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Abstract

This study presents the development of an economic order quantity model (EOQ) specifically designed for
imperfect quality items. The model takes into consideration three distinct scenarios: (a) Model I trigger
a reorder when the inventory level reaches zero; (b) Model II initiates a reorder when the backordered
quantity equals the imperfect quantity; (c) Model III initiates a reorder when the shortage persists.
To distinguish between perfect and imperfect quality products, a screening process is implemented for
each product lot. Upon product delivery from the supplier to the vendor, all received products undergo
immediate inspection through the screening process. Following the EOQ ordering policy, the vendor sells
imperfect products to customers at a reduced cost at the end of the cycle, rather than returning them to
the supplier. To fulfil the remaining demand for high-quality products, the vendor procures such products
from a local vendor at a higher price. This study optimizes the duration of positive inventory, selling
price, and total profit per unit time. Model 1, which exhibits the longest duration of positive inventory,
demonstrates greater business stability compared to the other two models. The concavity property is
analytically and numerically demonstrated, and a sensitivity analysis is provided to explore the impact of
model parameters on outputs.

Keywords: EOQ inventory model, screening process, imperfect items, partial backordering

1. INTRODUCTION

In practice production does not lead to perfect items always, there may be a certain portion of
imperfect items. Few fractions of imperfect items are usually present in the ordered lot size,
shortage takes place due to the presence of imperfect items and also due to lead time. Initially,
Rosenblatt and Lee [1] and Porteus[2] were thought to be the creation of things with imperfect
quality. An interesting variant has been proposed by Roy et al. [3] who consider an economic
order quantity model in which a percentage of imperfect quality lot size follows a uniform
distribution function. The associated expected average profit function is generalized for the
general distribution function. They discussed the model with partial backlogging and lost sale
cases for imperfect quality products. An ideal inventory model for items of imperfect quality,
inspection faults, shortfall backorders, and sales returns was proposed by Hsu and Hsu [4]. In
their model, a closed-form solution is provided for the optimal order size, the optimal order
point and the maximum number of backordering units. A method to estimate the vendor’s best
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investment in lowering the defect rate in terms of lowering the joint expected yearly total cost
was described in Dey and Giri [5]).

The impact of the percentage of defective units on the ordering decisions is analysed in Paul et
al. [6], who proposed a joint replenishment model with and without price discount for multiple
items that indicates the relationship between family cycle length and the integer number of
intervals that the replenishment quality of each item will last. The concavity of profit function is
shown graphically in each case. According to the Jaber et al. [7], imperfect products make supply
chains less sustainable and make the need for change to improve imperfect products worse. They
presented two models for the fraction of imperfect quality items received by one shipment. The
first model assumes that imperfect items are sent to a repair shop. While the second model
assumes that imperfect items are replenished by perfect ones from a local supplier. An EOQ
inventory model is developed Taleizadeh et al. ([8]) with partial backordering and studied four
cases by taking into account the time when the lot of imperfect products comes back to the
buyer’s store after the reparation process. Studied a production lot size and backorders level
under an EPQ inventory model for imperfect production and considered three cases depending
on when the repaired items enter the inventory Taleizadeh et al. [9].

A maintenance policy was implemented by Liao et al. [10] to improve the dependability of a
flawed production system. Two states of production operation are executed, namely: the type I
state (out-of-control state) and the type II state (in-control state). An EOQ model was suggested by
Eroglu and Ozdemir [11]] for a production system with backordering for shortages and defective
items. The basic assumption in their model is that 100$ screening of each order-lot contains good
and defective items both. These defective items are a collection of imperfect quality and scrap
items. They observed that the optimal total profit per unit time decreases with an increase in
defective and scrap rates individually. An error in an EOQ model with uncertain supply, qualify
by a random fraction of imperfect items, and 100$ screening process were fixed by Maddah
and Jaber [12] revisiting Salameh and Jaber [14] paper. They proposed a new model that refine
this flaw using renewal theory. The EPQ type inventory model with planned backorders was
proposed by Cérdenas-Barrén [16] and determines the economic production quantity for a single
item, which is manufactured in a single-stage manufacturing system that yield imperfect quality
items as well. Also, all the defective items produced are reworked in the same cycle. Two EPQ
models were presented by Hsu and Hsu [17], and the results demonstrate that the timing of
when to sell the defective goods has a significant impact on the ideal production lot size and the
backorder quantity.

Many researchers deliberated about lot-size inventory models with imperfect items. We refer
the reader to Rosenblatt and Lee [1] for a detailed review of the defective items with rework and
lot size. They considered that the defective quality items could be reworked instantaneously at a
certain extra cost and established that the presence of defective items prompts smaller lot-size.
According to Salameh and Jaber [14], it was proposed that selling imperfect quality items in a
single batch at a reduced price prior to receiving the next shipment leads to an increase in the
average percentage of flawed items, affecting the economic lot size. Besides imperfect production,
other factors such as breakages and damages during the transportation and handling process
may also result in defective items. This result was incorporated in Salameh and Jaber [14]. The
problem of shortages of the item may occur when the imperfect quality items are withdrawn
from stock. Due to high inventory holding cost, overproduction is not a solution of it assumed by
El-Ansary and Robicheaux [18]. The impact of imperfect production processes on the economic
lot-sizing policy was examined by Ben-daya and Hariga [19]. An economic production quantity
model incorporating the rework of imperfect quality items was suggested by Chiu [20]. He
considered that all imperfect items are not repairable, some parts of them are trash and are
discarded. According to Chen [21]]’s study, imperfect products frequently have an impact on the
supply chain’s efficiency, inventory holding costs, and production costs. He used a two-echelon
supply chain consisting of a manufacturer and a retailer to deal with the imperfect manufacturing
system problem. The correct equation and numerical outcomes for the error discovered in the
paper by Salameh and Jaber [14] were presented by Cardenas-Barrén [15]. This error only affects
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the optimum value of the order size. For a more recent study on inventory models with imperfect
quality items, we mention the readers like Zhou et al. [22], Goyal et al. [23], Patro et al. [24],
Keshavarzfard et al. [25], Liao et al. [10], Manna et al. [27], Oztiirk [35].

Related recent literature considers that demand is met while screening is being executed,
which, in practice, could result in shortages. In view of this, Maddah et al. [13] relaxed this
consideration by suggesting an order “overlapping” schemes that provides satisfying demand
during the screening process from the “previous order”. An economic production quantity model
with rework at a single-stage manufacturing system with planned backorders was studied by
Chung [33]. He extended Cérdenas-Barrén [16] model and obtained two main results for the
annual total relevant cost. Asadkhani et al. [29] developed four EOQ models with different types
of imperfect items like salvage, repairable, scrap and reject items. The result show that learning
in inspection errors has an important consequence on the profitability. An imperfect production
inventory model that includes arbitrary carbon emissions under successive prepayments was
developed by Manna et al. [26]. The average profit of the integrated model was maximised by
optimising the production rate as well as the defective rate (Manna et al. [28]). This assumption
was made that the production system may change from an in-control state to an out-of-control
state after a time, which is a random variable. To determine the lower bound of the partial
backordering ratio, Yu et al. [36] used an iterative method. By the optimality principle, they show
that the shortage is allowed only if the ratio is greater than its lower bound. A periodic delivery
policy was put forth for a production-inventory model with vendor-buyer integration by Wee
et al. [31]. By combining the assumptions of permissible shortage backordering and the effects
of varying backordering cost values, Wee et al. [30] extended Salameh and Jaber [14] model. In
order to calculate the expected net profit per unit of time, Chang and Ho [32] revisited the work
of Wee et al. [30] and also used the renewal-reward theorem. They used the algebraic methods to
obtain the exact closed-form solutions for optimal lot size, backordering quantity and maximum
expected profit. The existence of a particular optimal lot size that maximises the anticipated total
profit is estimated by Moussawi-Haidar et al. [34]. Also, they studied the effect of deterioration
and holding cost on the optimal lot size and backorder level.

It is significant for a manager of any organization to control and handle the inventories of
perfect and imperfect quality items. However, one of the weaknesses of current inventory models
is the unrealistic assumption that the demand rate is constant. In our study we assume a demand
rate is price sensitive, demand varies with respect to selling price $ p per unit. Each lot received
comprises some percentage of imperfect quality, with a known probability density function f(p).
The imperfect items are sold in the nearby market by reducing the selling price per unit called
salvage price. This type of perfect and imperfect quality item usually occurs in many industries.
In this paper, we consider an EOQ inventory model with demand rate as a function of the selling
price. At the start of the process, the items received from the supplier, which is far away from
the buyer, are inspected. In the meantime, a 100$ inspection process of the lot is carried out at a
rate of «, items of imperfect quality are sorted, kept in one batch and sold at a salvage price of ¢,
per unit before receiving the next shipment. It is assumed that the imperfect quality items are
collected as a single batch and replaced by the perfect items within the replenishment period T.
Partial backordering is permissible. The optimum selling price and percentage of duration in
which inventory level is positive are obtained by the optimization process to derive an optimal
profit.

In traditional inventory models such as the economic order quantity (EOQ) the sole objective
is to maximize the total profit, typically to minimize holding cost and ordering cost. These models
do not consider the effect of price on the demand rate. Replenishment of imperfect items in an
EOQ inventory model with partial backordering proposed model, which dealt with the optimum
profit function but considered constant demand rate. However, due to the defective items and
inspection process, demand may vary with respect to selling price p. In this direction, this paper
develops an EOQ type inventory model with imperfect items and price-sensitive demand rate for
determining the optimal unit price, percentage of duration in which inventory level is positive and
total profit. The rest of the model explanation is as follows. In section 2, we presented notations
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and assumptions used throughout the proposed paper. In section 3, a mathematical model is
developed for the three cases when partial backordering is allowed. Section 4 presents numerical
examples to exemplify the important aspects of the model. Section 5 show the sensitivity analysis
performed on the proposed models. Section 6 presents managerial implications of the models.
Finally, a conclusion and future research of the present model are provided in section 7.

2. NOTATIONS AND ASSUMPTIONS

I.  Notations
The following notations are incorporated to depict the proposed model:
T the cycle length,
t1 the time duration in which inspection section occur,
« the inspection rate,
x the fraction of imperfect items,
g(x) the probability density function of imperfect items,
y the fraction of backordered quantity,
7t the cost of lost sales,
o the backordered cost,
he the holding cost of emergency purchased items,
h the holding cost,
co the buyer’s ordering cost,
cp the purchasing cost per unit of an emergency order,
cy the initial purchasing cost of the unit item,
cs the salvage price of imperfect items,
¢; the inspection cost,
D(p) the number of units demanded per year where D(p) =a —bp > 0,4,b >0,
p unit price,
t the percentage of duration in which inventory level is positive,
g the order quantity,
TP the total profit.

II.  Assumptions

The proposed model is constructed based on the subsequent assumptions:
1. The planning horizon is infinite.
2. Shortages are admissible. Partial backordering is allowed.

3. Replenishment is allowed and is equal to the imperfect quality items for one cycle period.
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4. Demand is modelled as a price function. The demand rate at selling price p is formulated
as D(p) = a — bp, where a is representing the maximum demand of the item. b is the
coefficient which reflects the choice of price, a,b > 0, such that a — bp > 0.

5. The proportion of imperfect items x and its probability density function are driven at the
end of the cycle length.

6. Purchasing cost ¢, from a local supplier is higher than the initial purchasing cost c,,.
Moreover, initial purchasing cost ¢, is higher than salvage price ¢, ¢s < ¢ < ¢p.

7. When the newly purchased items that replace the imperfect items are added to the stock,
the inventory level is either zero or negative.

8. Inspection rate is constant and known.
9. The inventory level is I;;4y, at the beginning of the period.

10. In order to distinguish the imperfect items, all products are inspected carefully at the
inspection rate « in time duration t;, where t; = Ly /«.

11. The inspection rate a per unit time is greater than D(p).

12. The reordered items ptTD(p) is used to meet the demand during the shortage period
partially.

3. MATHEMATICAL FORMULATION

This section extends the work of Taleizadeh et al., (2000) by assuming a price-sensitive demand
rate. Three cases are explained with the defective items and partial backordering. Inventory man-
agement is a fundamental implementation of price and time control in any modern organization
and retail industry. These days, this implementation is important to a supply manager of any
supply chain to control and maintain the inventories of perfect and imperfect quality items due to
advanced technologies, growing market competition and customer awareness. Consider a vendor
who buys products at the beginning of the inventory cycle and satisfy the customer demands
during the cycle.

1. Model I: The reorder is made when the inventory level is zero

Formulation and solution of the model:
In our model, the initial inventory level at the beginning of the cycle is I,y and is equal to

tTD(p). This inventory contains perfect and imperfect quality items. Inspection section separates

the perfect and imperfect quality items with duration #; at an inspection rate «, i.e., t; = D(p).

This section identifies xtTD(p) of imperfect quality items and (1 — x)tTD(p) is of perfect que;xlity
items. The imperfect items are sold at a reduced price cs so a part of demand of perfect items
is still remain to fulfill. To fulfil the demand of buyers, the perfect quality items are purchased
from a local supplier at a cost ¢y, equal to the imperfect quality items. The reorder is made when
the inventory level is zero. At the end of the cycle, the shortage is (1 — t)TD(p). y fraction of
shortage is backordered at a charge of ¢ per unit and the rest is lost sales at a charge of 7 per unit.
The total ordered quantity per cycle is g = tTD(p) + y(1 — t)TD(p). The logistic representation
of the physical scenario is shown in Fig. Il The inventory holding cost per cycle is calculated
from Fig. [1| (summing up the areas) as

M

V22T (g — 20, — hy)2 2027 (g —
HC:h((l x) tzT(a bp)+th (a“ bp))+hextT2(a bp)
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Figure 1: Behaviour of the inventory level over time
The shortage cost is given by
1—t)*(a—bp)T
sc= U= @=bn)Toy (1~ 1)(a—bp) @)

2

The total revenue per cycle is p{tD(p) +y(1 — t)D(p)} where p is the unit price. The total profit
is the difference of total revenue and the total cost per cycle, and is given as

TP(t,p) = p{t(a—bp) +y(1 —t)(a —bp)} + csxt(a — bp) — %" —cu(t+y(1—1t))(a—bp)

~cpat(a—op) - LD (4= P ETlabp) | 2T~ bp)z) ®)
=1 =y) (A~ t)(a~bp) — cit(a—bp) — w

Our objective is to develop an optimal inventory model to determine the selling price and the
percentage of duration in which the inventory level is positive and the total profit. The following
cases are considered now

I.1 Casel:

Let the percentage of duration in which inventory level is positive is obtained in terms of
p- Then, we have to maximize TP(p), where t(p) ia a function of p, satisfying the constraints
0<y<1l,0<x<1l,a—bp>0,p>0.

In this case, for maximum of TP,

dTP(p)/dp =0 and d*TP(p)/dp* <0,

must be satisfied.
Now, differentiate Eq. (3) with respect to t and equating to zero, we obtain

" )_a(—ci+n+p—cu—ﬂyfpy+aTy+cuy—cpx+csx) @
P)= Th{a(x —1)2+2D(p)x} + a(oy + hex?)]

The expected value of variable x is substituted in Eq.

{p) = w(—ci+m+p—cy—my—py+oTy+cuy — cpE(x) + csE(x))
W=7 [1{a(E(x) =1)2+2D(p)E(x)} + a(0y + heE(x)?)]

396



Priyanka Singh, A.R. Nigwal, U. K. Khedlekar RT&A, No 4 (76)
ECONOMIC ORDER QUANTITY MODEL FOR IMPERFECT ITEMS Volume 18, December 2023

11000
10000
2000
8000
7000

30 40 50 60 5t

Figure 2: Graphical representation of the total profit TP(p) with respect to p

Now Substituting this value in Eq. (8) and differentiating with respect to p leads to

dTP(p) _ —2bhD(p)hea®x®(M2)*  2bh*D(p)ax(M3)(M2)>  D(p)hea*(y — 1)x*(M2)
dp T(M1)3 T(M1)3 B T(M1)2
hD(p)a(y —1)(M3)(M2)  bhD(p)ax(M2)?>  bhea’x*(M2)?>  bha(M3)(M2)?
T(M1)2 T T T armuz T 2T (M
2beihD(p)ax(M2)  2bcphD(p)ax®(M2)  2bhD(p)csax®(M2)  ciD(pla(y —1)
T(M1)2 T(M1)? a T(M1)? T(M1)
D(p)esa(1 —y)x n cpD(p)a(y —1)x  bejax(M4)  besax(M4)
T(M1) T(M1) T(M1) T(M1)
x(M2) x(M2)71?
+b(y - >[ 1_TM1)]+ Loty [ 1_T(M1)]
ay( M2 x(M2) D(p)oay(M5)(M4)
T(AAl)} B T(M1)3

+ )

(
‘|‘( ( —bP—FbCu |:]/+

(t+p—c)D(p)aly — )

- T(M1)2

where

M1 = h(M3) + a(oy + hex?), M2 =c; —p+cy+m(y — 1) + py — 0Ty — cuy + cpx — CsX,

M3 = a(x —1)2+2D(p)x, M4 = a(y —1)(oy + hex®) + h [uc(y —1)(x —1)2 4 2x{a(y — 1)
+b(ci+cy +m(y—1)—0Ty —cuy +cpx —csx)}], M5 = cjo — pa+ hTa + cyoe + a(y — 1)
+ pay — cuay + 2D (p)hTx + cpax — csax — 2hTax + (h + he) Tax?

d*TP(p)
2

whose solution is given by setting the Eq. (5) to zero and solving for p. Clearly, ap

is negative
(see Fig. [2), which implies that TP(p) is concave.

1.2 Case Il

Let p and the percentage of duration in which inventory levels are positive t be decision
variables.
Here, we have to maximize TP(t, p)
suchthat 0 <y <1,0<x<1,a—bp>0,p>0.
dTP(t,p) _ dTP(t,p)
TP = 0 and Tp

The expression for = 0, are complicated and it is possible to obtain

the optimal values of p and t analytically by using Mathematica Software and satisfying the

aTP aTP ATP2(t,p) 9TP2(tp)  (ATP2(tp) )2
atg )<0 ( )<Oand atgp). apzp—( apatp> > 0.

Therefore, we draw a graph of Eq. for the parameter values interpreted in the numerical
example 1. The Fig. [7]demonstrate that the function TP(p, ) is concave having a clear maximum.

conditions
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For this we have,
9TP2(t,p) ATP2(t,p)  (9TP(t,p)\’
oz 9p? dpot
= % [26D(p) T{ay + ta(1 — y) + bEATx} (M1) — {a(x — ay + 4bthT%) ©)

+b (ca = 2pa + thTa + cya + ma(y — 1) 4+ 2pay — oTay + toTay — cyay
—4bthpTx + cpax — coax — 2thTax + thTax? + tThgzxxz) }2}

For a particular case it can be proved numerically by considering the data given in section 4,

2
Example 1, £1F = —19.52 < 0, £ = —150.48 < 0, LI 212 — (TIP)" — 2893.28 > 0. This

implies that TP(p, t) is concave in nature with respect to p and ¢.

II.  Model II: The reorder is made when the backordered quantity is equal to the imperfect
quality items

Note that t is the percentage of duration in which the inventory level is positive. In the
beginning of cycle, the inventory level begins with the order quantity I, = tTD(p). These
products are inspected to distinguish perfect and imperfect items separately. At the end of the
inspection process at a rate of a units per unit time during the period ¢, a part of the perfect
quality items is used to serve the customer demand at a price of p per unit. At the end of the
cycle, the imperfect quality items xtTD(p) are withdrawn and sold at a salvage price c;. The
reorder items are received when the shortage is equal to xtTD(p). After adding these products to
the negative inventory lot, the inventory level reaches zero. The shortage is (1 —t)TD(p). The
backordered percentage of shortage is y and the rest is lost sale. Let x be the fraction of imperfect
items. Specifically, we have t = Ty + T, where T; = (1 — x)t , T, = xt. The total ordered quantity
per cycle be g = TyTD(p) + yToTD(p) + y(1 — t)TD(p). The behaviour of the inventory level
over time is illustrated in Fig.

The holding cost per cycle is given as

HC — I ((1 - x)thZT(u — bp) . thz(a“— bp)z) @)
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and the shortage cost per cycle is

242 _ )2
yx“t zD(P) L4 t)2 TD(p)

Then the shortage cost can be rewritten as

SC=c +7(1—y)T2D(p) + (1 —y)(1 —t)D(p)

242 _ )2
AETD(p) | y(L— 1) TD(p)
2 2
Therefore, the total profit per cycle of length T becomes

SC = + (1 —y)(1—Ty)(a— bp) 8)

TP(t,p) = p{(1 =x)tD(p) +y(1 = (1 = x))D(p)} + csxtD(p) — %" —cu(t+y(1-1)D(p)

—¢;itD(p) — cpxtD(p) — h ((1 — x)zztzTD(p) - thTf(p)2) -~ nyztzzTD(p) )
- WOAZOTDM) iy — )1 - (1- 01D(p)

The following cases are considered

II.1 Casel:

Let the percentage of duration in which inventory level is positive is obtained in terms of p.
Then, we have to maximize TP(p), where t(p) ia a function of p, satisfying the constraints
0<y<1l0<x<1a—bp >0, p>0. In this case, for maximum of TP, dTP(p)/dp = 0 and

d?TP(p)/dp? < 0 must be satisfied. Now, differentiating Eq. @ with respect to t and equating to
a(A6)

zero, we obtain t(p) = Substituting this in Eq. (H) and differentiating with respect to p

) T T(A2)"
gives
dTP _ —2bhD(p)oa’yx®(A1)*>  —2bh*D(p)ax(A5)(A1)* | 2bhD(p)csax*(A1) | bha(A1)*(A5)
op T(A2)3 T(A2)3 T(A2)2 2T(A2)2
_ D(p)aPo(y —1)(x — yx*(Al)  hD(p)a(y —1)(x —1)(A1)(A5) n bhD(p)ax(A1)*
T(A2)2 T(A2)2 T(A2)2
2bc;hD(p)ax(A6)  beja(A6)  2bcyhD(p)ax?(A6)  D(p)esa(y —1)(x —1)x
T(A2)2 © T(A2) T(A2)2 T(A2)
cpD(p)ax(A4)  besax (A1) bepax(A6)  boTy {a(Al) _1]2
T(A2) T(A2) T(A2) 2 | T(A2)
a(x —1)(A1) a(y —1)(x —1)(A1)]  D(p)oay
—br(y—1) |1+ T(A2) ] —bp {y%— T(A2) ] + T(A2)3 [cia

—pa+hTa + cya + pay — cyay +2ahTx — 2bhpTx + cpax + pax — csax — 2hTax
—payx + hTax® + oTayx* + 7m(A4)} [azx(y —1y(A3) + h{a(y —1)(x —1)3

+2x aly = )= D7)} + 2L fon(y  1)y(43) + h{aty 1) - 1
+2x (aly — 1)(x~ 1) + b(A7))] +

TR I ouy — 1)y(43) + blaly — 1)(x = 1° + 2x (aly = 1)(x ~ 1) +0(47)}]

+ ’”D(”)"‘T(F@;z)("‘l) [ow(y — 1)y(A3) + h{aly —1)(x — 1)+ 2x (aly — 1)(x — 1) +b(47))}]

+ ’”D(”)"‘T%AZ;Z)("” [ow(y — 1)y(A3) + h{aly —1)(x — 1)+ 2x (aly — 1)(x — 1) +b(A7))}
ciD(p)a(A4) a(A1)  ay(Al) a(y —1)(x —1)(A1)
T(az) oo {3” T(A2)  T(A2) ] +D(p) {}” T(A2) ]
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Figure 4: Graphical representation of the total profit TP(p) with respect to p

where
Al = (A7) — p(A4), A2 = h{a(x —1)® +2D(p)x} + oay(1 +x?), A3 = —(1 —x)(1+x2),
Adb=—(1-x)(1—y), A5 =a(x —1)>2+2D(p)x, A6 = p(A4) + (A7) — Ty(a + ),
A7 = —c;i — ¢y + 0Ty + ¢,y — (A4) — cpx + csx,

A8 = {cja — pa + hTwa + cyx + pay — cyay + 2ahTx — 2bhpTx + cpux + pax — csax — 2hTax — payx
+ hTax? 4 oTayx® + ma(A4)} [cm(y —1)y(A3) + h{a(y —1)(x — 1) 4 2x (—a(A4) + b(A7))}}

Note that as long as a — bp > 0, it can be shown by differentiating TP(p) with respect to p twice
that TP(p) is concave in p (see Fig. [4).

II.2 Case II.

Let p and the percentage of duration in which inventory levels are positive t be decision variables.
Here, we have to maximize TP(t,p) suchthat 0 <y < 1,0 < x <1, a—bp >0, p > 0.
The expression for aTlg(tt’p) 0 and aTP(t p) — = 0, are complicated and it is possible to obtain
the optimal values of p and ¢ analytlcally by using Mathematica Software and satisfying the

2 2 2 2
conditions BTPBA <0, aTPp( #) < 0 and anat(t p).aﬂ;p(t’p ) (aTng()tt,p )) > 0. Therefore, we
draw a graph of Eq. (9) for the parameter values interpreted in the numerical example 1. The Fig.

demonstrate that the function TP(p, t) is concave having a clear maximum. For this, we have

dTP2(t,p) OTP2(t,p)  (9TP2(t,p)
otz 9p? dpot

{(2hx(a — bp) +a (h(x 124+ (1+ x2>ya)} — {a (4bhtTx + (1 - x)(1 — y)a) 10)

2
) - % [26(a — bp) T{BRPTx + (11— x)(1 — ) +y) &}

+b ( 4bhptTx + (cl +cutcpx —csx + (1 — x)?WtT — ey — 2p+ ) (1 —x)(1 —y) — Tyo

+(1+x )tTya))} }
For a particular case it can be proved numerically by considering the data given in section [

2
Example 2, aa;p = —19.48, aaz;P = —150.62, BZTP a;tTZP (%Zpgf ) = 2892.35. Note that we have

02TP(p,t)/9p* < 0,9°TP(p,t)/0t* < 0, and BZTP(p, )/0pot > 0, which implies that there exist
unique values of p and t that maximize Eq. (9). The optimal solution can be obtained by setting
Egs. (2?) and (??) to zero in Mathematica Software, which leads to TP(p, t) is a concave function.

III.  Model III: The reorder is made when the shortage is yet continued

We considered the problem of a lot size at the beginning of the cycle tTD(p), which is
inspected at an inspection rate a in a time duration t; where t; = tTD(p)/a. We assumed
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Figure 5: Behaviour of the inventory level over time

that the duration length is divided into four parts. The parts are symbolize by T;, i = 1,2,3,4.
Let t be the percentage of duration in which inventory level is positive and t = T1 + T,. Also
1 —t = t3 4+ t4. Let x be the fraction of imperfect items found and are sold at the end of the cycle
at a salvage price ¢;. Then T; = (1 — x)t, T, = xt. The imperfect items are replaced by perfect
items from the local supplier at the cost of c¢;,. The reorder items are obtained when the shortage
level is (T, + T3)TD(p). After adding these items to the inventory system, the inventory level is
negative means shortage is still continued. Let y be the fraction of backordered quantity and rest
is considered as lost sale. The backordered quantity has backordered cost o per unit and the lost
sale cost per unit is 7t. At the end of the cycle, the shortage level is (T, + T3 + T4)TD(p). The
ordered quantity per cycle is g = TD(p) +y(1 — t)TD(p). The behaviour of the inventory system
is illustrated in Fig. [5| The holding cost per cycle is determined from Fig.

— x)242 _ 2, _ 2
HC = ((1 x)“t=T(a — bp) n xTt=(a — bp) ) (11)
2 «
The shortage cost per cycle is given by
T+ Tz + T4)(Ts + T4)yTD
SC:(T( 2+ T3+ Tu) (T3 + Tu)y (p)+7'[(1—y)(T3+T4)(afbp) (12)

2

The total profit per cycle of length T becomes

TP(p,t) = pD(p){t +y(1 = 1)} + csxtD(p) — %" —cauD(p){t+y(1—1t)} —citD(p)
_, [PWETA—x)?  xTED(p)*] oy(1-(1-x)H(1-HD(p)T (13)
2 + X 2

—7(1=y)(1 =t)D(p) — cpxtD(p)

III.1 Case I:

Let the percentage of duration in which inventory level is positive is obtained in terms of p.
Then, we have to maximize TP(p), where t(p) ia a function of p, satisfying the constraints
0<y<1l0<x<1a—bp>0,p>0. In this case, for maximum of TP, dTP(p)/dp = 0 and
d*TP(p)/dp?* < 0 must be satisfied.

Differentiating Eq. with respect to t and equating to zero, we obtain t(p) = —%.
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Figure 6: Graphical representation of the total profit TP(p) with respect to p

Now, substituting this value in Eq. and differentiating with respect to p, we have

dTP _ 2bc;hD(p)ax(B2)  2bcyhD(p)ax?(B2) _ 2bhD(p)csax®(B2)

ap T(B1)?2 T(B1)?2 T(B1)?2
ac;D(p)a(y —1)  2(cp —cs)D(p)aly —1)x  be;a(B2)  bax(cp —cs)(B2)
T(B1) T(B1) T(B1) T(B1)
b(p —cu)(B5)  D(p)(B5) a(B2) «(B2)
ey Ty 2oy (1 + 2T(Bl)> +boTy <1 * 2T(B1)>

(14)

(1 - “("2;(21()32)) - 4h]‘f‘((§12))3 (4bhD(p)a(x — 1)2x(B2) + 8bhD(p)*<(B2)

+4D(p)aly —1)(x —1)%(B1) +8D(p)*(y — 1)x(B1) — ba(x — 1)?(B1)(B2)
2D(p)a(mt +p —cu)(y —1)(B6) n cayD(p)(x —1)(B6)(B7)

__4b[)(p)x(Bl)(BZ)}'+ T(Bl)z 2T(Bl)3
_ cayD(p)(B6) (1 G 1><32>)
(B1)2 2T(B1)

where

Bl = —cay(x — 1) + h{a(x — 1)2 +2D(p)x}

B2 = 2¢; — 2p +2cy + 27 (y — 1) 4+ 2py — 20Ty — 2c,y + 2cpx — 2¢c5x + o Tyx

B3 = —2pa 4 2c,a — 2cia(y — 1) — 27t (y — 1)* + 4pay — 2hTay — 20 Tay — 4eyay
— 2pay® + 2cuay® + 2cpax — 2csax — 4ahTyx + 4bhpTyx — 2cpayx + 2csayx
+ 4hTayx + cTayx + cTay*x — 2hTayx®

B4 = 2¢; +2¢, 4+ 27(y — 1) — 20Ty — 2c,y + 2cpx — 2¢sx + 0 Tyx

B5 = —2pa + 2c,a — 2¢;0(y — 1) — 2ma(y — 1) + dpay — 2hTay — 20 Tay — 4cyay
— 2pay® + 2cuay® + 2cpax — 2csax — 4ahTyx + 4chpTyx — 2cpayx + 2csayx
+ 4hTayx + oTayx + ocTay*x — 2hTayx>

B6 = cay(A4) + h [a(y —1)(x— 1)+ x{2a(y — 1) + b(B4)}}

B7 = 2¢ja — 2pa + 2hTa + 2cyo0 + 27t (y — 1) + 2pay — 2cyy + 4ahTx — 4bhpTx
+ 2cpax — 2csay — 4hTax — oTayx + 2hTax?

Now, dT;;p) = 0 implies a unique value of p using Mathematica software, which is complex

in nature. Clearly, d2§]1:2(p) is negative (see Fig. H), which implies that TP(p) is concave.
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Figure 7: Graphical representation of the total profit TP(p, t) with respect to p and t

Table 1: Optimal value for the decision variables

p* +* TP*(p*,t*)
ModelI 4771 21.00% 1278.10
Model T 47.69 14.20% 1276.41
Model I  47.00 16.70% 1272.97

II1.2 Case II.

Let p and the percentage of duration in which inventory levels are positive ¢ be decision variables.
Here we have maximize TP(t, p) suchthat0 <y < 1,0 < x <1,a—bp > 0, p > 0. The expression
for 2UL) — g ang 2LELE) — 0, are complicated and it is possible to obtain the optimal values of

ot ap
2
p and t analytically by using Mathematica Software and satisfying the conditions aTI; tgt'?’) <0,

ATP2(1,p) ATP2(t,p) aTP2(tp)  (9TP(tp)\2
T<Oand 3 o —( 3ot ) > 0, where

2TP\ [ TP 2TP\ 2 1 ,
( ap? ) ( o2 ) - <apat> =12 {—Sb(ﬂ—bP)T{bht Tx+ (t+y — ty)a}{2hx(a — bp)
+(x — Da(h(x — 1) —yo)} + {2a(4bhtTx + « — ya) + b(—8bhptTx 4+ a{2¢; + 2c;, + 2cpx — 2c5x

(15)

+2htT(1 — x)? +4p(y — 1) — 2cuy — 271 + 2ym — 2Tyo + 2t Tyo + Txyo — 2thya})}2]

For a particular case it can be proved numerically by considering the data given in section
9*TP _ 9*TP _ TP 9*TP 2TP)? _

Example 3, i —19.50 < 0, e = —151.49 < 0, ot T (W) = 2906.43 > 0. Our

objective is to determine the optimum values of p and t, which maximise the total profit per cycle.

We set aaT—pP =0= aaLtP in Mathematica Software, to get the optimum values of p and t. Therefore,

we draw a graph of Eq. for the parameter values interpreted in the numerical example 3.
The Fig. 0] demonstrate that the function TP(p, t) is concave having a clear maximum.

4. NUMERICAL EXAMPLES

Example 1. Model I: We considered the values of the parameters in suitable units such that cycle
length T = 0.028 years, market potential 2 = 700, price sensitivity of demand b = 10, salvage
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Figure 8: Graphical representation of the total profit TP(p,t) with respect to p and t

price cs = $20 per unit, initial purchasing cost ¢, = $25 per unit, inspection cost ¢; = $0.5 per
unit, purchasing cost of emergency order ¢, = $40 per unit, holding cost of emergency order
he = $8 per unit per year, fraction of backordered quantity y = 97%, fraction of imperfect items
x = 0.03, ordering cost ¢, = $100 per order, inventory holding cost i = $5 per unit per year,
inspection rate &« = 175200 units per year, backordered cost o = $20 per unit per unit time,
lost sales cost T = $0.5 per unit, D(p) = a — bp = 222.89 units per year, which gives optimal
unit price p* = $47.71 per unit, optimal percentage of duration t* = 21%, optimal total profit
TP*(p*,t*) = 1278.10 (see Fig. [7).

We assume that the fraction of imperfect quality items follow a probability density function
with x = U (0,0.04), g(x) = 1/(0.04 — 0). Example 2. Model II: We considered a situation with
the following parameters: T = 0.028, a = 700, b = 10, ¢s = 20, ¢, = 25, ¢; = 0.5, ¢, = 40,
he =8,y = 97%, x = 0.03, ¢, = 100, h = 5, &« = 175200, ¢ = 20, = = 0.5. Then, the optimal
unit price and optimal percentage of duration in which inventory level is positive are found by
maximizing the total profit function. We obtain the following optimal solution p* = $47.7,
t* = 14.2% and TP*(p*, t*) = $1276.41 (see Fig. [8). Example 3. Model III: We assumed a situation
with the following parameters: T = 0.028, 2 = 700, b = 10, ¢s = 20, ¢, = 25, ¢; = 0.5, ¢p = 40,
he =8,0 =20,y =97%, x = 0.03, c, =100, h = 5, « = 175200, 7t = 0.5, which gives p* = $47,
t* = 16.7% and TP*(p*, t*) = $1272.97 (see Fig. ).

5. COMMENTS ON NUMERICAL EXAMPLES

In this section, we prepared numerical analysis for the models. First, we find the optimal
profit for a given set of parameters. Table 1} indicates that Model I is the best choice as it gives
maximum profit. But if we think in reference of duration, then Model II is the good choice as it
gives more profit in less time. Comparative studies in the example show that the total profit per
year using the Model I is usually highest than the Model II and Model III. Also, the total profit of
the Model 1II is higher than the Model III.

We then execute sensitivity analysis by varying some model parameters and calculating the
optimal price p, optimal percentage of duration in which inventory level is positive t and optimal
total profit TP(p,t) for each parameter set. We performed sensitivity analysis of the optimal
solutions with respect to the length of cycle, T, and price sensitivity of demand, b, the other
parameters are kept fixed at their pre-assumed values. The results are presented in Table [2|and
Table 3] In the first column of Table [} we vary the cycle length, which assumes the values —20%,
—10%, +50%, +60%, +70%, +80%. The results indicate that as the cycle length increases, the
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Figure 9: Graphical representation of the total profit TP(p,t) with respect to p and
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Figure 10: Behaviour of Percentage of duration t for the three cases against Salvage price cs
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Figure 11: Behaviour of Total Profit TP for the three models against salvage price cs
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Table 2: Model I: Optimal solutions for different cycle time, data used here are a = 700, b = 10, ¢s = 20, ¢, = 25,

c;=0.5,cp =40, h, =8, 0 =20,y = 97%, x = 0.03, ¢, = 100, h = 5, « = 175200, 7= = 0.5.

T (years) p* t* TP(p*t*)
—20% 0.022 47.63 4% 314.00
—10%  0.025 47.68 13% 854.03
+50% 0.042 4781 41%  2453.80
+60% 0.045 4783 44% 2610.10
+70% 0.048 47.84 46% 2746.70
+80%  0.050 47.85 47%  2828.58

Table 3: Optimal solutions for different values of parameter b, data used here are T = 0.028, a = 700, cs = 20,
cy =25,¢,=05,cp =40, he =8,0 =20,y = 97%, x = 0.03, ¢, = 100, h = 5, & = 175200, 7t = 0.5.

b Model 1 Model 11 Model III

p* t* TP(p*,t*) p* t* TP(p*,t*) p* t* TP(p*,t*)
7  63.02 89% 5969.72 62.98 80.0% 5957.21 63.02 89.7% 5969.54
8 56.62 60% 3965.11 56.59  52.5% 395794 | 56.62 60.5% 3964.64
9 51.67 38% 2451.49 51.64 31.2% 2447 .66 51.67 38.0% 2451.04
10 47.71 21% 1278.10 47.69 14.2% 1276.41 47.00 16.7% 1272.97
11 4448 6% 350.14 44 .47 0.3% 349.86 44.48 5.2% 350.05

optimal solutions p, t and TP(p.t) increase, for fixed a, b, cs, cu, ci, ¢p, he, 0, Y, X, Co, h, & and 7.

In Table [3] the b takes the values 7, 8, 9, 10 and 11. The results indicate that as the value of b

increases, the optimal solutions decrease, for fixed a, T, cs, ¢y, ¢;, ¢p, he, 0, Y, X, o, h, & and 71.
Figure |10} represents the variation of variable t with respect to salvage price ¢, for the three

cases for fixed p*, a, T, cy, c;, cp, he, 7, Y, X, Co, h, & and 71.

For the fixed p* and the above-mentioned values of parameters, Figure[11} represents the variation

of total profit function TP for the three models with respect to salvage price cs.

The main results from the sensitivity analysis are as follows:

(1) As depicted in Fig. when the salvage value of the imperfect quality items increases,
the percentage of the duration in which inventory level is positive, t(Model I), t(Model II)
and t(Model III) also increase. The value of {(Model III) is higher than that of {(Model II).
But {(Model I) is highest always. This reveals the percentage of the duration of positive
inventory is high which shows more stability of the business. Also, t is high that is the
shortages time is less, which also shows a better strategy. This shows that Model I with
partial backordering performs better than the other two models.

(2) As depicted in Fig. 11} when the salvage price of the imperfect quality items increases, the
optimal total profit per year TP for Models I, II and III also increase. The value of TP for
Model 1 is always higher than that of Model II and Model III. So, Model I is the more perfect
choice for the proposed objective.

It is noted that TP(Model I) > TP(Model II) > TP(Model III).

6. MANAGERIAL IMPLICATIONS

Replenishment of perfect items equal to imperfect quality items is well established and
studies in the literature. In this paper, we integrate the EOQ model with replenishment of perfect
quality items equal to imperfect quality items after going through the screening process. We find
the optimal unit price, optimal percentage of duration in which inventory level is positive and
optimal profit for the models with imperfect quality items, and compare the results of the models.
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We examine the effect of changing various model parameters, such as cycle time, salvage price
and holding cost of emergency purchased items. Also, we incorporated partial backordering into
our model. We notice that as the salvage price increases, it is optimal to have more percentage of
duration (t) and total profit (TP). In all three cases, the optimal unit price increases as the cycle
time (T) increases. The effect of price-sensitive parameter (b) significantly impacts the unit price
(p), percentage of duration (f) and total profit (TP). Several studies discuss the techniques to
reduce the effect of imperfect quality items at the vendor level. The cost of reducing the effect of
imperfect quality items and partial backordering by employing appropriate techniques would
help to increase the total profit.

7. CONCLUSION AND FUTURE RESEARCH

In this paper, we have developed three different models for the same problem and then
selected the most suitable model that is the optimal inventory model with perfect and imperfect
quantity items, the inspection process, partial backorders and reorders, which gives better results
than the other two. We developed three models: The first model assumes that reordered items are
received when the inventory level is zero. Our analytical and numerical results show that there
exists a unique optimal sales price, lot size and percentage of duration in which inventory level
is positive that maximizes the total profit. The second model assumes that reordered items are
received when the backordered quantity is equal to the imperfect quantity items. The third model
assumes that reordered items are received when backordered is yet continued. We provided
numerical examples and sensitivity analysis to illustrate the outcomes of the above models.
Sensitivity analysis performs to study the effect of different parameters of the system like salvage
price, cycle time, holding cost of emergency purchased items and price-sensitive parameter on
the optimal solutions. Numerical computations show that when the price-sensitive parameter (b)
increases, the optimal unit price (p), the optimal percentage of the duration in which inventory
level is positive () and the optimal total profit (TP) decrease for all three models. The percentage
of the duration of positive inventory ¢ is high which shows more stability of the business. Also, ¢
is high that is the shortages time is less, which also show a better strategy. Model I is the more
perfect choice for the proposed objective as it gives the maximum value of total profit.

Several extensions of the current model are possible. Future studies can be carried out by
considering complete backordering. Another interesting extension is to offering price discounts
on the stock-out items to the EOQ models with imperfect quality items and the screening process.
One way to extend the model is to consider stochastic demand.
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