo}

My (t) = E(e™) =f e fi(x;6,a)dx
0

o 2 3
= [, (1 + (tx) +% +%+ < )fi(x; 0, a)dx

[ tx)"
= [ 0 fi(x; 6, @)dx
=y (t—)rfooxrf(x'ﬁ a)dx
— 4r=0 1 Jo AR

=32, D g (10)

r!

Substituting from equation (9) in (10),

RNIGH 0+ rr+3) al(r+4)
My(©) = Z; r! |2(62 +3a)\ 67+2 g
r=
Similarly, the characteristic function of LBNQL distribution is obtained as
bx(t) = My (it)

&S G)T( 6 (Tr+3) al(r+4)
= Py (1) = My(it) = Z rl {2(92 T 3a,)( gr+2 gr+4 )}
r=0

V. Entropy

The concept of entropy is important in a variety of topics such as probability and mathematics,
physics, communication theory and economics. The entropy of random variable X is a measure of

the variability of uncertainty.

I. R’enyi Entropy

R’enyi entropy [18] is important in nature and mathematics as an indicator of diversity. R’enyi
entropy is also important in quantum data, where it can be used as a catch measure. R’enyi entropy

is provided by

Re(6) = 1 i 6log <jwf16(x; 6,a) dx)
0

1 [e9) 94— 5
42 —-0x
1—610‘9([0 <2(92+3a)x (@ + ax)e > dx)

6 [ee]
Re@) =1 . 5109 ((2(92(9; 3a)> f K0 (14 %x)S fesxd")
0
putting (1+5x)" =270 (1) (%)’

Re(8) = ﬁlog {(2(93—;00)8 ¥, (‘JS) (%)J' fooo(x)25+j+1—1 e—BSde}

where § >0and 6 # 1

Re(d) =
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1 05  \'xo 8\ a (26 +j+1)
Re(6) = 1= 510g <2(92 + 3a)) jZ()(j) (5) (65)25+i+1
II. Tsallis Entropy

A generalization of Boltzmann-Gibbs (B.G) statistical properties initiated by Tsallis has received
great attention. This generalization of BG statistic was proposed firstly by introducing the

mathematical expression of Tsallis entropy by [23] for a continuous random variable and is defined

s;=—(1- [ e 60d
y 1_). _.fo ﬁ (x’ :a) X
Si=—(1 foo o 2(6 + ax)e™ lal
L) S M TR T R *
1 05 Ao a \A
- I 24 s —A0x
Sa—l_/l<1 <2(92+3a)> fo x (1+9x) e dx)
. 2 - j
putting (1+5x) = 2% (7) (5%)

A .
1 /1 a jr® )
= _ 2A+j ,—0Ax
=1t <2(92+3a)> Z(] 9) fo () e dx

j=0

o L) ‘o Jr(2,1+1+1)
1T1-2 (2(92+3a)) Z() 6/ (oA

j=0

as follows

VI. Order Statistic of LBNQL Distribution

Order statistic have a central role in statistical theory. Suppose X(1),X(3), ... oov oo oo, Xy be the
continuous ascending order statistic. The probability density function of the j** order statistic X(;
for 1<j<nis

fry () = [F@V™ [1 - FeoI" ) (11)

G- 1)'(n L

Substitute the value of pdf and cdf of LBNQL distribution in (11), we get

af3x3+x(6a0+20%)+(3a02+0%)x%\ _g, -1
fr»®) = o [1 (1 + 267 +30) )e ]
a63x3+x(6a0+203)+(3a0%+0%)x2\ _g. 1"/ 0% 2 —_0x
X [(1 + 2(62+3a) )e ] X 2(92+3a)x (6 + ax)e (12)

Put j =1 in equation (12), the probability density function of first order statistics of LBNQL

distribution.

[(1 + a93x3+x(6a€+293)+(3a92+94)x2> e_ex]”‘l o*

2 —0x
2(02+3a) 2(92+3a)x (9 + ax)e

froy@ =7

Put j = n in equation (12), the probability density function of n** order statistics of LBNQLD.

af3x® + x(6af +260°) + 3af* + 6%)x*\ i
@) =n [1 B <1 + 2(0% + 3a) >e ]

104



N.W. Andure (Yawale) and R.B. Ade

THE LENGTH BIASED NEW QUASI LINDLEY RT&A, No 2 (68)
DISTRIBUTION: STATISTICAL PROPERTIES AND APPLICATION Volume 17, June 2022
4
X ————x2(6 + ax)e %
202132 ¢ )

VII. Stochastic ordering

Stochastic ordering of positive continuous random variables is an important tool for judging their
comparative behavior. A random variable X is said to be smaller than a random variable Y in the

1) Stochastic order (X <, Y) if Fy(x) = Fy(x) forall x

2) Hazard rate order (X <, Y) if hy(x) = hy(x) forall x

3) Mean residual life order (X <,,,; Y) if if my(x) < my(x) for all x

4) Likelihood ratio order (X <, Y) if ;X—Exx; decreases in x
Y

The following important interrelations due to [20] are well-known for establishing stochastic
ordering of distributions
XSer=>XShTY$XSmHY

U
X<aY
The LBNQL distribution is ordered with respect to the strongest ‘likelihood ratio ordering” as shown
in the following theorem:
Theorem 7.1: Let X~LBNQL(6,,a;) and Y~LBNQL(0,,a,).If 8, =6, and a; < a, or (a; = a, and
0,>0,)thenX <, Yandhence X <, Y, X <,y Yand X <, Y.

Proof: From the pdf of LBNQL distribution (4), we have

fx@) _ 6:%(62°+3a2) (914’0‘13‘) e~ (61-62)x x>0

fr(x) ~ 0,%(61%243a1) \Ba+ayx
Now
fx(x) _ 0:*(682°+3a) _ _ _
logfy(x) = [—924(912+3a1)] +log(0, + a;x) —log(0, + a,x) — (6; — 6,)x
This gives
d X a a
—(log fx( ))= 1 _ 2 — (0, - 6,)
dx fr(x) (01 + a;x) (0, + ayx)
a0, —a,0
1Y2 2Y1 _ (91 _ 92)

- 6, + a;x) (0, + ayx)
fx(x)
fy(x)

Casel: If 8, =0, and a; < a,, then;—x(log
X<pmYand X <,Y.
Casell:If a; = a, and 8, = 6,, then:—x(logfx—(x)) < 0.Thismeansthat X <;, Yandhence X <. Y,

fr(x)
X<pmYand X <,7Y.
Thus, LBNQL distribution follows the strongest likelihood ratio ordering.

) < 0. This means that X <;, Y and hence X <,,. Y,

VIII. Bonferroni and Lorenz curve

The most important inequality curves are called Bonferroni and Lorenz curve, which have some
application in applied science such as economics, reliability, demography and medicine. Bonferroni
and Lorenz curves are proposed by [3]. The Bonferroni and Lorentz curves for the LBNQL
distribution is obtained as

B()—ifq £, 6, @)d
P _P#oxlx' ,a)dx

and
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@ =p (P)——J.q ( )
L B x f(x;0,a)dx
HJo :

_3(62+4q)
T 0(6%2+3a)

where Ex)=u and g = F~1(p)

062 +3a) (4, 6*

. — —6x
“ B0 = @ vaw) ), * 2007 4 30 O T e
6° s -6
B(p) = 7602 +4a)f0 x3 (6 + ax)e "*dx
after simplification,
6%y (4,0q) + ay(5,6q)
B(p) = >
p6(0? + 4a)
and
L(p) = pB(p) = ———— (0%y(4, ,
(p) = pB(p) 6007 + 4a) 6%y (4,09) + ay(5,0q))

IX. Maximum Likelihood Estimation

The method of maximum likelihood is the most frequently used method of parameter estimation
given in [4]. The maximum likelihood method of estimation has been adopted to estimate the
unknown parameter a and 0 of the LBNQL distribution. Consider the random sample of size n
from the LBNQL distribution, the likelihood function is given by

4 n_m
. — 2 X —GZ?Z X
L(x;a,0) <2(92 n 30()) Hxl 6 + ax;)e 1
i=
The log likelihood function is given by
logl = 4nlogf -nlog(2(6% + 3a)) + 2 37 logx; + X, log(8 + ax) — 0 Y, x; (13)

Now maximize the above log-likelihood function given in equation (13) to get maximum likelihood
estimate of unknown parameters of length biased new quasi-Lindley distribution. For this purpose,
take the first derivative of the above log-likelihood equation with respect to parameters & and 6

and equate to zero respectively.
4n 2nf n 1

6 (6%+3a) =lgiax; =% =0 (14)
-3n n xXi
= (62+3a) + Zi:l O+ax; (15)

Equations (14) and (15) are nonlinear equation. The exact solution of above equation is not possible

numerically. Above nonlinear equations are solved with the help of R Software.

Using the large sample property of MLE, A can be treated as being approximately normal with mean

A and variance covariance matrix equal to the inverse of the expected information matrix, i.e.,
V(A= 2) > N(0,I71 (1))

I(2) is the information matrix then its inverse matrix is I7! (1). The I (2) variance-covariance

matrix is essentially equal to the inverse of the expected information matrix I~* (1), the observed

information matrix is given by
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£ 9%logl g 9% log!l
1) = 1 062 000«
on g 9%logl £ 2% logl
dadld da?
where I(A) is Fisher’s Information Matrix.

0%logl —4n N 2n(6? — 3a) i 1
062 62 (62 +3a)? < . (6 + ax;)?
i=

2

0%logl 9n Zn: x;
da? (02 +3a)2 Li\(6 + ax;)?
n

i=1

0%logl _ 0%logl _ 6nb Z( x; )
000a ~ 0adl (62 + 3a)? 6 + ax;)?

i=1
Since A being unknown, I7*(1) is estimated by using I7!(1) and we obtain the asymptotic

confidence intervals for @ and 6. Hence the approximate 100(1 — %)% confidence interval for «

and 0 are respectively given by

a+zy /Iaa‘l(,i), 6+zy /199‘1(,1)
2 2

Where zy is the Y™ percentile of the standard distribution.
2

X. Application

In this section, one real life data set is analyzed for the purpose of illustration to show the usefulness
and flexibility of the LBNQL distribution. The LBNQL model is compared with other distributions,
such as, New Quasi Lindley (NQL) distribution, [21], length biased weighted New Quasi Lindley
(LBWNQL) distribution [9]. The ML Estimates of the unknown parameters are determined for the
LBNQL distribution and two other models along with goodness of fit test.

Data set I: Following data depicts the fatigue life of some aluminum’s coupons cut in specific manner

(see,[2]). The dataset (after subtracting 65) is given below:

5,25, 31, 32,34, 35, 38, 39, 39, 40, 42, 43, 43, 43, 44, 44, 47, 47, 48, 49, 49, 49 ,51, 54, 55, 55,56 ,56, 56, 58,
59, 59, 59, 59, 59, 63, 63, 64 ,64, 55, 65, 65, 65, 66, 66, 66, 66, 67, 67, 67, 68, 69, 69, 69 ,69, 71,71, 72, 73,
73,73,74,74,76,76,77,77,77,77,77 ,77,79, 79, 80, 81, 83, 83, 84, 86, 86, 87, 90, 91, 92, 92, 92,92, 93,
93, 94, 97, 98, 98, 99, 101, 101, 103, 105, 109, 139, 147

The data set is modeled by LBNQL distribution and compared with the New Quasi Lindley, length
biased weighted New Quasi Lindley distribution. Table 1 describes estimated unknown parameters,
-log likelihood (-LL), the values of the AIC (Akaike Information Criterion), BIC (Bayesian
Information Criterion) and K-S Statistics calculated for above data using LBNQL, LBWNQL, and
NQL distributions.
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Table 1. Estimate and goodness of fit measures under considered distribution based on data set.

Model Estimated Parameter -2LL AIC BIC K-S P-Value
a 4

LBNQLD 74.01668 0.05801 = 945.7779 949.7779  955.0082 0.14788 0.2403
LBWNQLD @ 425.13398 @ 0.04350 @ 962.6170 966.6170 = 971.8473 0.18094 0.1436
NQL 168.18633 = 0.02900 | 992.7213 996.7213 = 1001.9516 0.23557 0.05719

From table 1 it can be seen that the value of the statistics -2LL, AIC, BIC values of LBNQL distribution
are comparatively smaller than the other distributions on a data set. Therefore, the result shows that

LBNQL distribution provides a significantly better fit than the other models.

o
@ |
=
N .
[m]
(@]
—— Empirical cdf
- - — LBNQL CDF
- LBWNQL CDF
o | NQL CDF
S | T | T | T T
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Figure 5: Empirical CDF and fitted CDF plot of data set.
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Figure 6: fitted PDF plot of data set.
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XI. Conclusion

In the present study, a Length biased NQL distribution is proposed. Some statistical properties along
with Reneyi entropy, and Tsallis entropy, Bonferroni and Lorenz curves have been discussed.
Various reliability properties such as hazard rate function, mean residual life function, stochastic
orderings have been obtained. It is proved that LBNQL distribution follows the strongest likelihood
ratio ordering. For different choices of the parameters o and 0 increasing failure rate is observed.
The parameters of the proposed distribution are obtained by using the maximum likelihood
estimation technique. Finally, the new proposed distribution is tested by applying to a real-life data
set and compared with new quasi Lindley distribution and length biased weighted new quasi
Lindley distribution. It is observed from the table 1 that LBNQL distribution gives better fit over
both distributions on a data set.

References

[1] Al-kadim, K. A. and Hussain, N. A. (2014). New Proposed Length-Biased Weighted
Exponential and Rayleigh Distribution with Application. Mathematical Theory and
Modelling.4(7),137-152

[2] Birnbaum, Z. W. and Saunders, S. C. (1969). Estimation for a Family of Life Distributions
with Applications to Fatigue. Journal of Applied Probability, 6(2), 328-347.

[3] Bonferroni, CE. Elementi di statisca gnerarale, Seeber, Firenze (1930).

[4] Casela, G. and Berger, R. L. Statistical inference. Pacific Grove, Calif: Brooks/Cole Pub.
(1990).

[5] Cox, D. R. Some sampling problems in technology, In New Development in Survey
Sampling, Johnson, N. L. and Smith, H., Jr.(eds.) New York, Wiley- Interscience, 506-527, (1969).

[6] Das, K. K. and Roy, T. D. (2011). Applicability of length biased generalized Rayleigh
distribution. Advances in Applied Science Research, 2, 320-327

[7] Das, K. K. and Roy, T. D. (2011a). On some length-biased weighted Weibull distribution.
Advances in Applied Science Research, 2, 465-475.

[8] Fisher, R. A. (1934). The effects of methods of ascertainment upon the estimation of
frequencies, Ann. Eugenics, 6, 13-25.

[9] Ganaie, R. A. and Rajgopalan, V. (2021). Length biased Weighted New Quasi Lindley
Distribution: Statistical Properties and Applications. Pakistan Journal of Statistics and Operation
Research. 17(1), 123-136.

[10] Gove, J. (2003). Moment and maximum likelihood estimators for Weibull distributions
under length- biased and area-biased sampling. Environmental and Ecological Statistics. 10. 455-467.

[11] Jones, O., Maillardet, R. and Robinson, A. Introduction to scientific Programming and
Simulation Using R, New York: Taylor and Francis Group, (2009).

[12] Khattree, R. (1989). Characterization of inverse-Gaussian and gamma distributions through
their length-biased distributions. IEEE Transactions on Reliability, 38, 610-611.

[13] Nanuwong, N. and Bodhisuwan, W. (2014). Length Biased Beta-Pareto Distribution and Its
Structural Properties with Application. Journal of Mathematics and Statistics, 10(1), 49-57.

[14] Patil, G. P. and Ord, J. K. (1976). On size biased sampling and related form invariant
weighted distributions. Sankhya, Series B 38, 48-61

[15] Patil, G. P. and Rao, C. R. (1978). Weighted distributions and size biased sampling with
applications to wildlife populations and human families. Biometrics 34, 179-189.

[16] Rao, C. R. (1965). On discrete distributions arising out of method of ascertainment in
classical and Contagious Discrete, G.P. Patiled; Pergamum Press and Statistical publishing Society,
Calcutta. 320-332.

109



N.W. Andure (Yawale) and R.B. Ade
THE LENGTH BIASED NEW QUASI LINDLEY RT&A, No 2 (68)
DISTRIBUTION: STATISTICAL PROPERTIES AND APPLICATION Volume 17, June 2022

[17] Ratnaparkhi, M. V. and Naik-Nimbalkar, U. V. (2012). The length biased lognormal
distribution and its application in the analysis of data from oil field exploration studies. Modern
Applied Statistical Methods, 11, 225-260.

[18] Renyi, A. (1961). On measures of entropy and information. In: Proceedings of the Fourth
Berkeley Symposium on Mathematical Statistics and Probability. Contributions to the Theory of
Statistics, Berkeley, California: University of California Press, (1): 547-561

[19] Seenoi, P., Supapa, K. T. and Bodhisuwan, W. (2014). The length biased exponentiated
inverted Weibull Distribution. International Journal of Pure and Applied Mathematics, 92, 191-206.

[20] Shaked, M. and Shanthikumar, J. G. Stochastic Orders and Their Applications, Academic
Press, New York. (1994).

[21] Shanker, R. and Ghebretsadik, A. H. (2013). A New Quasi Lindley distribution.
International Journal of Statistics and Systems, 8(2), 143-156.

[22] Shanker, R. and Mishra, A. (2013). A quasi Lindley distribution. African Journal of
Mathematics and Computer Science Research. Vol. 6(4), 64-71.

[23] Tsallis, C. (1988). Possible generalization of Boltzmann-Gibb’s statistics. Journal of statistical
physics, 52(1-2), 479-487.

[24] Zelen, M. (1974). Problems in Cell Kinetics and Early Detection of Disease. Reliability and
Biometry, SIAM, Philadelphia, 701-726.

110



Rama Shanker and Kamlesh Kumar Shukla
POWER WEIGHTED AKASH DISTRIBUTION WITH PROPERTIES RT&A, No 2 (68)
AND APPLICATIONS Volume 17, June 2022

POWER WEIGHTED AKASH DISTRIBUTION WITH
PROPERTIES AND APPLICATIONS

Rama Shanker! and Kamlesh Kumar Shukla®

Department of Statistics, Assam University, Silchar, India
Shankerrama2009@gmail.com
2Department of Mathematics, School of Sciences, Noida International University, Gautam Budh
Nagar, India, kkshukla22@gmail.com
*Corresponding Author

Abstract

In In this paper power weighted Akash distribution (PWAD) which includes weighted Akash
distribution (WAD), power Akash distribution (PAD) and Akash distribution as particular cases has
been proposed and investigated. Its moments, hazard rate function and mean residual life function
have been discussed. Method of maximum likelihood estimation has been discussed for estimating the
parameters of the distribution. Applications of the proposed distribution to two real lifetime datasets
have been presented and compared with other one parameter, two-parameter and three-parameter
well-known lifetime distributions.

Keywords: Akash distribution, Weighted Akash distribution, Power Akash
distribution, Hazard rate function, stochastic ordering, Maximum Likelihood
estimation, Applications.

I. Introduction

Shanker and Shukla [1] proposed a two-parameter weighted Akash distribution (WAD) having
parameters 6 and a and defined by its probability density function (pdf) and cumulative
distribution function (cdf)

9a+2 ya—l - (1'1)
fl(y;e’a)=(92+a2+0_’)r(0_’)(1+y)e Y;y>0,9>0‘a>0
2 u oy
F(y;0,0) = 1 — [60° + a(a + D]I(a,8y) + (0y)*(0y + a + De 12

6%+ a?+ )l (a)

where I'(a) and I'(a,z) are the complete gamma function and the upper incomplete gamma
function defined as

oo

I'a) = f e 't dt;a >0 (1.3)
0
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I'(a,z) = f eVt Ydt;a >0,z >0 (1.4)

zZ

Its structural properties including moments, hazard rate function, mean residual life function,
estimation of parameters and applications for modeling survival time data has been discussed by
Shanker and Shukla [1]. Shanker and Shukla [2] discussed various moments based properties
including coefficient of variation, coefficient of skewness, coefficient of kurtosis and index of
dispersion of weighted Akash distribution and its applications to model lifetime data from
biomedical sciences and engineering.

Shanker and Shukla [2] proposed a power Akash distribution (PAD) having parameters 6 and «
and defined by its pdf and cdf

3

6
f(;0,B) = (9574,2)(1 +y2P)yF1le0¥" .y (1.5)

>0,6>0,8>0

gyﬁ(gyﬁ + 2) e_gyB_
T er+2z Y (1.6)
>0,0>0,8>0

F(y;60,0)=1-|1+

Note that the PAD is a convex combination of Weibull (a,6) and a generalized gamma
(2, a, B)distribution with mixing proportion%. Shanker and Shukla [1] has discussed the
properties of PAD including the shapes of the density, hazard rate functions, moments, skewness
and kurtosis measures, estimation of parameters using maximum likelihood estimation and
application to model a real lifetime data from engineering. Recall that WAD and PAD reduces to
Akash distribution at @ = 1, and f = 1 respectively. The Akash distribution proposed by Shanker
[3] is defined by its pdf and cdf

3

.0) = 2y,-0y. 1.7
f3(;6) 6,+2U+y)e ;y>0,6>0 (1.7)
Oy(0y +2)| _,
. = _ _— —oy.
F;(y;0) =1 [1+ 0712 e ", y>00>0 (1.8)

Shanker [3] has discussed its various statistical and mathematical properties including shapes of
the density. Moments and moments based measures, hazard rate function, mean residual life
function, stochastic ordering, mean deviations, order statistics, Bonferroni and Lorenz curves,
Renyi entropy measure, stress-strength reliability, estimation of parameter using both the method
of moment and the maximum likelihood estimation and application to model lifetime data from
engineering and biomedical sciences.

In the present paper, a three - parameter power weighted Akash distribution which includes
Akash distribution, WAD, and PAD as particular cases, has been proposed and discussed. Its raw
moments have been given. The survival function and the hazard rate function of the distribution
have been derived and their shapes have been discussed for varying values of the parameters. The
estimation of its parameters has been discussed using maximum likelihood method. Finally, the
goodness of fit and the applications of the distribution have been explained through two real
lifetime datasets and the fit has been compared with other one parameter, two-parameter and
three-parameter lifetime distributions.
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II. Power weighted Akash distribution

1
Assuming the power transformation X =Y# in (1.1), the pdf of the random variable Xcan be

obtained as

9a+2 xﬁa—l
p (1+ xzﬁ)e‘exﬁ;x
02+ a’+a I'(a)

>0,0>0,a>0,8>0

fa(x;0,a,B) = (2.1

We would call the distribution in (2.1) as the power weighted Akash distribution (PWAD). It can
be easily verified that the WAD(0, a) in (1.1), PAD(6,8) in (1.5) and Akash(6)in (1.7) are the
special cases of PWAD for (f = 1),(a = 1)and (a = = 1), respectively.

It can be easily verified that PWAD is a convex combination of generalized gamma distribution
(GGD) having parameters (8, a, f)proposed by Stacy (1962) and GGD having parameters (6, a +

2,B).

We have
ﬁl—(x;era'ﬁ) = pgl(X;Hialﬁ) + (1 - p)gZ(x: 9,a + Ziﬁ)/
where
P = 2iaria .
g1(x;0,a,B) = &xﬁ""le'(;xﬁ;x >0,0>0,a>0p>0

I'(a)

a+2
9:06:0,a,) = S xP@rD 1054 5 0,0 > 0,0 > 0,5 > 0.

Graphs of density function of PWAD for varying values of parameters 6, andf have been drawn
and presented in figure 1. It is clear that the natures of PWAD are decreasing, positively skewed,
negatively skewed, platykurtic, mesokurtic and leptokurtic for varying values of parameters and
hence it can be applied to model lifetime datasets of various natures. It is observed that pdf is
increasing for increased value of 6 and its pdf is increasing vastly as increased value of
0, aandfrespectively. However, role of @ on the shape of the graph more as compared to other
parameters.
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Figure. 2: Graphs of the probability density function of PWAD for varying values of parametersd, aandp
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III. Reliability Measures

Survival function and Cumulative distribution Function

The survival function S(x; 0, a, 8)of PWAD can be obtained as
SG;0,a,8) =P(X >x) = [ fi(t;0,a,B) dt

_ Bo*+2 = Ba-1 2B, -6th
= oS JotPet (1 4¢P )~ dt
_ Bo*+? = -6th Ba-1 = —0tB . pa+2p-1
= ST OND [fx e 9"t dt+ [ e %"t dt]
1 L 1B
Assuming u = t#, which gives t = (u)fand dt = 3 (u) £ du, we get
9a+2 o o
S(x;6,a,B) = e fuya-1 du+f e fuyatlgy
( 2 6%+ a?+ a)l(a) ng B
_ o+2 r(a,6xF) n e_e"B(HxB+a+1)(9x3)a+a(a+1)1‘(a,9x3)
T (02+aZ+a)[(a) L ga+t2

_ (92+a2+a)F(a,9xﬁ)+(9xﬁ)a(9xﬁ+a+1)e'GXB
B (0% +a2+a)[(a) ’
where I'(a, 0x?) is the upper incomplete gamma function defined as

[(a,6xP) = [ sy“ e ™dy;a > 0,6xF > 0.

It can be easily verified that at (8 = 1),(a = 1)and (a = f = 1) the survival function of PWAD
reduce 