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Abstract

A weighted entropy measure of information is provided by a probabilistic experiment whose basic
events are described by their objective probabilities and some qualitative (objective or subjective)
weights. Weighted entropy has also been applied to equity the amount of information and degree of
homogeneity related with a partition of data in classes. These measures have tremendous applications
and are found to be quite helpful in many fields. In the present paper, a new weighted Renyi’s entropy
measure is proposed for the discrete distributions when probabilities are unknown and weights are
known. The various characteristics of the measure are investigated. The measure is also studied taking
into a particular case. In the last, numerical computation and graphical analysis is also done. Based
on the graphical analysis, it is concluded that the proposed measure varies with values of weights and
is concave in nature. The developed weighted information measure is useful for the discrete
distribution when probabilities are unknown and weights are known.

Keywords: Shannon entropy, Renyi entropy, Weighted entropy, Symmetry,
Concavity.

I. Introduction

Shannon’s [22] entropy is widely prevalent in the study of probabilistic phenomena
pertaining to abroad spectrum of problems. It was given by Shannon as a mathematical function to
measure the uncertainty involved in a probabilistic experiment. Shannon entropy for a discrete
source is defined as follows:

Let X be a probabilistic experiment with sample space x and probability distribution P,
where p(x;) or p; is the probability of outcome x;, € X . Then the average amount of information is

given by

H(P)=- Y " p(x;)logp(x;) =- > _p;lnp, M
i=1 i=1

Renyi [19] introduced a flexible extension of Shannon entropy and also, it is one parameter
generalization of Shannon entropy. In the analysis of quantum systems and measure of randomness,
Renyi entropy is mostly used. Renyi defined entropy as

2P
Ha(P)=ﬁlogi=ﬂ1—, a#1,a>0 )

;pi
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which is also known as Renyi’s entropy measure of order « . Notice that Shannon’s entropy measure
is the limiting case of Renyi’s entropy measure when o —1 .

The probabilistic measure of entropy (1) acquires a number of interesting properties. After the
development of this measure, researchers found the potential of the application of this measure as
an important quantity in many fields, from probability theory to engineering, ecology, and
neuroscience. On the basis of this a large number of other information theoretic measures have also
been derived.

Occasionally, standard distributions in statistical modelling are not appropriate for our data and we
need to study weighted distribution. This concept has been applied in a variety of statistical fields,
including family size analysis, human heredity, world life population study, renewal theory,
biomedical and statistical ecology.

Fisher [5] originated the concept of a weighted distribution from his research into the impact of
ascertainment methods on frequency estimates. Rao [17,18] expanded on Fisher's core ideas by
discussing the need for a unifying idea and identifying several sample scenarios that can be
replicated by what he called weighted distributions. The particular case of weighted distribution is
the Size-biased distribution. These distributions naturally appear in real-world situations when
observations from a sample are recorded with unequal probability. The utility distribution
W=(w,,w,,..w_) , where each w, is anon-negative real number, is proposed by Belis and Guiasu

[1] to measure utility aspect of the outcomes.

The applications of the measure to the theory of questionnaires were given by Guiasu and Picard
[7]. Longo [12] applied this useful measure to coding theory. Moreover, in many situations, there is
need of a measure of uncertainty of a distribution whenever probabilities are unknown and however
weights for each value of the random variable are known, i.e. if X be a discrete random variable
having values x,,X,,....x, having weights w, ,w,,....w_respectively but p,,p,,...p,k are

unknown. Patsakis et al. [16] gave the applications of the measure in security quantification.

The suitable generalization of classical entropy is the weighted entropy, which has been proposed
by Belis and Guiasu [1], Guiasu [6]. A detailed discussion on weighted entropies have been made by
Suhov and sekeh [24]. Mahdy [13] studied the weighted entropy measures and its application in
Reliability theory and stochastic. Using two weighted entropy measures, Singh et al. [23] provided
the applications of Holder’s inequality to coding theory. Some other substantial measures of
weighted entropy introduced by Kapur [9] are as under:

. HM(P:W)=—iWip;‘Inpi, 1/2<a<1 3)
=

H P:W)=- En w.p,Inp, +1/a En w,(1+ap,)In(1+ap,)
i=1 i=1
. , (4)

n

W Z (1+a)In(1+a)p,

i=1
where w_. =min(w,,w,,........ w,)
Some characterizations and generalizations of the weighted measure have been provided by Longo
[12], Hooda and Tuteja [8], Taneja and Hooda [25], Parkash and Taneja [15], Taneja and Tuteja [26],
Kapur [9], Kumar et.al. [10, 11], Endo and Kudo [4], Mohammadi [14], Savita and Kumar [21], Bhat

and Pundir [2], Sahni and Kumar [20] etc. Thus, weighted measures of information find tremendous
applications and are quite helpful to the researchers in many fields.
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I1. Average Weighted Entropy Measure

Average weighted Renyi’s entropy measure is proposed as under:

H,(w)= iln{i(wi)a / Zn:wi J
i=1 i=1

®)
n
where w, >0 and Zwi =w (constant).
i=1
The important characteristics of the measure (5) are investigated as under:
- It is a continuous and non -increasing function of a.
- It is permutationally symmetric function of w,,w,,....w_, i.e, it does not change when
W,,W,,.....w,_are permuted among themselves.
. H,(w) is non-negative for a <0 and negative for a > 0.
- Expansible property: This property is satisfied for the measure (5) which states that entropy
does not change by the addition of weight with zero value.
Hi Wy, Wy, e, Wy, 0) =H (Wy, Wy oo, W)
Here we use convention 0«=0 for all real values of a.
- The maximum value of the function can be obtained by considering following

Lagrangian:

L= Lln[i(wi)“ /i“wi}/\(i“wi -w)
I-a 1 =1 =1

i=

oL 1 | aw,™!

Now o = 1 — -A
1 ( 'O‘) Zwizx
i=1
AL _ 1 Jaw," A
ow, (1-a) zwia
i=1
Continuing like this
a-1
n ( -0() Zwia
i=1
Now L-g L _ob _o _ - _y
ow; ow, 0w, 0w, ow,,
(11 ) 01(1W1a1 - :(11 ) Of‘wza] -/\: ........... :ﬁ Oiwnaq -A
-x a -x a -x a
i wi Wl
w, T =w, T =w T = =w, !
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which is possible only if W; =w, =w, =............ =w

n
w
Also, E W, =W=Nw; =W=w, =—
n

i=1

Thus, the maximum value of function will exist at w, = Y and s given by
n

1 Z(:j Inw! - ln(n"‘ - 1)

_ i=1 =
L I (1-a)

*  Additive property: The measure (5) is additive in nature since when

HpwW)=——In[ Y w)*/ Y wi | andHyy(w)=——In| Y w)*/ Y w,
l-a 3 i=1 l-a (43

=1

) [i > (Winy )

: i=1 j=1 J '
Then H_,(Wwuw)= =H (W) +Hp(w)

(1 - a) n m
Z Z WiWj
i=1 j=1
. Concave property: Since for the measure (5),

Zn: (w;)*
i=1

H;(w)= T Inj =
Wi
2
x [i (Wi > j
Hy (w) = .

a5

i=1

2
a{Z(wo‘“J a{;mi)‘*‘l}

i=1
n - n 2
[Zwi“] <1-o«)[2wi"‘}
i=1 i=1

Thus, the measure (5) is concave upward for a > 1.
I. Particular Cases

Hln (w)=-

whenw, =p, 0<p, <1

then measure (5) becomes Renyi type entropy measure.

whenw, =p, 0<p,<land a—1

then measure (5) becomes Shannon type entropy measure.
e Whena—1

then measure (5) reduces to average weighted Shannon’s entropy measure.
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III. Numerical Computation and Graphical Analysis

For computation of various values of the measure H,;(w)given in (5), three values of weights
w,, W, and w, such that w=w, +w, +w, are considered. Total weights w are assumed to take

values 50, 100 and 150 and a = 3. The computed values of these cases are presented in table 1. Various
graphs are plotted for the obtained values of H;(w) w.r.t. different weights to study the behavior of

the information measure (5).

Table 1: Average weighted entropy measure

W=150 W=100 W=50

wl | w2 | w3 | Hi(w) wl | w2 | w3 H;(w) wil w2 | w3 H;(w)
5 50 | 95 | -4.3936 5 30 | 65 | -4.0061 5 10 35 -3.3900
10 | 50 | 90 | -4.3241 10 30 | 70 | -3.8999 10 10 30 -3.1815
15 | 50 | 85 | -4.2536 15 30 | 55 | -3.7923 15 10 25 -2.9957
20 | 50 | 80 | -4.1832 20 30 | 50 | -3.6889 20 10 20 -2.9145
25 | 50 | 75 | -4.1148 25 30 | 45 | -3.5993 25 10 15 -2.9957
30 | 50 | 70 | -4.0508 30 30 | 40 | -3.5366 30 10 10 -3.1815
35 | 50 | 65 | -3.9948 35 30 | 35 | -3.5139 35 10 5 -3.3900

40 | 50 | 60 | -3.9505 40 30 | 30 | -3.5366

45 | 50 | 55 | -3.9219 45 30 | 25 | -3.5993

50 | 50 | 50 | -3.9120 50 30 | 20 | -3.6889

55 | 50 | 45 | -3.9219 55 30 | 15 | -3.7923

60 | 50 | 40 | -3.9505 60 30 | 10 | -3.8999

65 | 50 | 35 | -3.9948 65 30 5 -4.0061

70 | 50 | 30 | -4.0508

75 | 50 | 25 | -4.1148

80 | 50 | 20 | -4.1832

85 | 50 | 15 | -4.2536

90 | 50 | 10 | -4.3241

95 | 50 5 -4.3936

[} L L}
Information measure H, (W) versus W, Information measure H,(W) versus W,
_ e s w=s
2 Wp=s g 2 W,=10
= W= WA W = W= W, W,
[ | | |
igure 1: Information measure W) w.r.t. or igure 2: Information measure w) w.r.t. or
F 1: I t H; t. Wy F 2: T t H; t.wq
w=50andw, =5 w =50 andw, =10
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Figure 1 and Figure 2 depict the graph between H,(w) and w; for different values of w;, total

weight w =50 and we have fixed w, =5,10. From the graphs, it can be seen that H;(w) increases as

weights increases up to w; = —, and thereafter it decreases.

Information measure H,(W) versus W,

H{(W)

Figure 3: Information measure Hj(w)w.r.t.

w =100 and w, =10

W=100
Wy =10
W= W, W,

w, for

H, (W)

Information measure H, (W) versus W,

2 W=100

37 W,=30
W= WoW, W,

Figure 4: Information measure Hy(w)w.r.t. wq for

w =100 and w, =30

Figure 3 and Figure 4 depict the graph between H,;(w) and w; for different values of w;, total
weight w = 100 and we have fixed w, =10, 20, 30. From the graphs, it can be seen that H;(w)

increases as weights increases up to W, = —, and thereafter it decreases.
n

Moo moT =
Information measure H,(W) versus W,

] 100

. W=150

- W,=20 :

- g W = W-W, -wz'!
B L |

Figure 5: Information measure Hy(w) w.r.t. wq for

w =150 and w, =20

nformation measure H,(W) versus W,

W=150

W= W, W,

Ha (W)

Figure 6: Information measure Hy(w) w.r.t. wq for
w =150 and w, =40

Figure 5 and Figure 6 depict the graph between H;(w) and w; for different values of wy;, total
weight w =150 and we have fixed w, =10, 20, 30, 40, 50. From the graphs, it can be seen that H;(w)

increases as weights increases up to W, = —, and thereafter it decreases.
n
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IV. Conclusion

The proposed weighted Renyi’s measure varies with values of weights and is concave in nature. In
case, weights of the distribution are their probabilities, the average weighted Renyi entropy measure
reduces to Renyi ‘s entropy. In the weighted sense, this is in fact generalizations of the Shannon [22]
entropy and Burg [3] entropy. The developed weighted information measure is useful for the
discrete distributions when probabilities are unknown and weights are known.
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