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"...one of the most important problems

in the philosophy of natural sciences is

... to make precise premises which would
make it possible to regard any given

real events as independent."

A. N. Kolmogorov,
Foundations of the Theory of Probability

Abstract

We define degree of mutual dependence of three events in a probability space by using Boltzmann-Shannon
entropy function of an appropriate variable distribution produced by these events and depending on four
parameters varying, in general, within of a polytope. It turns out that the entropy function attains its
absolute maximum exactly when the three events are mutually independent and its absolute minimum at
some vertices of the polytope where the events are "maximally” dependent. By composing the entropy
function with an appropriate linear function we obtain a continuous "degree of mutual dependence”
function with the same domain and the interval [0,1] as a target. It attains value O when the events are
mutually independent (the entropy is maximal) and value 1 when they are "maximally” dependent (the
entropy is minimal). A link is available for downloading a Java code which evaluates the degree of mutual
dependence of three events in the classical case of a sample space with equally likely outcomes.

Keywords: entropy; average information; degree of dependence; probability space; probability
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1. INTRODUCTION

In our papers [6] and [7]) we introduce and study a measure of dependence of two events
in a probability space, based on the fundamental notion of Boltzmann-Shannon entropy. The
present work is written as a natural conceptual continuation of the above papers for the case of
three events Ay, A, A3. By analogy, we consider the joint experiment J3 of the corresponding
three binary trials, whose probability distribution gives rise to the entropy function that, in turn,
measures the mutual dependence of these events.

In accord with [6, 4.1], any one of the three pairs of events A;, A jr 1 <i < j <3, produces a joint
experiment J;; whose probability distribution satisfies the linear system (). Since the partition
Js of the sample space is finer than each partition J;;, its probability distribution (¢y,...,¢s)
satisfies the linear system (). After fixing the probabilities & = (a1, a2, a3) of the components of
Yule’s triple A = (A1, A, A3), the general solution of the last system depends on four parameters
6 = (0, ...,03) chosen among &i’s. Taking into account that §;(0)’s are probabilities, we obtain
that @ varies within a subset I;(x) of R*, which is described in Theorem |1} In case « € (0,1)3 the
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set I;(a) is a polytope, see [2, Ch. 12]. Since the system of linear inequalities (9) which define the
polytope I7(«) is minimal (Lemma [2), we can apply the machinery from the previous citation in
order to use the corresponding properties of this polytope.

The 7-tuples (a,6) vary within a polytope I; C R’ which is the inverse image of the 7-
dimensional simplex Ay via the affine isomorphism (7). The projection p(«a,6) = a produces
the fibre bundle (I, p, [0,1]®) with fibre p~!(a) = C7(a) where C;(a) = {a} x I;(«), for the
definition see [5, Part I, 2, 1.1]. This fibre bundle is used for classification of all equivalence classes
of Yule’s triples with given « and 6, cf. [6, Theorem 1]. An isomorphic fibre bundle can be used
for classification of all probability distributions produced by the above equivalence classes of
Yule’s triples. The general patterns of these two fibre bundles are described in terms of very
elementary algebraic geometry at the end of Subsection [4.2| where also classification Theorem [2]is
formulated.

Corollary (ii), yields that 0 < &(0) <1,k =1,...,8, if and only if 6 € I;(a). In particular,
I7(a) is the natural domain of the entropy function E, (6) of the probability distribution (& (6) Ry
defined in (TI).

In Lemma 4 we prove that E,(6) is a strictly concave function that can be extended in a unique
way as continuous at the polytope I;(«). Moreover, its continuous extension E, is also a strictly
concave function. In Corollary [2 we show that all permutations of the members of Yule’s triple
A = (A1, Ay, A3) have the same entropy.

Subsection 5.2]is devoted to finding the set of critical points of the entropy function E,(6). It
turns out that this set is not empty: The special point 8(*) € [;(«) defined by the formulae is
critical, see Lemma [6]

Since the Hessian of E, () is a negative definite quadratic form everywhere in its domain
I7(a), we obtain that the set of local maximums of the entropy function E,(6) coincides with the
set of its critical points, see Lemma

In accord with Weierstrass theorem, the extended entropy function E,(6) attains an absolute
maximum and an absolute minimum in its compact domain I(«). Theorems (3| and 4 make
this statement more precise. The former asserts that £, () has a unique absolute maximum at
the point 0(®) . The latter uses the structure of the frontier of the polytope I;(«), described, for
example, in [2, Chapter 12, 12.1], and shows that E. (0) attains its absolute minimum only at some
of its vertices. We note here an analogy with the simplex method.

Subsection [6.1| contains two statements that motivate the use the extended entropy function
E.(8) for measuring the power of mutual relations among three events. In Lemma we show that
the components of a Yule’s triple are mutually independent if and only if the corresponding 0
coincides with 8(®). In other words, we observe mutual independence exactly when E,(6) attains
its absolute maximum, which is in keeping conformity with our intuition. In the case of sample
space with equally likely outcomes, Lemma [9] establishes the set-theoretic relations among the
components of a Yule’s triple when the corresponding 6 lies on any one of the 3-faces of the
polytope I7(a). Intuitively, the "maximally” tight-fitting is observed at the vertices some of which
are points of absolute minimum of £, ().

Let A = (A1, Az, A3) be a Yule's triple with & = (a1, a0,a3), &1 = Pr(A1), aa = Pr(Az),
a3 = Pr(Az). In the final Subsection we compose the extended entropy function E,(6)
with a linear function and define a function e,: I;(«) — [0,1], whose value at any 6 € I;(«)
corresponding to A is said to be degree of dependence of the events Aj, Ay, A3. Note that
ex(0®)) = 0 (the events A, Ay, Az are mutually independent) and e, (6;) = 1 for any vertex 6;
where E,(6) attains its absolute minimum (the events A1, A, A3 are maximally dependent).

2. DEFINITIONS AND NOTATION

Let (Q), A,Pr) be a probability space with set of outcomes (), c-algebra A, and probability
function Pr. In this paper we are using only the structure of Boolean algebra on A.

We introduce the following notation:

Given events A, Ay, Az from A, we set A = (Aq, Ay, A3) € A5,
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R is the range of the probability function Pr: A — R;

Given a1, a0, a3 € R, we set o = (a1, a0, a3);

Given 0y, 61,6,,05 € R, we set 6 = (90, 01,6, 93),’

I(a;, ;) = [max(0,a; +a; — 1), min(a;, a;)], 1 <i < j <3, see [6), 4.1];
p(wing) — [max(0, a; — zxj),min(oci,l — (xj)], 1<i<j<3;

[(«)] is the fiber of the surjective map

A% = R3, (A1, A, A3) — (Pr(A1),Pr(Ay),Pr(Asz)),

over a € R53;
[(a, j)] is the fiber of the surjective map

A? = R%, (A, Aj) = (Pr(Ay), Pr(4))),

over (Dél',tX]‘) ER%1<i< j<3;
GéA) = Pr(A1 NAN A3), 9§A) = Pr(Ai NAN Ag),

0 = Pr(A; N AS N Az), 050 = Pr(Ay N Ay N AS), A € A3;

(4 = (0,6l ol M)y,
[(a,6)] is the fiber of the map [(a)] — R* A — 6(4), over any 6 € R%, and R is its range.
We note that the fibers [(a)] for (x) € R® form a partition of A3 and the fibers [(a,0)] for
0 € R® form a partition of [(«)].
The members of the fiber [(«)] are said to be Yule’s triples of type («). The members of the fiber
[(a,0)] are called Yule’s triples of type («,0).

3. METHODS

In this paper we are using fundamentals of:
* Linear algebra,
¢ Affine geometry,

Polytope theory,

Fibre bundles,

Real algebraic geometry.

4. CLASSIFICATION OF YULE’S TRIPLES
AND THEIR PROBABILITY DISTRIBUTIONS

4.1. The Probability Distribution of a Yule’s Triple
Any ordered triple A = (A1, Ay, A3) € A> produces three experiments of the form
Jij = (AiNA)) U (A NA)U(ATNA) U (A NAj),1<i<j<3,

and the experiment

J3=(A1NANA)UATNANA)U (A NASNA3) U (A1 NANASU

(A1NASNAS)U (AN AN AS) U (AT NASN As) U (AT N AN AS)

(cf. [8} L§5]). We introduce the following notation:
Aidj) (4i.47)

e~ pr(asn ), e = pr(agn a9,
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ég(Az,Aj) = Pr(ASNA), &,

Moreover, we set

= Pr(A; N AN AS), &5 = Pr(AS N Ay N AS),
= Pr(AS N A5 N Az), &Y = Pr(AS N AS N AS),
= Pr(A; N Ay N Az), &Y = Pr(AS N Ay N As),
&Y = Pr(A; N AS N Az), &5V = Pr(A; n Ay N AS). 1)
The above probabilities satisfy the following identities:
o+ = g 4 gt = g,
o+ 5“” g, g et = g,
eV el =gt g gl = g,
égA) + géA) — géAer3),€£A) + éz(lA) — giAlfAS),
A) + ’;I;A) — géAZ/AS),éiA) + C(A) — g(AZ/AB). (2)
Forany 1 <i < j<3and any (A; Aj) € [(a;,a;)], the probability distribution
i i i ALA) (AuA) (A4 (ALA;
(61 ( ) g( ) ( ) ) (§1( J),gé ]),g:g J)Igi 1))
satisfies the linear system
CY’D + Céi’j) ) = «;
.. gél]) + (;(11,]) = 1-u 3)
CY,]) - + é’él/]) _ %
gl']) + C(l] = 1- 06]'.

The identities and the linear systems yield that for any ordered triple A € [a], the
probability distribution

(21,82, 83,84, 85, 86, 87, 8s) = (7, &, &5, e, e, el e gl 4)
satisfies the linear system
¢1 + s + &7+ 8 =
G2 + &+ &4 + G = 1l-n
) + &+ Ce + & = a 5)
¢1 + &3 + &4 + &7 = l-a
3 + ¢ + &6 t+ &7 = a3
1 + & + &4 + f8 = l—as

Let us denote for short ¢ = (1,82, 3,4, C5,C6, C7,Cs) and let Hy be the affine hyperplane in
R8 with equation & + & + & + & + & + & + & + & = 1. For any a € R3 the solutions of
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depend on four parameters, say 0y = s, 1 = Gg, 02 = 7, 03 = Cs, and for any triple & € R3 form
a 4-dimensional affine space ¢, in H; with parametric representation

1 = aq - b - 6 — 03
G = a - 6 — 0 - 63
g3 = a3 — 6O — 6 — 0
/.- o = 1 — aq — a — a3 + 200 + 61 + 6 + 63 6
]G o= 6o ©
Ge = 61
g7 = 6>
Cs 03
The map
17: R” = Hy, (1,0) — &, 7)

defined by formulae (6) is an affine isomorphism with inverse affine isomorphism

X7t Hy 5 R7, &= (&1 485+ &7+ 88, Co+ 85+ 8o + 88,83+ 85+ 8o + 87,85, 86, 87,88). (8)

The symmetric group S acts on R by the rule o(a, 0) = (ca; c0), where ca = (g-1(1), Xg-1(2), Xp1(3))
and 00 = (60,0,-1(1),05-1(2),05-1(3)), ¢ € S3. When necessary, we write 0, and ¢y in order to
distinguish the actions of ¢ on a’s and 6’s, respectively.

On the other hand, we transport the action of S3 on the set {6,7,8} via the bijection 1 —
6,2 — 7,3 — 8 and define an action of S3 on the hyperplane Hy by the formula

08 = (Co101), 8o 1(2), Co1(3), 84, 85, Co1(6), Co1(7), Co1(8))-
Lemma 1. The affine isomorphism 7 is also an isomorphism of Sz-sets: 17(c(«,0)) = oi7(a,0).
Proof. We check the statement for a set of generators of S3: For o = (12) we have
¢1((12)(a,0)) = &a(w, 0),82((12)(, 0)) = &1 (w,0),
%6((12)(a,0)) = &7(a,0),87((12)(a,0)) = o (a, 0).

For o = (23) we have

¢2((23)(w,0)) = Z5(a,0),83((23)(,0))
¢7((23)(w,0)) = Zs(a,0),s((23)(,0))

2 (a, 0),
7(a, 0).

4.2. The Geometric Classification

After fixing the coordinates a1, ap, and a3, the isomorphism 17 from (7) maps the 4-dimensional
affine space {, = {a} x R* onto the 4-dimensional affine space ¢, in H;. We denote by 1(7“) the
(affine) restriction of 17 on {4, so t;“) 2 ln = Uy

The trace of the 8-dimensional cube {¢ € R®|0 < & < 1,k =1,...,8} onto the hyperplane
Hjy is the 7-dimensional simplex A; defined in Hy by the inequalities §; > 0,...,{s > 0. The
inverse image T; = i (A7) via the affine isomorphism 17 is the convex polyhedron in R” with
non-empty interior, defined by the system of inequalities

6o + 6 + 63 < aq
6 + 01 + 63 < oy
90 + 91 + 92 < a3
T,: 2600 + 61 + 6, + 03 > wa;+ar+az—1. ©)
) ) > 0
01 > 0
0> > 0
03 > 0
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The form (8) of the inverse isomorphism x7 yields that T, C [0,1]”. In particular, T; is a polytope.
Note that we are using the terminology about polytopes introduced in [2, Ch. 12].

For any & € R3 we set C7(a) = {4 N T7, so Cz(a) = {a} x I;(a), where I;(«) C R* and R*
is furnished with coordinates 6. The subset I7(«) is defined in R* via the system (9) with fixed
. Hence I7(a) is a convex bounded polyhedron in R*. We also set Dy(a) = 17(C;(«)). Since
17(Cn) = Ly, we obtain that Dy(a) = £, N A;.

We consider Ty, {, ~ R*, C;(«), I;(a), £y, A7, and Dy(«) as topological subspaces of the
corresponding ambient linear spaces, with topology induced by their standard topology. Moreover,
for each subset A of a topological space X we denote by A its interior with respect to X. We note
that A is the largest open set contained in A, see [3} § 1, n°6].

Lemma 2. The minimal number of half-spaces in R*, whose intersection is the polyhedron I ()
is 8.

Proof. We can not omit any one of the inequalities in (9) formed by the free variables {5 = 6y,
C6 = 01, ¢y = 6, and (g = 63. It turns out that the general solution of the linear system
can also be written in terms of the free variables (1, {2, ¢3, and 4. In particular, neither of the
inequalities ¢1 > 0, §» > 0, 3 > 0, and ¢4 > 0, that define the polytope T; can be omitted, too.
]
We define the point 8(%) € R* by the formulae

9(()"‘) = a3, 9§a) =(1- a1)ﬂé20¢3,9§a) = (11— 062)063,9§a) = maz(1— a3). (10)

Lemma 3. If « € [0,1]3, then #(®) € I,(a) and the following three statements are equivalent:
(i) One has &« € (0,1)3.
(ii) One has () € I;(a).
(iii) One has I; () # @.

Proof. The equalities 6; + 603 + 0, — a3 = —a1(1 —ap)(1 —ag), 01 + 602 + 04 —ay = —ap(1 —
01)(1—w3), 01 +6,+603—a3 = —az(1—ay)(1 —ap),and 201 + 6, + 03+ 04 —a7 —ap —az+1 =
(1—a1)(1—ap)(1 — a3) yield that the system (9) is satisfied if « € [0,1]3. If, in addition, a € (0,1)3,
then (9) with strict inequalities holds. Thus, the implication (i) = (ii) is also proved.

(ii) = (iii) This is trivial.

(iii) = (i) Let 6 € I;(a). Then & (8) > 0,k =1,...,8, their sum is 1, and satisfy the linear
system (B). Therefore a € (0,1)3.

]

Theorem 1. (i) One has

(0,0,0,0) if at least two of /s are 0

{0} x I(ap, a3) x {0} x {0} ifag =0,ap > 0,03 >0

{0} x {0} x I(aq,a3) x {0} ifay =0,07 > 0,03 >0

{0} x {0} x {0} x I(a,a2) ifaz =0,017 > 0,82 >0

{az} x {0} x {0} x {1 — a3} ifagy =1,ap =103 >0

Ir(a) = (a2} x {0} x {1 —an} x {0} ifag = 1a3 = 1az > 0
{a1} x {1 —a7} x {0} x {0} ifay =1,a3 =187 >0

{(0(2 —63,0,a3 —ay +93,93)‘93 S 1(062,063)} ifaog =1,a0 > 0,03 >0

{(0(3 —01,01,0,01 — a3 +91)‘91 € I(’)‘3’“1)} ifay =1,a1 > 0,03 >0

{(zx1 — 0,00 — 7 —|—92,92,0)‘92 S I(al"’q)} ifag=1,a1 > 0,00 >0

and I7(«) is a polytope in R* if « € (0,1)3.
(ii) One has 17(C7()) = Dy(«) the interiors being with respect to affine spaces {, and /,,
respectively.

Proof. (i) The systems (5) and (9) imply the equalities. In case a € (0,1)%, Lemma [3| yields
that the bounded convex polyhedron I7(a) in R* has non-empty interior. In other words, it is a

polytope.
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()

(ii) It is enough to note that the (affine) restriction i, : (o — ¥, is, in particular, a homeomor-
phism.
|

Corollary 1. Let a € R3,

(i) The system of constraint conditions 0 < §x(8) <1,k =1,...,8, on the solutions () of linear
system (5) is equivalent to the property 6 € I7(«).

(ii) One has 0 < &(#) < 1,k =1,...,8,if and only if 0 € [,(«).

Proof. (i) The equalities C7(a) = (o NT7 and D7(a) = {x N A7 imply part (i). We have
C°7(oc) ={xN T, and f)7( a) =Ly N A;, where the interiors T and A; are with respect to affine
spaces R” and Hj, respectively. Now, Theoreml (i), yields part (ii).

|

We have R@ C I;(«) and define I;)(a) = R, The dotted polytope C;')(oc) = {a} x I;)(zx),
() € R3, is the locus of all 7-tuples of probabilities (a,8(4)), where A € [(a)].

By plugging 8(*) in the formulae (6), we obtain the point &% € H; with coordinates

&Y = a1 (1—w)(1—a3), &% = (1—ap)aa(1 — a3),

W= (1 —a)(1- w)as, 8 = (1— 1) (1 - a) (1 - ag),

gézx) = K102Q3, (:6 = (1 — al)ﬂézﬂé’j, 67 = 0(1(1 — 062)043, gézx) = 0(1&2(1 — 0(3).

Let Us be the rational 3-dimensional algebraic manifold defined in R” by the equations (I0). In
other words, Us is the locus of the points in R’ of the form (rx,G(”‘)), a € R3. Let us denote
W3 = 17(U3), so W3 is the locus of the points W, x € R3, in Hy. Then x7(W3) = Uz, W; is an
algebraic subvariety of H7, and the restrictions of 17 and x7 on Uz and W3, respectively, form a
pair of mutually inverse isomorphisms of 3-dimensional rational algebraic manifolds. Moreover,
WsNL, = {(’,‘("‘)} for any & € R3. Let us denote x3 = i3 0 &3, where &3 is the isomorphism of
algebraic manifolds R® — Uz, a (oa,Q(”‘)). Therefore, x3: R3 — Wj is also an isomorphism of
algebraic manifolds.

We have the product vector bundle with total space R, base IR?, projection (a,0) + a, and
fibre {,. Now, we transport the structure of fibre bundle by means of the pair of isomorphisms
(17,x3) to H7 and W3, thus obtaining a structure of vector bundle with total space Hy, base W3,
projection 7w: Hy — W, with 71(¢®) = /,. Via restriction we obtain a fibre bundle with
total space T, base [0,1]3, projection («,6) — &, and fibre C7(a), as well as a fibre bundle with
total space Ay and base w3 = x3([0,1]3). Combinmg the equality 17(Cy(a )) Dy (a ) Lemma Bl
and Theorem (1, (ii), we obtain that if « € [0,1]3 (respectwely, a € (0,1)%), then &® € Dy(a)
(respectively, &®) € Dy(a)). Thus, w3 N D7(x) = {¢®} and the projection 77: Ay — w3 has
fibres 7~ 1(¢(W) = Dy («). Moreover, the restriction of the pair (7, k3) is an isomorphism of fibre
bundles.

For the sake of transparency, we note that T; = Yineo? Cr(a), Ay = Yiyeoap? Dy(a). The

unions T7(') UwyersCy ¢ )( ), A ;) = U(q)er? D;A)(a) are the corresponding dotted polytopes.

The above considerations yield the following classification theorem:
Theorem 2. (i) The affine isomorphism i7: R” — Hy transforms any polytope C7(a) (resp., dotted
polytope C ( )) onto the polytope Dy(«) (resp., onto the dotted polytope D;) (a)).

(ii) The dotted polytope C; )( «) is the classification space of all Yule’s triples of type [(«,0)].

The dotted polytope Ag) («) is the classification space of all probability distributions (I) produced
by Yule’s triples of type [(a,0)].

(iii) £z maps the polytope T7 (resp., dotted polytope T7(‘)) onto the polytope A7 (resp., onto the
dotted polytope A;‘)).
(iv) The dotted polytope T7(‘) is the classification space of all Yule’s triples. The dotted polytope

Ag) is the classification space of all probability distributions produced by Yule’s triples.
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5. ENTROPY AND DEPENDENCE OF YULE'S TRIPLES

In this section we suppose a € (0,1)3, that is (Lemma , Ir(a) # @.

5.1. The Entropy Function

The function E: A; — R, E(&) = — 22:1 & In &, is strictly concave since the open simplex Az
is convex and all of its "entropy" summands E (k) (§) = —CxIn gy are strictly concave. Let us fix
x € (0,1)3 and let
S 209y g0
Ea(0) = Y- EV(0), ELV(6) = —2x(6) Ingi(6), ()
k=1

be the composition of E with the affine isomorphism L;“) : Ex(0) = E (lga) (0)). In accord with
Corollary (1} (ii), the entropy function of the experiment J3 has I7(a) as a natural domain:
Ey: I7(a) = R.

Lemma 4. (i) The entropy function E is a strictly concave function.

(ii) The entropy function E, can be extended as continuous at I7(a) and this extension £, is
unique.

(iii) The continuous extension E, of E, at I7(a) is also a strictly concave function.

Proof. Note that the polytope I,(«) and its interior I7(a) are bounded convex sets.

(i) The function E, is composition of the affine map t;a) followed by the strictly concave
function E(¢).

(ii) We apply [3, § 8, n°5, Theorem 1].

(iii) The point (%) belongs to the frontier of the polytope I7(«) if and only if & (6(?)) = 0 for
indices k from some set K and §k(9(0)) > 0 for the rest of the indices, where k = 1, ..., 8. Moreover,
for any k € K we have E®)(8) — 0 when 6 — 6, 8 € [;(«). In other words, £ () = 0.

A boundary transition yields that £, is a concave function. Moreover, since there are indices
k ¢ K, the function E, is strictly concave. Indeed, let o) e I°7(zx) and A € (0,1). In accord with [2]
Ch. 11, Lemma 11.2.4], we have (1 — A)8() + 16() € I;(a), hence

E®((1=2)00 + 260y = EW (1= 1)@ + 16 < (1 = 1)E® (80 + AE® (6()

foranyk=1,...,8.
In case k ¢ K we have E()(9(©)) = E®) (6(9)) and we are done. Now, let k € K and let § — 6(0),
0 € I;(ax). We obtain

E® (1 =200 + 260y = lim E®((1—21)0+ 160 <

§—6(0)
(1-A) lim E®(0) + AE® (6M) = (1 = )EW 90y 4 AER) (91)).
0—06
|
The symmetric group S acts on the entropy functions E, () by the rule 0E,(8) = Eq(c~16),
o € Ss.

Lemma 5. If 0 € S3, then Ey(0) = 0E,(0) and I;(0a) = ogl7(«).

Proof. (i) According to Lemma we have 0 'Eyy (0) = Epq(08) = E(té‘m)(JG)) = E(17(owa,00)) =
E(otz(a,0)) = E(17(a,0)) = E(0). Finally, the domain of 0E, () is the polytope oyl (a) and we
obtain Iy (ca) = ogl7 ().

]

Corollary 2. Let o € S3.

(i) One has Ey4(c8) = E4 ().

(ii) All permutations of the members of Yule’s triple A = (A1, Ay, A3) have the same entropy:
If A€ [(«)], then cA € [(ca)] and Eyy (8(74)) = E,(6(A)).
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Proof. (i) Let 6(°) be point from the frontier of the polytope I7(«). Then ¢8(“) is point from the
frontier of the polytope I7(ca) with interior ogl7(a). We have 8 — 6(0), 8 € [;(«), if and only if

o8 — 060, 00 € ol;(«). The equality from Lemma [5/can be written in the form E, (06) = E,(6)
and a boundary transition yields the result.

(ii) Implied by part (i).
]

5.2. The Entropy Function and its Critical Points

For any 6 € [;(a) we obtain

9Ea(6) _ | 61(0)62(0)G5(6) 9Ea(0) _ | 62(6)¢5(6)

900 2(0)&(0) 96 84(0)G6(0)
OE«(0) _ | €1(6)83(0) 9La(6) _ | €1(0)G2(0)
96> 24(0)7(0)" 963 ¢4(0)2s(6)

Thus, the set of critical points of the function E,(#) is the intersection of the interior [;(a) C R*
and the algebraic variety in R* with equations

£1(0)52(6)83(0) — 63(6)&5(6) = 0,82(0)83(6) — &4(6)G6(6) =0,
$1(0)83(0) — 24(0)87(0) = 0,81(0)52(0) — &4(0)Zs(0) = 0.

Lemma 6. (i) The point 6% is a critical point of the entropy function E,.
(ii) One has

E(0@W) = —In (lx;‘lagza?(l )TN (1 = ) (1 — ag)l—“a) .
Proof. (i) We have
2
aVeel — (ef) e =
a1 (1 —a2)(1—az)(1 —ag)az(l —az)(1—a)(1 —a2)az—
(1 — 061)2(1 — 062)2(1 — 0(3)20é10620(3 = 0,
eel —gMel =
(1—ap)az(l —a3)(1 —a1)(1 —az)az — (1 —ag)(1 —az)(1 —a3)(1 —ag)aas =0,

gl — e =
a1 (1 —az)(1—az) (1 —a1) (1 —az)as — (1 —a1)(1 — a2)(1 — az)ar (1 — az)az =0,

gel —ee) =
(xl(l - Dcz)(l — 063)(1 — 061)0(2(1 — 063) — (1 — 0(1)(1 — 0(2)(1 — 013)0611)(2(1 — 063) =0.
(ii) We have

8
~Eu(6W) = —E(EW) = Y &Y g =
k=1

&Y (1 - a2)(1— 3)) + & In((1 — a1 )aa(1 — a3)) +
&8 In((1 = 1) (1 — a2)as) + &4 In((1 — ) (1 — ) (1 — a3))+
Céa) In(ajaa3) + C((,-a) In((1 — aq)azaz)+
& n(an (1 — ap)as) + &8 In(ar (1 — a3)) =
@ el + e v el me + (@Y + & + e + gl Inap+
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@ + el el + e+ (& + el + &Y + i) In( - )+
@+ e e+ - ) + (@7 + &+ + ) In1 - ag) =

In (oc‘i‘locgzocg%(l —a) (1 —ap)t2(1 — a3)1*”‘3) .

5.3. The Entropy Function and its Second Derivative

Given k, k =1,...,8, the Hessian of the function E,ik) (0),0¢€ I°7(¢x), is the 4 x 4 symmetric matrix

PEX 2el 3E(0) 9&, (0 .
HE) (9) = (%a@(g))ﬁj:v where aefaej 0) = — %9(,') %g(j)ﬁ@. Then the Hessian H(6) of the

entropy function E,(6) is the 4 x 4 symmetric matrix H(6) = Y.3_, #*)(6). In accord with [4,

Ch. 3, 3.1.4], since the functions Egék) (0) are strictly concave, the corresponding quadratic forms
1K) (8) T are negative semi-definite: TH*) (8)T < 0 for all T € R*. In particular, the quadratic
form TH ()T = Y3_, {tH®) (0)T is negative semi-definite. Moreover, since TH (%) (8) = —91—0112,
1) (9)T = —%Tg, EH ) (9)70: —érg, and TH® (0)T = —91—3@%, the quadratic form TH (0)t
is negative definite for any 6 € I;(a) and we obtain

Lemma 7. The set of local maximums of the entropy function E, () coincides with the set of its
critical points.

The compactness of the polytope I7(a) yields that the extended entropy function E, (6) attains
its absolute maximum and absolute minimum.

Theorem 3. The extended entropy function E,(0) has a unique absolute maximum attained at
the point 8(*) from (T0).

Proof. Lemma [f|and Lemma [7]yield that the entropy function E,(6) and, therefore, also the
extended entropy function £, (8), has a local maximum at the point #(*), In accord with Lemma
and Lemma [10, E,(0) has a unique absolute maximum at o,

[ |

Theorem 4. If the extended entropy function E, () attains an absolute minimum at some point
from the polytope I7(«), then this point is a vertex of I(«).

Proof. Lemma [2| allows us to use [2, Theorem 12.1.5, 12.1.8, Proposition 12.1.9] and we
conclude that since the restriction of E,(6) on an i-face, i = 1,2,3, of the polytope I;(«) is also a
strictly concave function, we can apply at most four times Lemma

]

The continuous extension £, (6), 8 € I;(«), of the entropy function E,(8), 8 € I;(«), is said to

be the extended entropy function of Yule’s triples of type [(«)].

6. DEGREE OF MUTUAL DEPENDENCE OF A TRIPLE OF EVENTS

6.1. Two Motivation Statements
Lemma 8. The three components of the Yule’s triple A = (A1, Ay, A3) are mutually independent
if and only if 6(4) = 9(®).,

Proof. In accord with [8, 1§5, (4)], the events Ay, Ay, A3 are mutually independent if and
Ol’lly if P]T(Ai N A]) = P]T(Al) P]T(A]), 1 < i < ] < 3, PI'(Al N A2 N A3) = PI‘(Al) PI‘(Az) P]T(Ag).
Using (2), we write these conditions in the form

90 + 91 = No3
6 + 6, = a0
6y + 63 = )
90 = N1lQ3.
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The point 6(*) from is the unique solution of this system.
[ |
Now, we suppose, in addition, that (), A, Pr) is a discrete uniform probability space. The faces
of the polytope I;(a) C R* are parts of the hyperplanes with equations & (6) =0,k =1,...,8.
According to (), the following equivalences hold:

Lemma 9. Let A = (A1, A, A3) be a Yule’s triple of events. One has:

E1(6W) = 0iff Ay C Ay U A3, 5 (0Y) = 0iff Ay C AU A3,
E3(0M)) = 0iff A3 C Ay U Ap, &4(6N)) = 0iff AS C Ay U As,
E5(0)) = 0iff Ay N Ay C AS,E(0N)) = 0iff Ay N Az C Ay,
E7(0WA) = 0iff Ay N Az C Ay, Zg(0N)) = 0iff Ay N Ay C As.

6.2. Definition of Degree of Mutual Dependence

The value of extended entropy function £, (8) of Yule’s triples of type [(«)] at 8 = 8(4) is called
entropy of Yule's triple A = (Ay, Ay, Az) of type [(«)]. In accord with Corollary 2] the entropy does
not depend on the order of the components of A. This fact together with the opposites described
in Lemmas (8| and |§] motivate the use of the extended entropy function E,(f) as a measure of
strength of mutual dependence of three events A, Ay, As.

Let us denote by M the absolute maximum E,(6(®)) and let m be the absolute minimum of
E,(8), attained at some vertex of the polytope I7(a), see Theorems and The former also yields
that m < M. .

Following [6] 5.2], for any 6 € I;(«) we define e, : I;(x) — [0,1],e4(0) = w. The value of
the function e, at 6 € I>(a), 8 = 8(4), A = (A1, Ay, A3), is said to be degree of mutual dependence of
the events Ay, Ap, A3, with aq = Pr(A1), ap = Pr(Az), a3 = Pr(A;3). Intuitively, e, (1)) measures
the strength of the mutual relations among the events A1, Ay, As.

The above definition of ¢, yields

Corollary 3. The degree of mutual dependence of three events does not depend on the choice of
base of logarithms in the extended entropy function.

Example 5. In case & = ({5, 1, 2;) the polytope I7(«) has 12 vertices

01,2,3,8,01,25,.8,01,35,8,023,5,8,01,2,35,01,2,5,7/

01,2,78:Y1,5,6,7:V1,5,6,8: V16,78, V25,78, V56,78
Here by vy, x, ks k, We denote the vertex which is the intersection point of the hyperplanes with
equations ¢y, =0, &, = 0, ¢, = 0, and , = 0. At the first four vertices the extended entropy
function attains its absolute minimum (approximately equal to 0.8018185525433372). Equivalently,
we have
ea(v1238) = €a(v1258) = ea(v1358) = ea(2358) = 1.

On the other hand, let, for example, the vertex v 355 belongs to the dotted polytope I;) (a), that
is, let 0(4) = 01358 Where A = (A1, Ay, A3) is a Yule's triple.

Moreover, let us assume that (), A, Pr) is a sample space with equally likely outcomes. In
accord with Lemma 9} we can conclude that the system of set-theoretic relations

Al CAYUA3, A3 C AT UAy), AfNAy C A5, A1 NAy C As,

or equivalently, the system of relations A3 C Aj U Ay, A C A3 N AS, is one of the most powerful
under the condition « = (£, 1, 3).
On the other hand, v 355 is again a vertex in case a = (%, 13—0, %) but now the above system of

relations is not the most powerful one: e,(v1355) < 1.
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Example 6. [9, Section 3, 3.2], (Bernstein 1928) Let us consider a sample space with four equally
likely outcomes 112,121,211,222. The events A; = {112,121}, A, = {112,211}, A3 = {121,211},
are pairwise independent but not mutually independent because A; N Ay N Az = @. Below
we evaluate their degree of mutual dependence. We set A = (A1, Ay, A3) and note that a =

(%, %,%) Using (), we obtain C;A) = CgA) = CgA) = (’féA) =0, §£A> = CéA) = (’,(;A) = (féA) = %.
Therefore E,(6(4)) = —21In 1. On the other hand, the polytope I7(«) has 50 vertices and the
extended entropy function E,(6) attains its absolute minimum m = — ln% at 48 of them. Since
M = E, (&™) = —31In ], we have en(0(A)) = 3.

Remark 1. One can find below the link to a Java program which calculates the degree of mutual
dependence of three events in a sample space with equally likely outcomes:
http://www.math.bas.bg/algebra/valentiniliev/

7. CONCLUSIONS

This paper finishes the trilogy that begins with [6] and [7]. It presents an original approach to
the problem of measuring the magnitude of dependence of several events in a probability space,
which rests upon Boltzmann-Shannon entropy of a probability distributions produced by these
events. The first two parts are devoted to the fundamental case of two events where, for a given
level of entropy intensity, one can discern negative from positive dependence, thus defining a
direction. Moreover, the function of dependence of two events is closely related to the information
exchanged between the two binary trials generated by these events.

The case of three events is studied here and this examination shows, in particular, that the
general case of a finite number of events differs only in technical difficulties.

A. APPENDIX

A.1. Folklore Results about Extrema
of a Concave Function

Our source of definitions and results about convex sets is [1, Ch. 11].

Let C C R". We remind that the function f: C — R is said to be concave (respectively, strictly
concave) if C is a convex set and for any two different points ¢1,¢; € C and any A € (0,1) one has
f((1=A)eg +Aca) > (1 —A)f(c1) + Af(ca) (respectively, f((1 —A)cy +Aca) > (1 —A)f(cq) +
Af(e2))-

Lemma 10. (i) Any local maximum point of a concave function is an absolute one.
(if) There exists at most one local maximum point of a strictly convex function.
(iif) There exists at most one absolute maximum point of a strictly concave function.

Proof. Let f: C — R be a concave function.

(i) Let cg € C be a point at which f attains a local maximum and let U C C be a neighbourhood
of ¢g such that f(cp) < f(c) for all ¢ € U. Let us suppose that there exists a point ¢; € C such
that f(c1) > f(co). Then f((1—A)co+Acy) < (1 —A)f(co) +Af(c1) > f(co) forall A € (0,1).
If A is sufficiently close to 0, then f((1 —A)co+ Acy) € U and hence f((1 — A)co+ Acy) > f(co)
which is a contradiction.

(ii) Let, in addition, f be strictly concave and cj,c; € C be two different points at which f
attains a local maximum. In accord with part (i), we have f(c1) = f(c2) and then f((1 —A)c; +
Acp) > (1= A)f(c1) +Af(cz) = f(cp) forall A € (0,1). Since f attains an absolute maximum at
c1, this is a contradiction.

Part (ii) implies part (iii).

[ ]
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Lemma 11. Let f: C — R be a strictly concave function and let for any point ¢ € C there exists
an open line segment W, such that c € W, C C. If f attains an absolute minimum at cy € C, then
Co % C.

Proof. Let us suppose that ¢y € ¢ and let the points c1,co € W, c1 # ¢, be such that

co = (1 —A)cg + Acp for some A € (0,1). Then f(c1) > f(co), f(c2) > f(co), and f(co) = f((1—
A)eg+Acp) > (1= A)f(c1) +Af(c2) > (1 —A)f(co) +Af(co) = f(co), which is a contradiction.
|
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