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Abstract

In this paper, we introduced and studied the concept of lacunary statistical convergence of double
sequence with respect to modulus function where the modulus function is an unbounded double
sequence. We also introduced the concept of lacunary strong convergence of double sequence via
modulus function. We further characterized those lacunary convergence of double sequence for which
the lacunary statistically convergent of double sequence with respect to modulus function equals
statistically convergent of double sequence with respect to modulus function. Finally, we established
some inclusion relations between these two lacunary methods and proved some essential analogue
for double sequence.
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1. Introduction

The concept of statistical convergence was formally introduced by [1] and [2] independently.
Although statistical convergence was introduced over fifty years ago, it has become an active area
of research in recent years. It has been applied in various areas such as summability theory [3] and
[4], topological groups [5] and [6], topological spaces [7], locally convex spaces [8], measure theory
[9], [10 and [11], Fuzzy Mathematics [12] and [13]. In recent years generalization of statistical
convergence has appeared in the study of strong summability and the structure of ideals of bounded
functions, [14]. Extension of the notion of statistical convergence of single sequence to double
sequences by proposed by [15]. The concept of lacunary statistical convergence of single sequence
was introduced by [16]. The extension of the concept of lacunary statistical of single sequence to
double sequences was proposed by [17]. The notion of modulus function was introduced by [18].
Following [19] and [20], we recall that a function f: [0, ) — [0, o) is said to be a modulus function
if it satisfies the following properties

1) f(x) =0ifand onlyifx =0

(1)
@) fx+y) <fx)+f(y)forx=0,y =0,
3)
(4)

3) f isincreasing,
4) f is continuous from the right at 0.
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It follows that f is continuous on [0, ). The modulus function may be bounded or unbounded. For
example, if we take f(x) = then f(x) is bounded. But, 0< p < 1, f(x) = x? is not bounded.

The definition of a new Concept of density with help of an unbounded modulus function was
proposed by [21], as a consequence, they obtained a new concept of non-matrix convergence,
namely, f-statistical convergence, which is intermediate between the ordinary convergence and
statistical and agrees with the statistical convergence when the modulus function is the identity
mapping.

Quite recently, [22] and [23] have introduced and studied the concepts of f-statistical convergence
of order @ and f-statistical boundedness, respectively, by using approach of [21]. Quite recently,
[24] introduced and studied the concept of f-lacunary statistical convergence and the concept of
strong lacunary statistical convergence with respect to modulus function. We further extended and
introduced some analogues results of double in line with that of [24].

Definition 1.1: ([15]): A real double sequence x = (x; ) is statistically convergent to a number [ if for
each € > 0, the set

{G,K),j <nand k <m:|x — | > €} €Y}

has double natural density zero. In this case we write st, — 1i1};ﬂ xjx = | and we denote the set of all
i

statistically convergent double sequences by st,.
Definition 1.2 ([17]).The double sequence 8, s = (j,, k;) is called double lacunary if there exist two
increasing sequences of integers such that j, = 0,h, = j, —j,_4 > 0 as r »> o and ky =0,h; =
ky—ks_q4 = o0 as s - oo, Let]” —]rks,hrs = h.h; and 0, is determined by I, ¢ = {(j, k):jr_; < J

I/\

]randk 1<k<k}qr—._,cﬁ~k anqus—CIrCIs

Definition 1.3 ([17]): Let 6, ; be a double lacunary sequence, the double number sequence x is double
lacunary statistical convergent to L provided that for every ¢ > 0,

1
I}THHQ,M €Lg|xi—L| =€} =0. (2)

Throughout this paper s, L7 and ¢ will denote the spaces of all, bounded and convergent double
sequences of real numbers, respectively.

Now in this paper we introduce the concept of f;,-lacunary statistical convergence of double
sequence, where f; is an unbounded modulus functions of double sequence.

Definition 1.4: Let fj; be an unbounded modulus functions of double sequence. Let 6, ;= (j,, k;) be
double lacunary sequence. A double sequence x = (xj) is said to be fj-lacunary statistically

convergent of double sequence to L or § g rj'sk— convergent to L, if, for each € > 0,

rlslglwf (h )f]k(|{(] k) € I st |xp — L| = €}|) = 0. 3)

In this case we write

Sfj'k —limx;, =Lorxy —L (Sfj'k).

Or,s Ors

For a given double lacunary sequence 0, .= (j,, ks) and unbounded modulus function f;,, by S, f’ .

we denote the set of all fj;-lacunary statistically convergent of double sequences.
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2. Methods
2.1 fj x-Lacunary Statistical Convergence of Double Sequence

We begin by establishing elementary connections between convergence of double sequence, f; -
lacunary statistical convergence of double sequence and double lacunary statistical convergence.
Theorem 2.1: Every convergent double sequence is f; ,-lacunary statistically convergent of sequence,

thatiscc S g r’sk for any unbounded modulus functions f of double sequence and double lacunary

statistical convergence sequence 6, ;.
Proof: Let x = (xj) be any convergent double sequence. Then, for each £ > 0, the set

{(, k) e NXN: |xjk — L| > &} is finite. Suppose {(j, k) € N x N: |xjk —L| =€} =g,

Now, since {(j, k) € L.s: |x;x — L| = €} € {(j, k) € N x N:|x;;, — L| = £} and f; is modulus increasing,
therefore

Fia({G.#) € bt | = L] = €}]) _ £ (90)
fj,k (hr,s) B fj,k (hr,s).

Taking limit as r, s — o, on both sides, we get

 fiw (G €L — L =€) .
im =0,
r,s—0 fj,k(hr,s)

as fjx(h,s) = ©as r,s - oo.

Theorem 2.2: Every fj,-lacunary statistical convergent double sequence is double lacunary
statistical convergent.

Proof: Suppose x = (xji) is fj,-lacunary statistically convergent double sequence to L. Then by the
definition of limit and the fact that f;, being modulus is subadditive, for every p € N, there exist
70, So € N such that, for r, s = 1y, sy, we have

1 1_ (h h
B ({010 € s = £ = €}) < 5 fiaes) <= e (22 = e (<2)
P p\p P
Since fj  is increasing, we have
G € gl L 2 e} <.

Hence, x= (xj;) is a double lacunary statistically convergent to L.

Remark 2.1: It seems that the inclusion Sg T’Sk C Sy, ; is strict. But right now we are not in a position to

give an example of a double sequence which is Sy, -convergent but not S g r’sk -convergent. So it is left

as an open problem.

Remark 2.2: From theorem 2.1 and 2.2, we can say that the concept of fj,-lacunary statistical
convergence is intermediate between the usual notion of convergence of double sequence and the
double lacunary statistical convergence of double sequences.

We now establish a relationship between f; ;-lacunary statistical convergence of double sequences
and double lacunary strong convergence with respect to modulus functions f; of double sequence.
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Theorem 2.3 Let 8, ; = (j,, ks) be a double lacunary sequence, then consider the following:

Q)

(a) For any unbounded modulus functions f for which 11m > 0 and there is a positive

constant ¢ such that f(xy) = cf(x)f(y), for all x = 0, y >0,
(i) %k—eL(Néf)hnphes@k—»L(Sér)

(i) N ’S is a proper subset of S, Sk,

®) X € L and X > L (N fr] ) imply xj, = L (5 Lik ) for any unbounded modulus functions
fjx of double sequence.

© N”knﬁ _S“k
£©)

N L%, for any unbounded modulus function f; of double sequence for

wh1ch lim —=

t—ooo

x=20,y=0.

> 0 and there is a positive constant ¢ such that f(xy) = cf (x)f (y), for all

Proof: (a) (i) For any double sequence x = (xj) and & >0, by the definition of a modulus function (1)
and (3) we have

= 0 Dl Dz | Y Ylw-l )2 (_Z Zx,ku)

jkEIrs JkEly s Jk€Ely s
|xjr—L|ze

fjk(|{(] k) € L5 |x1k - L| = 5}|5) = _fJ k(|{(/ k) € I s: |xjk - L| = £}|)f(£)

e G0 € b ]2 )
e Finlhs) filbes)f @

From where it follows that x € S, Tik as x € N, "% and lim (ﬁ'k(hr'S)/h ) >0
7,8 .S r,S

r,S§—> 00

(ii) To show the strictness of inclusion, consider the double sequence x = (xj) such that xj is to be
12, .., [,/hrls| at the first [,/hm| integers in .5, and x;,=0 otherwise. Note that (x;;) is not bounded.
Also, for every € > 0,

_ N L N P
f k(h )f}k(l{(] k) € IrS |x]k L| > 0}|) - fj,k(hr,s) - ’—(hr,s) X fj’k(hr‘s) X

— asr — oo,

hrs
Because Tlsiinoo (f]k (0 v hrs)) / ( m)) rlsigloo (f]k (hr’s)/ h, S) are positive and
(RS o
i (7 J1mn) 7

Thus, xj;, = 0( s k) On other hand,

f,k<1)+13k(2)+ A fi(Vhr]) | S+ 24+ [Vhe]
= 3 - 1) = ™

s J k€l s * hrs
fin ([m ((/oesl %)) () (([m L)
= . =c
A e N A

Vil W) b
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As c, _rlslglm(f}k([\/ hr,s )/[\/ hr,s D' Tlslgloo(f]k([\/ hr,s] + 1)/2)/(([\/ hr,s + 1)/2)' and

Jim ([ D)(([Ves] + 1)/2)/hy 5) are positive. Hence xj; + 0 (N;;f:'s").
(b) Suppose that xj;, = L (S;rjsk) and x € L2, say |xjk — L| < H forall j,k € N. Given & > 0, we have

IR B MW R Y z,;_k(|x,k_L|)gi|{(,-,k)

"~ jkElps k€l JKEL s
Xik—L|z€ xXjk—L|<e
Jjk jk

1
€ L |xj — L| = )| fj (1) + h—hr,sfj,k(g)-
.S

Taking limit on both sides as 7,5 — o, we get lim (i) Zj,kEIrISZ]j-,kﬂxjk - L|) =0, in view of

r,5—0
theorem 2.2 and the fact that f;  is increasing.
(c) This is an immediate consequence of (a) and (b)

Remark 2.3 The example given in part (a) of the above theorem shows that the boundedness
condition cannot be omitted from the hypothesis of part (b).

3. Results

3.1 fj x-Lacunary Statistical Convergence of Double Sequence Versus f; ,-Statistical
Convergence of Double Sequence

In this section we study the inclusion § gf :Sk c §/ik and $Tik c Sg r’: under certain restrictions on 6, g

and fj .
Lemma 3.1.1: For any double lacunary sequence 6, ; and unbounded modulus function f; , for which
tlim (f(t)/t) > 0 and there is a positive constant ¢ such that f(xy) = cf(x)f(y), forallx =0,y = 0,

one has §7ik ¢ S(:j'k if and only if liminfq, ; > 1.
s 7,8
Proof: Sufficiency: If liminf q, ; > 1 then there exists § > 0 such that q, ; = 1 + § for sufficiently large
r,s

r,s.5ince h. s = k. s — k,_; s_1, we have

>

r,s>( 8 )2
= \1+s

For sufficiently large 7, s. If xj, — L(S77*), then, for given & > 0 and sufficiently large r, s we have

=

%)

f,-,k(|{(j,k)ezr,s:|xjk—L|zs}|) _ £ije(hrs)

10 = and k< kel — 1] 2 8))) 2

fj,k(jrks) fj,k(jrks) fj,k(j‘rks)
fj,k(|{(j,k)e1r,s:|xjk—L|za}|) _ (fj_k(hr,s)) . ( rks )(h) fj.k(|{(f.k)EIr,s:|xjk—L|2£}|) S (fj,k(hr,s))( jrks )(i)z i
fj,k(h'r,s) hr,s fj,k(jrks) Jrks fj,k(jrks) - hrs fj,k(jrks) 146
isfuoetnstu-ifze])
fj,k(h'r,s)

This proves the sufficiency.
Necessity: Assume that lim inf g, ; = 1. We can select a subsequence (jr(i)ks( j)) of 6, ; satisfying
rs

JryKseh < 1+l Jriyksi

- —, > ij,
Jr-1Ks(py-1 U Jriy-1ksi-1
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Wherer(i) 2r(i—1)+2and s(j) = s — 1) + 2.
Define a bounded double sequence by
o = { 1if j k € L s ), for some i,j = 1,2,3, ...
7o otherwise.

f]k

It is shown that x & Ng_ but x € w. Thus, we have x ¢ S Tk . Hence sTix ¢ S,.~. But this is a

contradiction to the assumption that /i c S “. This contradlctlon shows that our assumption is
wrong. Hence lim 1Tr}sf qrs > 1.

Remark 3.1.1: The double sequence x = (x;;), constructed in the necessity part of the above lemma,
is an example of f; -statistically convergent double sequence which is not f; ;-lacunary statistically
convergent of double sequence.

Lemma 3.1.2: For any double lacunary sequence 6, and unbounded modulus functions fj; for
which tll_)n; (f(®)/t) > 0 and there is a positive constant ¢ such that f(xy) > cf(x)f(y), for all x >

0,y = 0 one has Sefrj'k c §7ik if and only if lim sup q,.; > 1.
S .S
Proof: Sufficiency: If lim sup q, ;, then there is H > 0 such that q, ; < H for all r, s. Now, suppose that
r,s

Xj = L (55 r] sk) and rlsiinoo(f (hy.s)/hrs) = L. Therefore, for given € > 0, there exist 1y, s, € N such that

forallr,s > 1y, s,

fj.k (hm)

<L +e¢,
hys

iy 00 € btz el <

Let N, s = |{(j, k)€l |xjk — L| > £}| Using this notion, we have

fjk(Nrs)

<EVTS>T1Sy.
fj,k(hr,s) 0r>0

Now, let M =max{fj‘k(N1‘1),fj‘k (Nz‘z) i, k( o 50)} and let m, n be integers such that j,_; <m < j,
and k;_; < n < kg, then we can write

fjk(|{] <mk<n: |x]-k - L| > €}|) < f]k(|{] <mk <n: |xjk - L| > £}|)

1 _
fix(mn) fikUr-1ks—1)

1
= mﬁ.k(l\h,l; N2_2 + 4 Nro'so + Nr +1,50+1 + -+ Nrs)

(N2 + FraeWNo2) + - F FiaeWNrys) + FireWpsnsger) + = + Fie(Nis))

TroSoM

s m + [fj,k(NrO+1,so+1) +-t+ fj,k(Nr,s)]

— ToSoM [fl"k(hroﬂ‘soﬂ) fj.k(Nro+1,so+1)

B fiUr-1ks-1) hrot1s0+1 f]’.k(hro+1,so+1)
L)), T

hr's fj,k(hr,s) s fj,k(jr—lks—l)

1
<—
f}‘,k(]r—lks—l)

Ryys1s9+1 +

+

[(L’ + &)ehyyr15041 T+ (L + s)shr,s]
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_ rosoM n 1
fj'k(jr_lks_l) f},k(jr—lks—l)
ToSoM " 1 (L,_I_ )[k K ]

= i . & & —
f},k(]r—lks—l) f},k(]r—lks—1) Jrits = Jrgfs,

rOSOM jrks
<——F——+e(l' +¢) <7 >
f)’,k(fr—lks—l) fj,k(]r—lks—l)

e(L' + g)[hr0+1,50+1 +t hr,s]

ToSoM , 1 Jrks
=———F——+ell'+e)—F . .
f)’,k(]r—lks—l) fj,k(]r—lks—l)/]r—lks—l]r—lks—l
ToSoM 1

+e(l +€)qrs

N f)’,k(jr—lks—l)

ToSoM
<
f}',k(]r—lks—l)

f},k(jr—lks—l)/jr—lks—l
1
+e(l' + &)H -

f},k(jr—lks—l)/jr—lks—l‘

From where the sufficiency follows immediately, in view of the above fact that
Tlsiinoo(fj,k(jr—lks—l)/jr—lks—l) > 0.

Necessity: Suppose that lim sup g, ¢ = . We can select a subsequence (jr(i)ks( j)) of double lacunary
7,8

sequence 6, s such that g,(;)s(jy > §j. Define a bounded double sequence x = (x;;) by

X = {1 lf]r(l)ks(j) <]k < ZjT(i)—lkS(j)—lifor some l,] = 1,2,3, ey
Tk 0 otherwise.

It is shown that x € Ny but x € w. We conclude that x € Sef r’: ,but x ¢ STik, for every f; ,-statistically

convergent of double sequence is statistically convergent double sequence. S g r’ ’Sk ¢ STik But this is a
fik l

contradiction to the assumption that S,

c S§7ik, This contradiction shows that lim sup Qr,s < 0.
r,s

Remark 3.2.1: The double sequence x = (x;;), constructed in the necessity part of the above lemma,
is an example of fj -lacunary statistically convergent double sequence which is not f; ,-statistically
convergent double sequence.

Combining lemma 3.1.1 and 3.2.1 we have the following.

Theorem 3.1.1: For any double lacunary sequence 6, ; and unbounded modulus functions f; for
which tlLrg (f(t)/t) > 0 and there is positive constant ¢ such that f(xy) = cf(x)f(y), forallx > 0,y >

0, one has ng’k = §/ik if and only if 1 < liminfgq, ; < lim sup g, 5 < co.
7.8 s g r.s 4

Theorem 3.2.1: For any double lacunary sequence 6, ; and unbounded modulus functions f; for
which tlim (f(t)/t) > 0 and there is positive constant c such that f(xy) = cf(x)f(y), forallx > 0,y >

0, one has
Shk=__ n  sik= oy gl )
lim infqrs>1 77 lim supgrscco “7S
rs rs
Proof: In view lemma 3.1, we have S/ik c n Sgrjsk . Suppose if possible x = (x) €

lim inf
ind drs>1

n sT% but x ¢ STik. We have (xjx) € ng'k forall 6, s = (j, ks) for which lim infq, ; > 1.If we
7,5 r,s

L %)
lim 17,nsf Ars>1 1S
. . fi . ]
take 0, . = (2"*5), then, in view theorem 3.1, we have 59"" = §fik and so x € STik, contrary to our
’ rs

. . fik .. .. .
assumption. Hence $7ik = e i S,”". The remaining part can be proved similarly and hence is
im Infqrs>y TS
s

omitted.

Remark 3.3.1: The double sequence x = (x;;) constructed in part (a) of theorem 2.1 belongs to S, g T’Sk
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for every double lacunary sequence 0, s, as well unbounded modulus functions f; for which
lim (f (t)/t) > 0 and there is a positive constant ¢ such that f(xy) = cf(x)f(y) forall x = 0,y = 0.

Hence N lim mf GrsS f’k * .

3.2 Inclus1on Between two Lacunary Methods of f; ;-Statistical Convergence.

Our first results shows that, for certain modulus function fj, if 6; ; is a lacunary refinement of the

f]k f]k

double lacunary sequence 6, S, . To establish this result, we first recall the definition of

double lacunary refinement of double sequence.

Definition 3.2.1: The double lacunary sequence 6; ; = (jy, k) is called a double lacunary refinement
of double lacunary sequence 8, ; = (j,, ks) if (., ks) © (jr, ks).

Theorem 3.2.1: If 6, = (j;, ks) is a double lacunary refinement of 6, = (j,, k) and fj; is an
unbounded modulus functions of double sequence such that

£ G = f )| = fiaelx = y),¥ x>0,y >0, ()
Then x € ngk implies x € S’ Tk,

v(r,s)

Proof: Suppose each I, ; of 6, ; contains the points (]T(l)k’( ])) .

of 6 s so that

jr—lr ks—l < j;,lr k;,l < j1,*,2' ks’,z << jr’,v(r)' k;,v(s) = jr' ks

where I s = {(j, k)1 jr_1 <j <jriand kg_; < k' < kg}.

Note that, for all (r,s),v(r,s) = 1 because (j,, k) € (jr_1,ks_1). Let xj = L (Sf,j‘k). Therefore, for

gr,s
each € > 0, we have

Aim, 3 (h )f],k(|{(j: k) € Loy st e — Ll 2 €}]) = 0,
1<i,j<v(r,s) TR\ (@.s()

where b5y = Krws) ~ Kra-1.s6-1) A4 A1) = Ky s1) — Kr-1,s-1, whence

lim z Z fia({G K) € By sy | — L] = €}]) = 0.

7,550 p
T(l) s(m)CIT(l) s(m) r(l) s()
1<i,jsv(r,s)

For each € > 0, we have

f]k(hrs)fjkq{(] k) €1 |x1k L| = E}D

1
=—.f},k (],k)e U I,()’()|x]k_L| > €
fie(hr,s) hwspSins
1<i,j<sv(r,s)

1
) “fik ( Z ZH(] k) € Iy siy: % = L] = g}l)

f} k (hr S
\Ié(i),s(de
1<i,j<sv(r,s)
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1 !
<—- Z ijk ({(], k) e Ir(i)_s(j): |xjk — L| > g})
fj'k(hrrs) I
r(@),s()clrs
1<i,jsv(r,s)
1 D Fielticoscr)
N RN (@),5()
fik (hr(i),s( j)) s
1<i,jsv(r,s)
1
£ ({6, K) € Lyt | — L] = ).
fix (hr(i),s(j)) Ik ({ r().s(j) | jk | })

Also, in view of the choice of unbounded modulus functions f and using the fact that 8, = (j;, kg)
is increasing, we have

Z Z Fia (i) = Fiae(hiry o) + (o) + -+ fiae(hirsyors)

!
Lr@.s(p<lrs
1<i,jsv(r,s)

= finUtray kisy) + FiacUtray Kiszy) +

+ fj.k ((jér.V(r))' kES.V(s))) - (jér,v(r)—l)' kEs,v(s)—l)))

= f}k(|(]1’”1' k;,l) - (j;”—l! k;—1)|) + f}k(|(]1,”21 ké,z) - (j;,l: k;1)|) + -

+ fj,k(|(j1,”,v(r)' k;,v(s)) - (jér,v(r)—li kEs,v(s)—l)')

= |fj,k(j;,1: kiy) — fixUr-1, ki—)| + |fj,k(j;,2! kiz) — fj,k(j;,li kiq)| + -
+ |1k Uroery ki) = FiUtroem-1 Kswis-1)|

= fj,k(jrl*,l' k;,1) - fj,k(j;”—lt k1) + fj,k(ﬂ,z» ks’,Z) - fj,k(jrl',lﬁ k;,1) +

+ fj,k(j;’,v(r)'k;,v(s)) = fj.k(j(’r,v(r)—l' k(’s,v(s)—l) = |f1',k(jér.v(r)—1'kés.V(S)—l)l
= f]'.k(|jér.v(r)—1' kés.v(s)—l') = fj.k(|hr,5|) = fj,k(hr.s)'

Thus, we have

1 . . _ 1 : ! N ors
fjk(hrs) fjk(|{(]’ k) € st |xjk L| = S}D = 21’() (-)CITSfo'k(h;(i)'SU)) er’(i).s(f)dr'szfj’k (hr(i),s(j))tr(t),s(])'
r(0),s(j G

1<i,j=sv(r,s
1<i,jsv(r,S) JSv(T.s)

(6)

where

1] -1 . !
trs) = Ui Pransy))  Fi(({GR) € Ly syt [ — L] = €}]).

Since the term on the right hand of (6) is regular weighted mean transformation of the double
sequence t,(;) s(j), which tend to zero as r, s — o, therefore the term on the right hand side of (6) also
tends to zero as r, s — o. Thus,

;f]kﬂ{(], k)€l |xjk —L|=¢}|) > 0asr,s > . Hencex € S

fik
fj,k(hr,s) » '

Ors

Theorem 3.2.2: Let f; , be an unbounded modulus functions and 6, s = (jm, ky,) is a double lacunary
refinement of double lacunary sequence

er,s = (jr' ks)- Let Ir,s = {(]' k):jr—l <j<jJr and ks—l <k< ks}/ hr = Jr —Jr-1 and hs = ks_ks—l/
where

hys=hyhg,r,s =1,23,..,and I, = {(, k)i ey <j' < jmand kj_y <k’ < kp}, hip = jjn — jim_q1 and
hy = ky, — ky, where hy,, = hyhy, myn = 1,2,3, ..., if there exists § > 0, such that
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M> 6 forevery I, C I
fj,k(hr,s) - Y fmn s

Then x € S;ij and x € Sf,j'k.

Or.s

Proof: For any ¢ > 0, and for I}, ,, € I, we can find I,  such that I;, , € I, ;, then we have

iy i ({0 ) € Bn: e = L] 2 e}]) < 7= £ (G ) € s [ = L] 2 €}])

& (h’ FirChrs) fie (h’
_ Jik\'rs 1 ) o
_f)k(hmn)f]k(hrs)fjkq{(]'k) e[7"5'|x]k L| ZE}D
= 5f (h )f,k(|{(] k) € I g |xj — L] = €}])
From where it follows that S, f’ = 5‘(: gk

In the next theorem we deal w1th a more general situation.

Theorem 3.2.3: Let f and g be any two modulus functions of double sequence such that f(x) < g(x),
for all x € [0, ), and 8, 3 = (jm, ky) is a double lacunary refinement of the double sequence

Ors = Ur ks)- Lei Ls = {G, k) jros <j<jrand ks_y <k < kg}, hy = jr —jr—y and hg = ks—k;_,,
where h, s = h.hg, 1,5 =1,23,.., and I, ={(,Kk):jm-y <J' Sjmand ky_y <k' <kp}, by = jp —
Jm-1 and hy, = ky, — ky,, where hy,, = hy,hy, m,n = 1,2,3, ..., if there exists 0 < § < 1, such that

fix(himn)

“———> § forevery I}, , € L.,

Qj,k(hr,s) Y fmn s
fik

Then x € ng'k and x €S ;
.5

Or.s

Proof: For any € > 0, and every I, ,, we can find [, ; such that I, ,, C I, ;, then we have

G € Ir’nn e = L] = &}]) < ——= 95 ({G. K) € It [ = L] 2 €}])

fik (h' fi (h' )
s Fir (h’ g]k(|{(] k) € I g |xj — L| = €}])

— g},k (hr,s) 1
fj,k (h;n,n) gj,k (hr,s)

1 1 .
= Emgﬁkﬂ{(bk) € Lt |x — L| = €}])

95 (I{G. 1) € Lt | — L] = €}])

fik
o

From where it follows that S, g’ kcs

In the next theorem we show that the inclusion S Tik o Sor f’ *is possible if even if none of 8, ; and 6.

is refinement of the other.
Theorem 3.2.4: Let f be an unbounded modulus functions such that

lf ) = fO)I=fUx—yD,vx=0,y=0. ()

Suppose 915,5 = (jm kn) and Qr,s = U ksl Let Ls= {G, k) jroy <j <jrand ks_y <k <kg}, h, = j, —
Jr-1and hy = ks—kg_1, where h, s = hyhg, 7,5 = 1,2,3, .., and I, , = {(Jj, k)i jp1 <J' < jmand ky_y <
k' < kp}, hiy = jm — jm-1 and hy, = ky — ky,, where hy, ., = hy,hy, mn =123, .., and L, g un = L, g N
Imn 0, g, m,n = 1,23, .., if there exists § > 0 such that

fjk(op,qmmn)

> § for eve ,g,mn=123,..,
9jk(hrs) reveryp.q

provided 6}, g ;mn > 0, where oy, ;. , denotes the length of the interval I,  ,, , then x € S g r’sk implies
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Remark 3.2.1: If the condition in theorem 4.4 is replaced by f(0,qmn)/f(Rmn) =6 for every
r,s,m,n = 1,2,3, .., provided 6, gmn > 0, where 0, 4 m, denotes the length of the interval I, 4, » =
Lyg O Iy, 0, g, m,n = 1,2,3, ..., it can be seen that x € S(;j'sk implies x € S;T’f
Combining remark 4.1 and theorem 4.4, we get the following.

Theorem 3.2.5: Let f be an unbounded modulus functions such that

lfG)—fI=fUx—-yD,Vx=0,y=0. ®

Suppose 85 = (jm, k) and 6,5 = (j., ks) are two double lacunary sequences. Let I.;=
{G,0):jr1 <j<jrand ks_y <k <k}, h, = j, —jr_1 and hg = ky—ks_,, where h, ¢ = h,hy, 7,5 =
1,23, fyp =G, K) i jer <J' Sjmand ky_y <k' < kgl by = jpm — jm-1 and hy = ky, — ky, where
hwn = hmhy, mn =1,23,.., and Ly g mn = Ipg 0 Lyn p,q,mn = 1,2,3, .., if there exists § > 0 such
that

fjk(Op,qmn)
——— 2> § forevery p,q,m,n = 1,2,3, ...,
gj,k(hr,s"'hm,n) ypq
provided 6, g ;mn > 0, where 0, g m , denotes the length of the interval I, ; , , then S ; :Sk = Sé;jf .

4. Discussion

The concept of modulus lacunary statistical convergence of double sequence was introduced via
modulus functions where the modulus function is bounded or unbounded. We have also introduced
the concept of lacunary strong convergence of double sequence with respect modulus function. We
established some inclusion relations between these two lacunary methods and proved some
essential analogues results for double sequence. This concept can be further extended in the direction
of fuzzy numbers of double sequence.
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