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Abstract

This paper deals with the transient state behavior of an M/M/1 retrial queueing model contains two
parallel servers with departures occur in batches. At the arrival epoch, if all servers are busy then
customers join the retrial group. Whereas, if the customers find any of one server is free then they
join the free server and start its service immediately. Here, we assume that primary customers
arrive according to Poisson process. The retrial customers also follow the same fashion. Service time
follows an exponential distribution. Explicit time dependent probabilities of exact number of
arrivals and exact number of departures when both servers are free or when one server is busy or
when both servers are busy are obtained by solving the difference differential equation recursively.
Some important verification and conversion of two-state model into single state are also discussed.
Some of the existing results in the form of special cases have been deduced.

Keywords: Retrial, Queueing, Arrivals, Departures, Batch

1. Introduction

In recent years, computer networks and data communication systems are the fastest growing
technologies, which have led to significant development in applications such as advance in
internet, audio data traffic, video data traffic, etc. Recently there have been significant
contributions to retrial queueing system in which arriving customer who finds the server busy
upon arrival is require leaving the service area and repeating his demand after some time. Between
trials, a blocked customer who remains in a retrial group is said to be in orbit. Retrial queue have
applications in telephone switching systems, telecommunication networks and computers are
competing to gain service from a central processing unit. Moreover, retrial queues are also used as
mathematical models of several computer systems: packet switching networks, shared bus local
area networks operating under the carrier-sense multiple access protocol and collision avoidance
star local area networks etc. There are enough of literatures available on retrial queues. We
referred some of the work like Artalejo and Corral [1], Falin and Templeton [2] and Artalejo [3] etc.
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In many queueing systems it is assumed that customers arrive singly at a service facility and
depart singly from the service facility. However, this assumption is violated in many other real
word situations. Letters arriving at a post office, ships arriving at a port in convoy, people going to
a theatre and so on are some examples of queuing in which customers do not arrive and depart
singly but in bulk or groups. The size of an arriving group and departing group may be a random
variable or a fixed number. Mathematically as well as practically the cases where the size of an
arriving group and departing group is a random variable, are more common, and also more
difficult to handle.

One can note that the batch arrival queue may not always be given the name ‘batch’ but
instead of this many authors chose to use the term ‘bulk’. Predominantly, this reflects two leading
strands of applications, where ‘bulk’ often gives a connotation of transportation settings whereas
‘batch’ frequently implies applications in communications.

Queueing situations in which arrivals occur singly, but service is in bulk are considered in this
research. Bulk service queues have potential applications in many areas e.g. in loading and
unloading of cargoes at a seaport, in traffic signal systems, in computer networks where jobs are
processed in batches, manufacturing/ production systems, cinema halls, in transportation
processes involving buses, airplanes, trains, ships, elevators etc. Bailey [4] introduced the concept
of bulk service and the same was later studied by a number of parishioners. Juan [5] obtained a
numerical method for the single server bulk service queueing system with variable capacity.
Janssen and Leeuwaarden [6] presented an analytic rather than a numerical framework for dealing
with discrete time bulk service queue. Goswami et al. [7] analysed a discrete time single server
infinite buffer bulk service queues. In this research, the inter-arrival time of successive arrivals and
service times of batches are assumed to be independent and geometrically distributed. Al-
khedhairi and Tadj [8] investigated the queueing process of a bulk service queueing system under
Bernoulli schedule.

The classical transient results for the M/M/1, M/M/c and M/G/1 queue provide little insight
into the behavior of a queueing system through a fixed operation time t. The function P, (t) gives
the distribution for the number in the system at time t, but practically provides no information on
how the system has regulated up until time t. The question seems to be answered by Pegden and
Rosenshine [9]. The analysis of their paper based on M/M/1 queueing model in which the state of
the system is given by (i, ), where i is the number of arrivals and j is the number of departures
until time t. Kalra and Singla [10] investigated the performance analysis of a two-state retrial
queueing model with batch departures. In this paper, they obtained time dependent probabilities
of exact number of arrivals in the system and exact number of departures from the system when
only one server is free or busy. Garg and Kumar [11] studied a single server retrial queue with
impatient customers and obtained time-dependent probabilities of number of exact arrivals and
number of exact departures from the orbit.

This research studies a time dependent retrial queueing model by obtaining the explicit
probabilities of the exact number of arrivals in the system and the exact number of departures from
the system by a given time t wherein the departures occur from the orbit in batches of variable
size.

The rest of this paper is organized as follows: Section 2 gives a relatively formal description of
the queueing model. In Section 3, we defined the two-dimensional state model and derived the
difference-differential equations. The time dependent solution for the model is obtained in section
4. Section 5 presents the some useful performance measures of the system and Section 6 discussed
some special cases. The last section ends with a suitable conclusion.
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2. Model Description
2.1. Assumption and Notation

The two parallel servers retrial queueing system is considered wherein departures take place in
batches of variable size whenever these occur from the orbit. The primary calls follow a Poisson
distribution with rate A. If the server is busy at the arrival time, then the arriving call joins the orbit,
whereas if the server is free then the service of arriving call gets started. The behavior of customers
in orbit is same as in the main model, i.e. every customer in orbit produces a Poisson flow of
repeated calls with rate 6. If a batch of repeated calls finds the server free, it is served and leaves
the system after service otherwise, if the server is occupied at that time then the system state does
not change. Arrivals occur one by one and departures occur from the orbit in batches of variable
size with rate u. The input flow of primary calls, intervals between repeated trials and service
times are mutually independent. For distribution of arrivals, service times and retrials, we make
use of the following assumptions and notations:

1) The repeated calls for each server follow a Poisson distribution with parameter 6.

2) In this model the departures occur from the orbit is treated as bulk departures whose capacity
is determined afresh before each service which is equal to newly determined capacity of the
server or units present in the orbit, whichever is less. In this case capacity of the server is a
random variable. The size of the batch is determined at beginning of the each service. The
probability that the server can serve a batch of y units is b, so that Y5_; b, = 1, where K is the
maximum capacity of the server.

3) The Service times for each call depart in batches of variable size and follow an exponential
distribution with parameter p.

Laplace transformation f(s) of f(t) is given by
f($)=J; e f(©)dt, Re(s)>0
The Laplace inverse of

i tmk—l agt dl—l
Q@) is Zg=1zmk e Q)

@—a)™ Vp=ay, a;#a,fori#k

P(p) =1 me=0!(-1)t dp!~1 P(p)
where,
P(p)=@—-a)™ (0= a)™ oo (p — @)™
Q(p) is a polynomial of degree <m;+m,+ms +............. my,-1.

If L™{p(s)} = P(t) and L™1{q(s)} = Q(t), then

L™ Yp(s) q(s)} = fot P(w)Q(t — u)du =P * Q, where P = Q is the convolution of P and Q.

3. The Two-Dimensional State Model
3.1. Definitions

Py jo(t)= Probability that there are exactly i arrivals in the system and j departures from the
system by time t when server is idle.

P; j  (t)= Probability that there are exactly i arrivals in the system and j departures from the
system by time t when k servers are busy. k = 1,2.

P; j(t)= Probability that there are exactly i arrivals in the system and j departures from the system
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by time t.
P j(t) =P o) +Pj(6) Vi i2).
Also
P () =0,i<j; Pjo(t) =0,i <j.
Initially

Poo,0(0) = 1; Py j4(0) = 0 &P, ;,.(0) = 0; Vi,j #0. k =1,.2.

3.2. The difference — differential equations governing the system are

L Pio(t) = = APyo(t) + 1t B4 (TK, b)) Primya (6) i20,i2K ()
L Pyjo(t) = —(A+ (i = NOIPjo(6) + p X1 by Py jya (O) i>)i>0;j2K @)
S Proa () = —(A+ WPyo1 (6) + APog0(t) 3)
& Py0a(t) = =(A+ WPyo(t) + APy () )

S Pa(t) = —QA A+ (= = DOP2(E) + APy o(6) + (i = NOPjo(t) +
2uP; ;15 (0) i>1,i>j>0 (5)

d ..
EPi,j,z(t) =—(A+ 2P, () + AP_1j1(O) + A(1- 5i—z,j)Pi—1,j,z @+ E—j—10OP;,()
i>2,i>j20 ©)

1, wheni—2=j

h . s = .
where 6, {0, otherwise

Using the Laplace transformation £ (s) of f(£)which is given by
f(s)=J, et f(t)dt, Re(s)>0

in the equations (1) - (6) along with the initial conditions, the following equations are obtained:

s+ A)P s) =P, 0
" ,1)131.(_1._0(5) )=ol,j,§: E};)l (Z{(jle()l%,i_y_l(s) } i>0,i2K ?)
(s+ A+ = NOP,jo(s)=uXy-1by P j_y1(5) (>11>0.j =K ®
(s+ A+ WPio1(s)=2Pyg0(5) )
(s+ A4 WPy ,(s)=2APo1(5) (10)
(s A+ (=] = DOy (5) A Pioy jo () + (i = )OPjo(S) + 24P j1,2(5)
i>1,i>j >0 (11)
(s + A+ 2P, jp(8) A Pi_y 1 (8) + A (1= 8i-1,)Piy 2 () + (i = j = DOP; j1(5)
i>2,i>j >0 (12)

3.3. Solution of the Problem

Solving equations (7) to (12) recursively, the following results are obtained

Pooo(s) = — (13)
— _ Iy

Piio (s) = (+1)Z (sH041) (14)
pi,i,o(s) = ﬁ#Z§=1(Zf:y bl)pi,i—y,l(s) i>1 (15)

124



Neelam Singla, Sonia Kalra

ANALYSIS OF A TWO-STATE PARALLEL SERVERS RT&A. No 3 (69
, (69)
RETRIAL QUEUEING MODEL WITH BATCH DEPARTURES Volume 17, September 2022
Piao(s) = m[lh Py1,1(s) + byPig1 ()] i>2 (16)
A
P1 0 1(5) (s+k) (S+7»+H) (17)
P211(8) = i Prao () + 20 oS Proa (18)
= 2n ki 1 ,
Piia(s) = (s+h+p+(i—2)8) (s+A+2p)i=1 P1oa(s) £>2 (19)
Ll 11(5) (s+7»+u)Pl 1,i— 10(s)+(sT+u) i,i— 10(S)+(+7»+u) ii— 22(5)
i>2 (20)
L 1
Pipa(s) = W Pio1(s) i>1 21)
_ i-j (A \FITR o
Pi,j,Z (S) = < k=1 (S+7\.+2p) 1’]k(s)l:)j-*—k'j‘l(S) i 2] + 21] =1 (22)
1 fork=1
(k=1)0 _ o
wherey, (s)= ( S+k+2u) fork=2toi-j-1
(k=1)0 .
sHA+20 fork=i-]j
p N — (=)0 -
Pija(s) = (s+h+p +(i—j—1)0) Pic10 (5) (s+hr+p+(i-j-1)0) b0 ()
N . _
_w (Yl N, ()Pj1k,j-1,1(S)
(s+x+p+(i—j—1)e)< k 0(s+x+2p) k Jtk,j
i >j+2,j =2 (23)
1 fork=0
(1+ke)fk1t"1
_— ork=1toi—j—
where ), (s) = s+A+2u J
k6 fork=i—j
_ ork=1i-
s+A+2u J
Pijo(s) = m(pzy 1by)Py iy (S) i>j=3 (24)

Using the Inverse Laplace transformation

o). tmk—l apt dl—l M _ m _ i

e )152 Xk DI DT apt (P(p)) (p—a )™ Vp=aa #aqforizk.
where

P(p) =@ —a)™ @ —a)" oo (p = @)™

Q(p)is a polynomial of degree <m;+m,+m; +............. m, — 1.

If L7{f(s)} = F(t) and L *{g(s)} = G(t), then

L7Yf(s) g(s)} = . Ot F(W)G(t—udu=F*G, F*Giscalled the convolution of F and G.
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and

1 .
1S
(s+a)1(s+b)"2(s+c)"3

The Laplace inverse of N*”¢ (s) =

N1,ny n3

Nabe n3 et en3-l(- 1)m+1(m 1)(H}g1mo 1(n1+g1))(ﬂgz 0(n2+g2))
n1n2n3( )_2121 m= (n3=D!(m—-1)! (b—a)"2+m=1(c—q)ni+i-m

e tnz l( 1)m+1( )(H1g12()_1(n1 +g1))( 212_:20(713 +g2))
+Z Z — D! (m—1)! (a— b)rs+m=1(c — h)r+l-m

et tn1 l( D™ )T (e + 80) (M Zh(ns +82))
+Z Z

l)! (m — 1)! (a — C)n3+m 1(b - C)n2+l m

in equations (13) to (24), the following probabilities are

Pooo(t) = e~ (25)
Pyio(t) = Au(te=*)e-(Arut (26)
Piio(®) = {uZ5=1(Z1Sy br) €7} Priy 1 (8) i>1 27)
Piyo(t) = by~ Gt G-« P () + pbye= G+t (=D 4 Py (1) i>2 (28)
Proa(8) = 267 (= £5) 29)

Pasa(6) = 2e™CH0t 4 Py o)+ 2200t (L= S20) g (1) (30)

i-2 .
_ =1 - (tpt(i-2)0)t {1 —zmz ®r_ 1
Pi11(0) = [Zﬂfi {(zﬂ)l 1€ o T G * Py ()

i>2 (31)
Piiq4(t) = Ao Py i1 0() + GO S Py o(8) + 2pe™ (O &
Piizo(t) i>2 (32)
t _ .
Proa() = (A7 e 4200w Py () i>1 (33)
_ 1 tl Jj= g
Puja(®) = (277 e 20 ) By () +
it i—j—k-1 i—-j-1 i-j—k
E i-j—k _t —(A+2u)t ) Z i—j-Ke, _ T -2t
(;t (i—j—k-1)! € ) * +k'1‘1(t) + k=2 (/1 (k 1)0(i—j—k)! € ) *
k=2
Priiji(®) + (A —j— DG~ *205) « P, . (0) i2j+2j=1 (34)

Pi,j,l(t) — /le—(i+y+(i—j—1)9)t % Pi—l,j,o(t) + (i _j)@e—(ﬂ+,u+(i—j—1)9)t % Pi,j,O(t) +

i—j-1, .,
i~) g=(itu+G-j-Dopr [__1 —2ut ® 1 N
2l ! {(2;:)‘ e ZT SNeY e Pij-12(0) +

=1
i-jo1 i—jok=1, .,
—Gtu+(i-j-1) Ot l—J—k{ 1 et o 1 .y
2ue Zk:l A k¢ r=0 e Petej-12(0) +
i-j-1 =ik
—GAp+i-j-1)O)t i—j-k —2ut o___ 1
2pue prd Zk ) A (ko) {(Z,L)l my e . Zrzo 7/ (u)i-Ik+i-T *

e—2ut

+hj—1,1 (&) + 2u( — j)Oe™ (=)= l)g)t( - ) * Py j_q4(8)°

2u 2u

B
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i=j+2,j=2 (35)

Pijo(t) = (ﬂ25:1 bye_(H'qu(i_j)e)t) *Pyj_ya(6) i>j=23 (36)

4. Measures of Effectiveness

4.1. The Laplace transform of the probability P; (t) that exactly i units arrive by time t s :

= i = A
P(s) = %Py (8) = rma i> 0 (37)

And its Inverse Laplace transform is

=it i
P, ()= (38)

i!

The basic assumption on primary arrivals is that it forms a Poisson process and above analysis of
abstract solution also verifies the same.

4.2. The probability that exactly j customers have been served by time t. P; (t) in terms of P; ; (t) is
given by:

Pi(©) =) Py @®
i=j
4.3. From the abstract solution of our model, we verified that the sum of all possible probabilities
is one i.e. taking summation over i and j on equations (15)-(31) and adding, we get

l
— - — 1
Z Z{Pi,j,o () + Pyj1(s) + Py ja(s)} = 3
i=0 j=0
Taking inverse Laplace transformation, we get

Z Z{Pi,j,o O +P 1 (O++P,, O} =1,

i=0 j=0

oo

which is a verification of our results.

4.4. Converting two-state model into single state model:

To convert two-dimensional state model into a single state model probability Q,, ; (t) is defined as
under:

Qnx (t) = Probability that there are n customers in the orbit at time t and the servers are free or

busy according as k = 0,1,2.

The probability of exactly n customers in the system at time ¢ in terms of P; ; ,(t) and P (t):
When the server is free, it is defined by probability Q,, , (t)

Qno () = Z Piinjo(t)
=0

In this case, the number of customers in the orbit is equal to n which is obtained by using;:
n = (number of arrivals — number of departures)
When k servers are busy, it is defined by probability @, ; (t)

oo

Qni () = ijo P ynik,jic (£) (k=12)

where k defines the number of servers.
In this case, the number of customers in the orbit is equal to n which is obtained by using;:
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n = (number of arrivals — number of departures — k)
Using the above definitions from the equations (1) to (6) the set of equations in statistical

equilibrium are:

Qo = XKL (2K, b)]0Q) 1 (39)
(A+n8)Qno = (ZLy b)Qniya n>0  (40)
(A+n8+ W01 =AQy + (M +1)0Q,110 + 210y 20 nz0 (41)
(A+2W)0Qn, = A0y + (M +1)0Qp411 + AQpn_1 nz=0 (42)

4.5. Special Case:

1. When the units are served singly and consideringK =1, b; =1, b, =b; = b, = - = by =0 in
equations (25) to (36), then the probabilities coincide with the results of Singla and Kalra [12].
Pyoo(t) =e ™™ (3)
Piio(D) = Au(te ) e+t (44)
— 1 —ut _ 1 —ut _ 1 —ut
Puio(t) = Ape™ (/_1 B eﬂ ) #Pigimao(0) + ube™ (; B eu ) * Pyy_q0(t) + 24P (/_1 B 6’7) *
Pyi_52(0) i>1 (45)
A — 2 —(A+(i-2)O)t 1 _ e~ (ut(i-2)0)t . '
Fiao(t) = Zil'e ((#+(i—2)5’) G -20) ) * Pio (1) i>3 (46)

1

Pioq(t) = Ae~H (ﬂ

e—ut

- ) (47)
1 e 2ut
ZJ h 2u

Pyy4(t) = Ae~ (At & Py o(0)+ 2 Aue~ A+t ( ) * Py o1 (8) (48)

Pya(t) = [2ud e Grur D0 L _p-2ur o e o
1,1 H (ui-1 o T @) 1,0,1

i>2 (49)
Piiq4(t) = A=t & Pi_qi—10() + G~ HHt « Pii_1,0() + 2pe~ O & Piip,(t)
i>2 (50)

-1t _ :
Proa(t) = (271 e @20t ) 5 Py, (1) i>1 (51)

i—j-1

iq ¢tz z : il k-1

P () = (/11 j e (/l+2,u)t) Py (6) + (/11 j T (i+2y)t) %P () +
k=2

i-j-1, . . i—j-k o
I G e e Tt R NN R (RS LAt RV NG
i=zj+2,j=1 (52)

Pj(t) = Ag=(tu+(i=j=DOL Py +( — J) G~ Urutli=j-10)t Pjo(t) +

. . i=j=1 r
2#/11—16—(1+y+(1—1—1)€)t{;_e—zmz t) 1 }* Pj,j—l,l(t)+

(2t o1 T QoI

i—j—1 i—j—k—1
2 e~ Crtu+(i=j-D )t Zl / Jimi—k { Lot Zl ! __ 1 {,
k=1 (2u)i=ik ! (uimimkeT

r=0
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Py j—1,() +

2 e~ Crru+(i=j-10 Zl_]
k=1

i—j—K , \r
i-j-k —2ut (t) 1
A (k@) {(2 L)i—i—k+1 —e ZTZO T/(Z/[)i—j—k+1—r} *

C s L gzt
P2
[2j+2,j=2 (53)
N eGP (L ety
P jo(t) = Aue (,u+(i—j)67 PRy )* Py j_10(0) +

1 - (u+-N Ot
- P o(t
TTa e e

i e U0t (it ymet () ([Tms (1 +g) (TR (1 +82)
(G —j+ D =Dt =D @™ u— (G —HOHT

u(i —j + 1) e~ G+E-Not (

i—j+1

i—j+
42,220 Z
=1

m=1
e~ Utu+(i-No e=(#r2ut 2 S (i—j+1)-k
T W= G- | Cu—G-DOT I - G- )D PO 2 kz_ll

== Ot ((=j+D=R)=L_qyma (1L ) ([Lmet(14gy)) (TTRS 20(1+gz))
(G=j+D=k)=D(m=1)! (W™ u-(i-j)H1T=m

[Z(l Jj+1)— kZin L

% Pryorjo21(8) + 242 il AT (k)

e~ (Atu+(i-)Hot n e—(A+2mt
WUEIHD=K(p=(i-j)0) ~ Q@u->i—-j)OUI+HDK(u=(i-j)6)

Z((l JHD—K)+1 5t e~ (DO (=4 D=R+ D=L ym1( 1 )([Iome (14.g,) ) (T3 20(1+g2))
m=1 ((G-j+D-R)+D)-1)1n-1)! (W™ Qu-(i—j) gL +l-m

e~ Grtu +(i-) Ot e- Gzt

. + °_
@D iy u—(i-)OEIFD=+ (i j))

] * Piygeoq,jo2a () + 207 (i —j+

ol g
i>j=3 (54)
2. LettingK =1, by =1, by =b; =by, =+ =by =0 and pu =1 in (39) to (42), then the following
equations are:
(A+n6)Qpo = Qna n=0 (55)
(A+n6+1)Qp1 =AQuo + (M +1)0Qp410 + 200, n=0 (56)
(A+2)Qn,=Qp, + M+ 1)0Q,411 +AQ_1, n=0 (57)

which coincide with the results (2.1) — (2.3) of Falin and Templeton [2].

6. Conclusion

In this study, a two retrial queueing system with bulk departures having two identical parallel
servers is investigated. Bulk queueing systems are common in real-life situations such as
elevators, loading and unloading cargoes, giant wheel, chemical manufacturing process,
communication networks and tourism etc.

Transient probabilities of exact number of arrivals and departures are found by solving difference
differential equations recursively when no, one or both servers are busy. Further, some particular
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cases of interest are discussed along with special cases. From two-dimensional state queueing
model, factors are well understood and quantified.
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