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Abstract 

Stress strength interference theory is widely used in evaluating the reliability of mechanical 

components. Various interference models have been developed when stress and strength follow a 

wide range of distributions. But when stress and strength follow Weibull distribution, a closed form 

of interference model is not available. This paper deals with developing a methodology for obtaining 

a closed form interference model for a given application when the stress and strength follow Weibull 

distribution. The method of artificial neural network (ANN) and response surface analysis (RSA) 

are used in modelling and analysis. The validation experiment has been conducted and the error 

obtained shows that the proposed methodology performs reasonably well. 

Keywords: Weibull distribution, stress strength interference, reliability, ANN, 

RSM 

I. Introduction

Reliability is gaining increasing importance in recent years as it takes into account the uncertainty 

present in the properties. One of the most common theories used in estimating reliability is the 

stress strength interference theory. The theory says that if X and Y follow a particular distribution, 

then their interference area gives the probability of failure [1]. Many interference models have been 

developed when stress and strength follow various distributions like normal, lognormal, 

exponential, etc. But, when stress and strength follow Weibull distribution, the closed form of 

interference model is not available. Weibull distribution is widely used statistical and reliability 

studies because of its ability to fit a wide range of data.  

II. Stress Strength interference models

Reliability models have been developed when strength and stress are seen to be following normal, 

lognormal, exponential distribution, etc. [2]. This section presents reliability models for some of the 

most widely used distributions.  

I. Reliability when stress and strength follow normal distribution

Consider the strength (random variable X) and stress (random variable Y) follow normal
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distribution with pdf 
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respectively, where μ𝑛𝑥 is the mean of strength, δ𝑥 is the standard deviation of strength, μ𝑛𝑦 is the 

mean of stress and δ𝑦 is the standard deviation of strength. As per the interference theory, the 

reliability of the system will be equal to [3] 
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On simplifying the above equation, the reliability can be obtained as 

𝑅 = ɸ
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II. Reliability when stress and strength follow lognormal distribution

Consider that the strength (random variable X) and stress (random variable Y) follow lognormal

distribution with pdf
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respectively, where μ𝑛𝑥 is the mean and δ is the standard deviation of ln(X), μ𝑛𝑦 is the mean and δ𝑦 

is the standard deviation of ln(Y). As per the interference theory, the reliability of the system will 

be equal to [4] 
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On simplifying the above equation, the reliability can be obtained as 

𝑅 = ɸ

(
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III. Reliability when stress and strength follow exponential distribution

Consider that the strength (random variable X) and stress (random variable Y) follow lognormal

distribution with pdf
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𝑓(𝑥) = 𝜆𝑥𝑒
−𝜆𝑥𝑥  (9) 

and 

𝑓(𝑦) = 𝜆𝑦𝑒−𝜆𝑦𝑦 (10) 

where 𝜆 is the rate parameter.  

As per the interference theory, the reliability of the system will be equal to 
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On simplifying the above equation, the reliability can be obtained as [5] 

𝑅 =
𝜆𝑦

𝜆𝑥 + 𝜆𝑦
(12) 

IV. Reliability when stress and strength follow Weibull distribution

Consider that the strength (random variable X) and stress (random variable Y) follow Weibull

distribution with pdf
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where μ1, 𝜎1𝑎𝑛𝑑𝑝1 are the location, scale and shape parameter respectively for strength and 

μ2, 𝜎2𝑎𝑛𝑑𝑝2 are location, scale and shape parameter respectively for stress. As per the interference 
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Equation 16 cannot be solved further and hence, the calculation of stress-strength reliability for 

Weibull distribution has to be solved using numerical or graphical methods [6]. This can 

sometimes lead to complications and is time consuming. 

Similarly, the reliability models have been developed for other distributions of stress and strength. 

S. Nadarajah, 2003 [7] developed stress-strength interference for stress and strength following

lifetime distributions i.e. exponential and gamma distribution. He has also developed a reliability

model for stress and strength following bivariate gamma distribution [8]. Patowary et al., 2013 [9]

studied and proposed a mathematical model for stress-strength reliability for stress and strength

following mixture of distributions. An inference on reliability was also drawn, stating standby

redundancy aids in achieving high reliability. An et al., 2008 [10] developed a discrete stress-

strength interference model based on universal generating function. K. Shen, 1992 [11] proposed a

new empirical approach based on the subinterval probabilities of stress and strength in the
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interference region to compute the unreliability bounds. Kotz et al., 2003 [12] reviewed the stress-

strength interference models and showed practical results in application of stress-strength 

interference concepts in industrial systems. Many studies have been carried out in developing 

stress-strength reliability models for various distributions. However, it has been identified that the 

reliability model for stress and strength following Weibull distributions has not been developed 

yet.  

III. Design of experiments

Design of experiments (DOE) is a systematic tool to find the relations between the input variables 

and the response. DOE gives a significant experimental setup sufficient to find the relation 

between input variables and output response which helps in saving time, cost and resources. 

Taguchi method and response surface analysis (RSA) are some of the widely used techniques in 

DOE. Taguchi method is used to obtain a set of significant experiments and to find the most 

influential parameter towards the response. RSA is also used to obtain a set of significant 

parameters and analyze for the influencing parameters. Additionally, RSA gives a prediction 

model of input variables and the output response. Khare et al, 2018 [13] used DOE in optimizing 

the surface roughness of AA 6061 material in turning operation. The cutting speed, feed rate, depth 

of cut and rake angle were taken as the input parameters while the surface roughness was taken as 

the response. Taguchi’s method was used for carrying out the DOE and analysis. It was found that 

the rake angle was the most influential parameter towards the surface roughness followed by 

cutting speed. The set of optimum parameters was also found. Similarly Taguchi analysis has been 

used by many researchers in their studies [14]–[17]. Laghari et al., 2018 [18] developed prediction 

models for tool wear and surface roughness in turning of Al/SiCp workpiece using response 

surface analysis (RSA). Cutting speed, feed rate and depth of cut were taken as the independent 

variables towards the response. The response surface analysis was proved to be effective in 

modeling the prediction equation. Ammeri et al., 2015 [19] combined Taguchi method and RSA in 

determining the optimal lot size for the manufactured product in supply chain. RSA has been used 

to develop models and carrying out analysis of parameters and response [20]–[23]. Nair et al., 2004 

[24] used design of experiments for design of accelerated test experiments for reliability

improvement. Rigdon et al., 2022 [25] studied on the use of design of experiments to understand

and improve product reliability. A detailed description of the statistical distributions, methods to

model reliability, various DOE methods that can be used and the analysis that can be carried out

has been made in this research.

IV. Weibull stress strength model

Weibull distribution is most commonly used to describe mechanical systems. The interference 

model of reliability when the stress and strength follow Weibull distribution is given as: 
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The integration of the above model is complicated and does not have a closed form. This study 

attempts to obtain the closed form of stress-strength reliability using design of experiments (DOE) 

when the stress and strength follow Weibull distribution. Minitab 16 was the software used to 

conduct design of experiments and analysis. The design chosen was L27 for 6 factors of 3 level 

each. The parameters chosen for DOE are shown in Table 1. The results of design of experiments 

with response are displayed in Table 2. The stress-strength equation was partly solved manually 
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and partly using Wolfram Mathematica software. 

Table 1 Factors and levels for stress and strength following Weibull distribution 

Distribution Factors Levels 

Stress 

Shape Parameter: 𝑝1 0.5, 1.5, 2.5 

Scale Parameter: 𝜎1 1, 1.5, 2 

Location Parameter: μ1 0, 0.5, 1 

Strength 

Shape Parameter: 𝑝2 1.5, 2.5, 3.5 

Scale Parameter: 𝜎2 1, 1.5, 2 

Location Parameter: μ2 1.5, 2, 2.5 

Table 2 Design of experiments for stress and strength following Weibull distribution 

Stress Strength Reliability 

p1 σ1 μ1 p2 σ2 μ2 R 

0.5 1 0 1.5 1 1.5 0.78155 

0.5 1 0 1.5 1.5 2 0.83273 

0.5 1 0 1.5 2 2.5 0.86709 

0.5 1.5 0.5 2.5 1 1.5 0.67035 

0.5 1.5 0.5 2.5 1.5 2 0.74267 

0.5 1.5 0.5 2.5 2 2.5 0.79106 

0.5 2 1 3.5 1 1.5 0.56323 

0.5 2 1 3.5 1.5 2 0.65846 

0.5 2 1 3.5 2 2.5 0.72007 

1.5 1 0.5 3.5 1 2 0.97066 

1.5 1 0.5 3.5 1.5 2.5 0.996097 

1.5 1 0.5 3.5 2 1.5 0.979634 

1.5 1.5 1 1.5 1 2 0.722195 

1.5 1.5 1 1.5 1.5 2.5 0.8851964 

1.5 1.5 1 1.5 2 1.5 0.743035 

1.5 2 0 2.5 1 2 0.815387 

1.5 2 0 2.5 1.5 2.5 0.91893406 

1.5 2 0 2.5 2 1.5 0.85073635 

2.5 1 1 2.5 1 2.5 0.99773487 

2.5 1 1 2.5 1.5 1.5 0.91938117 

2.5 1 1 2.5 2 2 0.993511113 

2.5 1.5 0 3.5 1 2.5 0.99883877 

2.5 1.5 0 3.5 1.5 1.5 0.97996489 

2.5 1.5 0 3.5 2 2 0.998682329 

2.5 2 0.5 1.5 1 2.5 0.87792976 

2.5 2 0.5 1.5 1.5 1.5 0.6762277 

2.5 2 0.5 1.5 2 2 0.87038164 
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I. Response surface analysis

Response surface analysis has been successfully implemented in modelling studies. In this article, 

the response surface analysis was carried out to model an equation for stress and strength 

following Weibull distribution and to study the two-parameter interaction towards the reliability. 

The equation for reliability model developed using response surface analysis is  

R = 0.879 + 0.1346 p1 - 0.6489 σ1 - 0.3621 μ1 + 0.2496 p2 + 0.5987 σ2 - 0.4066 μ2 

- 0.04577 p1*p1 + 0.0502 σ1* σ1 + 0.0215 μ1* μ1 - 0.01542 p2* p2 - 0.0504 σ2* σ2

+ 0.0009 μ2* μ2 - 0.00085 p1* σ2 + 0.04883 p1*μ2 - 0.0652 σ1* σ2 + 0.2211 σ1* μ2

- 0.0930 μ1* σ2 + 0.1933 μ1*μ2 - 0.0925 p2* σ2

(18) 

The R-sq value for the above equation is 99.82% which shows that the equation can predict 

reliability with significantly less variability. Figure 1 shows the main effects plot for reliability. It 

can be seen that the reliability increases with increase in location and scale parameter of strength, 

and decrease with increase in location and scale parameter of stress. A notable observation that can 

be made is that reliability increases with increase in shape parameter of both the stress and 

strength distribution.  Figure 2 shows the interaction plot for reliability. Figure 3 shows contour 

plot of two parameter interaction towards reliability for stress and strength following Weibull 

distribution. When the parameters are held at middle values from the levels considered, a high 

reliability greater than 0.9 is obtained when parameter set lies in a region inscribed by the origin 

and the following as shown in the figure: p1 greater than 1.4 and σ1 on the minimum side 

preferably lesser than 1.4 in p1 x σ1 interaction, μ1 lesser than 0.25 and p1 greater than 1.7 in μ1 x 

p1 interaction, μ2 greater than 2.2 and p1 greater than 1.7 in μ2 x p1 interaction, μ1 lesser than 0.5 

and σ1 lesser than 1.4 in μ1 x σ1 interaction, p2 greater than 2.4 and σ1 on the minium side in p2 x 

σ1 interaction, σ2 greater than 1.5 and σ1 lesser than 1.25 in σ2 x σ1 interaction, σ1 close to 1 in μ2 

x σ1 interaction, and σ2 greater than 1.75 and μ1 lesser than 0.2 σ2 x μ1 interaction. 

Figure 1 Main effects plot for reliability for Weibull stress and strength 
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Figure 2 Interaction plot for reliability for Weibull stress and strength 

Figure 3 Contour plot for reliability in case of stress and strength following Weibull distribution 
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the ability to communicate with other neurons, much like the synapses in a human brain. An 

artificial neuron receives a signal, processes it and sends a signal to the neurons connected to it. 

Each neuron computes its output using a non-linear function of the sum of its inputs, where the 

"signal" at a connection is a real value. The method of ANN has been used in many recent 

applications and has shown great performance in modelling studies [26]. Abbasi et al., 2008 [27] 

deployed ANN method in estimation of the three parameters of Weibull distribution and obtained 

satisfactory results. Also, the authors compared the method with other techniques used in the 

application and concluded that the application of ANN is easier compared to the other methods. 

In this study, the inputs to ANN model are the parameters of the distribution and the output is 

stress-strength reliability. ANN model consisting of 6 nodes in the input layer, a single hidden 

layer with 5 nodes and a single node output layer has been selected and is depicted in Figure 4.  

Figure 4 ANN model with an input layer, hidden layer and output layer 

The model equation is given by 

𝑦(𝑜𝑢𝑡𝑝𝑢𝑡) = 𝑏2 + ∑ [𝑤𝑘𝑓𝑠𝑖𝑔 (𝑏1𝑘 + ∑𝑤𝑖𝑘𝑥𝑖

𝑚

𝑖=1

)]

ℎ

𝑘=1

 (19) 

where, 

y is the output, xi is the input of ith node, k is the number of nodes in hidden layer,  

k is the number of nodes in the hidden layer. 

wik is the weight connecting ith node in the input layer and kth node in the hidden layer. 

wk is the weight connecting the kth node in the hidden layer and the output node. 

b1k is the bias of the kth node in the hidden layer, b2 is the bias of the output node. 

The function fsig is given by  

𝑓𝑠𝑖𝑔(𝑎) =
2

1 + 𝑒−2𝑎
− 1 (20) 

Around 70% of the data points have been used in training, 15% for validation and 15% for testing. 

Levenberg-Marquardt algorithm has been used and the training is conducted till the regression 

coefficients for training, validation and testing are more than 0.98 and the MSE is less than 10-3. 

The regression plots for training, validation and testing are shown on Figure 5. Weights and biases 

of the trained neural network are as follows: 
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𝑊𝑖𝑘 =

[

0.643333 0.821043 0.609942 −0.82412 −0.56263 −1.03838

−1.41695 0.404932 −1.0738 −0.43627 0.54569 1.152087

2.417915 −0.47916 0.179956 1.587887 0.295953 0.896151

0.212642 −0.16882 −2.00698 −0.05127 0.636396 0.046588

1.813323 −0.9575 −0.69993 −0.90945 0.643434 −0.25748]
 

𝑏1𝑘 =

[
 
 
 
 
 
 
−1.79789

0.793825

−0.1424

−1.06508

1.602905]

𝑏2 = [−0.31431]             𝑊𝑘 =

[
 
 
 
 
 
 
−0.50302

0.031225

0.308233

−0.02231

0.502355]

Figure 5 Regression plot for ANN model 
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III. Validation experiment

Two parameter sets are considered for the validation experiment. The parameter values are as 

shown below: 

p1 = 2.5    σ1 = 1    μ1 = 0    p2 = 3.5    σ2 = 2    μ2 = 2 

p1 = 0.5    σ1 = 1   μ1 = 0   p2 = 2.5   σ2 = 2   μ2 = 2.5 

The results of the validation experiment using RSA and ANN have been depicted in Table 3 & 

Table 4 respectively. A set of 100, 1000 and 10000 numbers were generated for both the stress and 

strength distributions. Simulation was carried out using Matlab software. The distribution plot of 

corresponding stress-strength interference is shown in Figure 6. The error in probability obtained 

from both the models and that obtained from simulation is below 1% and is depicted in Figure 7 

for RSA and Figure 8 for ANN. The optimization of equation 18 was carried out and the reliability 

obtained was 0.99999 with the parameter set p1 = 2.5, σ1 = 1, μ1 = 0, p2 = 1.5, σ2 = 1, μ2 = 2.5. The 

distribution plot with the optimum set of parameters is shown in Figure 6. 

Table 3 Results of validation experiment for stress and strength following Weibull distribution 

using RSM 

Sr No. Parameters Sample 

Size 

Reliability 

using 

Simulation 

R estimated as 

per proposed 

model 

Bias Error (%) 

1 p1 = 2.5, σ1 = 1   

μ1 = 0, p2 = 3.5   

σ2 = 2, μ2 = 2 

100 0.9876 0.99633 0.00873 0.88396 

1000 0.99143 0.99633 0.0049 0.49424 

10000 0.99612 0.99633 0.00021 0.02108 

2 p1 = 0.5, σ1 = 1   

μ1 = 0, p2 = 2.5   

σ2 = 2, μ2 = 2.5 

100 0.8732 0.8687 -0.0045 0.5153 

1000 0.87078 0.8687 -0.0021 0.24116 

10000 0.86973 0.8687 -0.0010 0.11843 

Table 4 Results of validation experiment for stress and strength following Weibull distribution 

using ANN 

Sr No. Parameters Sample 

Size 

Reliability 

using 

Simulation 

R estimated as 

per proposed 

model 

Bias Error (%) 

1 p1 = 2.5, σ1 = 1   

μ1 = 0, p2 = 3.5   

σ2 = 2, μ2 = 2 

100 0.9876 0.9961 0.0085 0.86067 

1000 0.99143 0.9961 0.00467 0.471037 

10000 0.99612 0.9961 -0.00002 0.002008 

2 p1 = 0.5, σ1 = 1   

μ1 = 0, p2 = 2.5   

σ2 = 2, μ2 = 2.5 

100 0.8732 0.8663 -0.0069 0.790197 

1000 0.87078 0.8663 -0.00448 0.514481 

10000 0.86973 0.8663 -0.00343 0.394375 
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Figure 6 Distribution plots for stress and strength following Weibull distribution 

Figure 7 Plot of error in estimation of stress-strength reliability for Weibull distribution using RSA 

Figure 8 Plot of error in estimation of stress-strength reliability for Weibull distribution using ANN 
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Figure 8 Stress-strength interference with optimum set of parameters for Weibull distribution 

V. Conclusion

In this study an attempt has been made to derive a methodology in obtaining the closed form 

stress strength interference model for stress and strength following Weibull distribution. Design of 

experiments approach has been used and analysis has been carried out using Taguchi and RSA 

method. The reliability model has been developed for the considered set of parameters. The 

validation experiments with errors obtained less than 1% shows that the proposed method 

performs well. The optimum set of parameters was determined for the given range having 

reliability of 0.9999. Further studies can be carried out in this area by considering the different 

range of parameters and its effect on the reliability model. Also, considering dynamic nature of 

strength as seen in many cases, the studies can be accordingly modified.  
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