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Abstract 

 

In this article, pollution is defined as the stock or flow of physical substances that diminish one's 

ability to enjoy life. In this definition, pollution includes a wide range of phenomena. The authors 

identify the following elements of pollution: natural waste, pollution of air and water pollution, 

depletion of soil from excessive use, radiation, intensive use of natural resources, exceeding the 

rate of their renewal. The authors have identified a fundamental similarity between tasks that at 

first glance appear to be different. The structure of control theory enables us to apply its 

apparatus to simple models of production and consumption. Optimal pollution control may 

require reducing some consumption, limiting the use of some production processes, and perhaps 

even limiting population growth. Pollution problems are problems of processes that change over 

time; this fact The problems of pollution are time-varying processes; this fact emphasizes the need 

to apply a dynamic control theory approach. 

 

Keywords: risks, environmental, mathematics, dust pollution 

 

I. Introduction 
 

Everyone wants to live in a safe and comfortable place with clean air, food and water, but 

modern megacities cannot be called that. The abundance of industrial facilities, densely populated 

and increasing number of vehicles every year leads to a deplorable state of ecological situation 

around large cities. The problem of atmospheric air pollution has only become more acute over the 

past ten years, but the situation began to change in 2017 [1], which was the year of ecology in 

Russia. This year, a lot of attention was paid to the legislative aspect in terms of the Federal Law 

"On Environmental Protection". Thus, the changes state that from 2018 to 2022, industrial facilities 

that pollute the environment to a significant extent, must install specialized means of measuring 

emissions of pollutants into the atmosphere, with automatic transfer of information to the state 

environmental monitoring fund. 

Before turning to the formal model, let us point out three crucial differences related to the 

effect of pollutants from an economic point of view. First, it is essential whether the pollutant has 

the main effect on production, on consumption, or perhaps on both at the same time. The pollutant 

is clearly part of the utility function with negative marginal utility. At the same time, its presence 

may have a detrimental effect on production. However, in many cases, which will be studied 

below, pollutants have positive marginal productivity. Second, we must distinguish what exactly 

has an effect-the stock of pollutant or its flow. Often the pollutant acts in both roles at the same 

time [1, 2]. For example, the flow of DDT has a positive marginal capacity for agricultural 

production, and its stock has negative marginal utility [3, 4, 5]. This is a typical example of 

pollutant. The stock is harmful either because of its direct effecton consumption, or because it 

harms production; whereas flow is useful-either because it itself has positive marginal 
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productivity, or because it is an undesirable byproduct, the removal of which requires the 

expenditure of resources. Pollutants of this kind are in their nature are the opposite of the capital 

stock. The stock of the latter has positive marginal productivity, and the flow has negative 

marginal utility (since as capital accumulation reduces consumption in the present). It seems to us 

that the basic problem of pollution, that the presence of pollution reduces the ability of humans to 

enjoy life, is the problem of stockpile management. However, if pollutants have a very high rate of 

natural purification, then the concept of stockpile loses its meaning. In some cases of this kind, the 

value of the stock becomes proportional to the size of the flow, and it is quite natural then to 

consider the management problem as a flow management problem. Noise as a pollutant is a 

limiting case of such a situation, although it is more convenient to consider an air pollution 

problem as a about a flow. The stressed distinction between stock and flow is directly related to 

our third - traditional in control theory - distinction between state variables and control variables 

[6, 7]. We believe that the only acceptable characteristic of stock is that it can never be viewed as a a 

tool (i.e., a control variable). It follows that tradition can be called a tool, and a variable that is 

functionally related to it [8]. To contaminate the social problem, it is important to stress that we are 

often unable to exercise direct control over unwanted products [9, 10, 11]. Planning becomes an 

urgent necessity. Ignoring the problem or exaggerating it leads to a huge waste of resources [12, 13, 

14]. 

 

II. Method of determination based on the choice of pollution control model 
 

We have studied optimal equilibria and approximate trajectories in two similar models in 

which we want to control pollution stocks. These models differ in the structures of the production 

functions and in the way, pollution is controlled. The target function for both models is the same. It 

is defined in terms of society as a whole, but it can equally be defined in terms of the individual. To 

avoid difficulties in estimating the structure of the objective function, we will assume that the 

supply of labor does not change over time.  

The welfare of society at any point in time is a function of the flow of consumption   and the 

stock of pollution  . The time-independent utility function can be denoted by 

 (   )            (1) 

The first argument gives a positive contribution, the second negative, i.e.,     ,      and 

the second derivatives of the of the utility function are negative:      ,      . 

It is assumed that      at      Indifference curves have a simple form. Neither 

consumption nor reduction (in the most ordinary sense) is reducible to one another. 

Utility flow is estimated taking into account the subjective rate of discounting  . The total 

welfare  , which corresponds to any particular trajectory  ( ) and  ( )  Thus, the total welfare has 

the form: 

  ∫  (   )       
 

 
         (2) 

Model I. Pollution control through processes cleanup. The two factors of production in Model 

I are labor and production inputs. This model has one additional feature: output can be used not 

only for capital accumulation and for consumption, but also for pollution control. It assumes that 

the useful cleanup costs are used to deal with a wide range of pollutants. For example, many types 

of controls on of water pollution are perfectly consistent with Model I. 

It is assumed that the production function satisfies the usual concavity conditions. Since labor 

is fixed, this means that output   is an increasing concave function of the fixed capital  , i.e. 

   ( )            (3) 

where             Fixed capital decreases at a fixed rate    

In this model, the pollutant is not used in production as a useful product. It is assumed that its 
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flow is a byproduct of production and is proportional to it; the products of production and the 

pollutant are related to each other. Under this scheme fit: whey in a dairy plant, waste of plants 

that pack meat, organic residues from paper production, etc. 

The product-pollutant relationships in co-production allow us to measure pollution in the 

same units as the main product. Naturally, the necessary refinements are made in the choice of the 

utility function. Our unit selection technique is equivalent, for example, to measuring the amount 

of wool in pounds of its corresponding lamb. Fortunately, empirical observations show that the 

stock of pollutants dwindles naturally. The purification rate   is assumed to be non-negative. (In 

situations such as bacterial contamination,   can also be negative). 

Model II. Pollution control by choice of production process. We now describe a pollution 

model in which the pollutant stock is part of a utility function with a negative marginal 

productivity, and the stream has a positive marginal productivity. The insecticide DDT is a good 

concrete example of the dual role of pollutants of this type. For simplicity, let's assume that a 

pollutant soon appears, then it can dwindle naturally. To avoid irrelevant complications, assume 

that labor is the only scarce production factor. So, the management task in this model is to choose 

of the production process - this choice is manifested in between the sector producing the 

commodities and the sector producing the goods consumption, and the sector producing 

pollutants. 

The target function is the same as before. For simplicity, we will assume that consumption 

and pollution are included in the utility function separately, i.e. 

 (   )   ( )   ( )          (4) 

where   ( )    ,     ,      ,   ( )   ,     ,         

The supply of labor  , the only factor of production, is fixed. Part of them is used in the 

production of pollutants. We will assume that   (  )       (  )    and          

The rest of the labor force      is used in the production of consumer goods. The pollutant, 

being an intermediate product, serves as the second argument of the production function in the 

production of consumer goods. This function, therefore, has the form: 

   (      (  )).               (5) 

Necessary conditions of optimality. Convert the expression by discarding       

   ( (  )   ( )   ( (  )      (    )           (6) 

Here q and s are time-dependent non-negative multipliers corresponding to the constraints on 

    It is clear that it is inefficient to use more than  ̃ labor to produce the pollutant because the 

pollution has a non-positive productivity. Hence,     ̃ and      

An interesting aspect of the problem is that the multiplier s can be positive. 

 

III. Results 
 

The two models we have considered lead to completely different conclusions. This distinction 

suggests that there are no general rules for solving pollution problems and that there is no single, 

sufficiently well-defined model that would lead to important conclusions without further its 

details. Nevertheless, we believe that it is possible to generalize our models so that they will 

encompass pollution problems, which stand in the spirit of the following assumptions (tab. 1). 

Consider the problem of river pollution. If a plant is engaged in to treat its wastewater, it thus 

chooses a more expensive manufacturing process. Reducing the flow of pollution is achieved at the 

cost of reducing productivity: one must use Model II. On the other hand, if pollutants are still 

discharged, but there is a purification of the water river, say by means of the aeration process, then 

the logical structure in this situation is the same as in model I. 

A good illustration for the upper right-hand corner of the table is the paper industry. In this 
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industry, the production process can be chosen in various in different ways; the less organic 

residue is discarded in an individual process, the higher the unit price produced. Model II can be 

used in this or some other situation where it is necessary to choose production process under the 

assumption that the process with the greater productivity yields more byproducts pollutants.  

 

Table 1: Pollution problems 
 

 

 Controlling the flow of contamination is 

carried out with the help of 

processes cleaning  choosing 

production process 

Contaminants 

are included 

in the models 

as a byproduct 

product of 

production 

Model I - 

as intermediate 

product 

production 

- Model II 

The field of application of the models considered is broader than the field of purely 

production processes. For example, the "producers" beverage producers are paid more by 

consumers if they use production processes in which bottles are not returned (the price goes up for 

convenience), but processes where bottles can be returned produce less pollution. 

The gain from not throwing bottles away, is low, but the disposal of discarded bottles is 

expensive and sometimes too expensive. Thus, applying to these cases is justified. A prohibition on 

throwing away bottles may also be appropriate for aesthetic considerations. Another example is 

transportation "corks”; they can be seen as a by-product of transportation. 

Further research should weaken the three assumptions in our models. (1) The pollution 

control sector capital must be used. (2) Technical progress, especially in the abatement sector, 

where progress can and should occur in the near future. (3) Labor must be considered as an 

endogenous value in order to establish the relationship between population growth population 

and pollution and to illustrate the possible need for some means of regulating population. 

 

IV. Discussion 
If the pronounced social and political concerns reflect suboptimal situations, our society is 

currently operating at pollution levels well above the optimal equilibrium. There seems to have 

been too much emphasis on building capital assets and maintaining high levels of consumption. 

The sheer number of factors external to the economy affecting the free market leads to sub-optimal 

outcomes. Therefore, some form of centralized coordination is necessary to remedy this situation. 

Such coordination can be accomplished either by policy directives, or by the sale of pollution 

rights, or perhaps by methods of direct control. Our models show that, generally speaking, no 

application of drastic measures. In many cases, the significant danger is a drastic response. In fact  

what is needed is a controlled movement toward optimal trajectory. Unfortunately, a policy of 

gradual changes in behavior is sometimes impossible due to of the current political environment. 

Prohibition may be feasible where gradual change would require a bloated administrative 

apparatus. Radical measures or absence of any measures may be the best of all those measures that 

can be implemented. The role of economists in real life is not only to identify optimal trajectories, 

as we have done, but also to suggest practical ways in which by which these trajectories can be 

approached. But this is precisely is an area in which our contribution is, as usual, very small. 
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