Rama Shanker, Mousumi Ray and Hosenur Rahman Prodhani
POWER KOMAL DISTRIBUTION WITH PROPERTIES AND
APPLICATION IN RELIABILITY ENGINEERING

RT&A, No 4 (76)
Volume 18, December 2023

POWER KOMAL DISTRIBUTION WITH PROPERTIES
AND APPLICATION IN RELIABILITY ENGINEERING

Rama Shanker, Mousumi Ray, Hosenur Rahman Prodhani*

Department of Statistics, Assam University, Silchar, India
e-mail: shankerrama2009@gmail.com, mousumiray616@gmail.com,

*hosenur72@gmail.com

Abstract

The statistical analysis and modeling of reliability data from engineering is really a challenge for statistician
because the reliability data from engineering are stochastic in nature. Recently one parameter Komal
distribution was introduced in statistics literature for the analysis and modeling of failure time data from
engineering. Komal distribution, being one parameter distribution, does not provide good fit to some
engineering data due to its theoretical or applied point of view. In this article we propose a two-parameter
power Komal distribution, which includes Komal distribution as particular case, for the analysis and
modeling of data from reliability engineering. Its statistical properties including behavior of probability
density function and cumulative distribution function for varying values of parameters have been presented.
The first four raw moments and the variance of the proposed distribution has been derived and given. The
expressions for hazard rate function and mean residual life function have been obtained and their behaviors
for varying values of parameters have been presented. The stochastic ordering which is very much useful
comparing the stochastic nature has also been discussed. Method of maximum likelihood has been discussed
for estimating the parameters. Application of the distribution has been investigated using a real lifetime
dataset from engineering. The goodness of fit of power Komal distribution has been tested using Akaike
Information criterion and Kolmogorov-Smirnov statistic. The goodness of fit of power Komal distribution
shows that it gives much closure fit over two-parameter power Garima distribution, Power Shanker
distribution and Weibull distribution and one parameter exponential distribution, Shanker distribution,
Garima distribution and Komal distribution. As the power Komal distribution gives much better fit over
Weibull distribution, which is very much useful for modeling and analysis of data from reliability
engineering, the final recommendation is that the power Komal distribution should be preferred over the
considered distributions including Weibull for modeling data from reliability engineering.

Keywords: Komal distribution, Descriptive measures, Reliability properties, Maximum
likelihood estimation, Application.
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1. Introduction

Shanker [1] introduced one parameter lifetime distribution named Komal distribution defined by
probability density function (pdf) and cumulative distribution function (cdf) as

2
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f(y;e):zi(1+0+ y)e oy. y>0,0>0 1)
0" +6+1
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F(y, 6 =1{1+}e ; y>0,60>0
(.0) 0% +0+1 @)

Komal distribution is a mixture of exponential (9) and gamma (2,9) distributions with mixing

. 0(0+1)
proportion ———=. We have
0~ +60+1
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0+2
Shanker [1] has discussed some of its statistical properties including shapes for varying values of
parameter, moments, skewness, kurtosis, hazard rate function, mean residual life function and
stochastic ordering. Estimation of parameter and applications of Komal distribution has also been
discussed by Shanker [1].
The pdf and the cdf of Power Shanker distribution (PSD) obtained by Shanker and Shukla [2] are given
by

2
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It can be easily shown that at & =1, PSD reduces to one parameter Shanker distribution, introduced by
Shanker [3] having pdf and cdf
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The pdf and the cdf of Power Garima distribution (PGD) obtained by Berhane et al [4] are given by

f(x0,a)= 90:92 (1+9+9x“)x“‘1e‘9"a, X>0,0>0, a>0 @)
(ox* +0+2)
F(x0a)=1-~—————72, x>060>0,a>0 ®)

0+2

It can be easily shown that at a =1, PGD reduces to one parameter Garima distribution, introduced by
Shanker [5] having pdf and cdf
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Komal distribution, being one parameter lifetime distribution, has less flexibility to model data of
various natures. The main motivation of considering power Komal distribution lies in the fact that as
the Komal distribution found to be better than exponential distribution, Shanker distribution of
Shanker [3] and Garima distribution of Shanker [5], it is expected that power Komal distribution would
provide better fit than power Shanker distribution (PSD) by Shanker and Shukla [2], Power Garima
distribution (PGD) by Berhane et al [4] and Weibull distribution of Weibull [6]. In the present paper an
attempt has been made to obtain two-parameter power Komal distribution using power transformation
of Komal distribution. The statistical properties of the distribution including shapes of density for
varying values of parameters, the moments, survival function, hazard rate function and mean residual
life function have been discussed. The maximum likelihood estimation has been discussed. The
goodness of fit of the proposed distribution has been discussed with a real lifetime dataset from
engineering and fit shows quite satisfactory over other one parameter and two-parameter lifetime
distributions.

2. Power Komal Distribution

o

Assuming the power transformation X =Y in (1.1), the pdf of the random variable X can be

obtained as

a92
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=p8 (x;é’,a)+ (l - p)g2 (x; 6’,(1,2)
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We would call the density in (2.1) as power Komal distribution (PKD) with parameters ¢ and «, and it
is denoted by PKD (6’, a) . Like Komal distribution, PKD is also a convex combination of Weibull (6’, a)

distribution, a generalized gamma (2, a, 49) distribution.

The corresponding cdf of PKD can be obtained as
a

F(x;@,a) :1—{1+26’x

_ o
0 250050050 12)
0 +60+1

The nature of the pdf and the cdf of PKD has been studied with the help of the graphs for varying values
of parameters and presented in figures 1 and 2 respectively.

On careful examination of the graphs of pdf of PKD it is obvious that the shapes of PKD are decreasing,
symmetric, negatively skewed, positively skewed, platykurtic and leptokurtic for varying values of
parameters.
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For example, for fixed @ =1 and 8 21, pdf of PKD is decreasing ,for fixed value of ai.e. & =0.0land
a =0.05 at > 2 pdf of PKD becomes positively Skewed and symmetric. For @ >1and 8 >1 the pdf
graph becomes platykurtic and leptokurtic. This means that PKD is applicable for modeling lifetime
data of various natures.
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Figure 1: Graphs of pdf of PKD for varying values of parameters (9, a)
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Figure 2: Graphs of the cdf of PKD for varying values of the parameters (9, a)

3. Moments of Power Komal Distribution

Using the mixture representation in (2.2), the rth moment about the origin, x, of PKD can be obtained

as

(e 0] e 0]
uy = E(Xr) = p(j) xrgl(x;e,a)dx+(1— p)(j)xrg2 (x:0,a,2)dx

2 r
r(aé? +a6’+a+r)r(j
r « r=123,..

o? (0% +0+1)07
It should be noted that at @ =1, the above expression reduces to the rth moment about origin of Komal
distribution given by

' r!(92+¢9+r+1)
Hr =

7 r=12,3,..
0 (9 +9+1)

Thus, the first four moments about origin of the PKD are thus obtained as
2 1 2 2
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Therefore, the variance of PKD can be obtained as
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The higher order central moments are not being given here because their expressions are big. However,
higher order central moments, if required, can be easily obtained using relationship between moments
about mean and moments about origin. Finally, coefficient of variation, skewness, kurtosis and index of
dispersion, if needed, can be obtained using their formulae in terms of central moments.

4. Reliability Properties of Power Komal Distribution

The survival function of PKD can be obtained as
ox* —_9xx
S(X;H,a):l—l:(x;e,a): 1+27 e Ox :x>0,0>0,aa>0
0 +60+1
The hazard rate function h(x;0,«a)and the mean residual function m (x; 0, a) of PKD are given

respectively as:
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It can be easily verified that at x =0 it reduces to the expression for the mean of PKD. The nature of
hazard rate function of PKD for varying values of parameters has been shown graphically in figure 3.
Depending upon the values of the parameter the shapes of hazard rate function of PKD is increasing very
quickly and slowly in nature, for example, for  >1and 6 <1, the hazard rate is increasing very quickly
and for @ >2and 6 >1 it is increasing slowly. Again, the nature of mean residual life function of PKD
for varying values of parameters has been shown in figure 4. The graphs of mean residual life function
of PKD are monotonically decreasing for varying values of parameters.
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Figure 3: Hazard rate function of PKD for varying values of the parameters (a, 9)

597



Rama Shanker, Mousumi Ray and Hosenur Rahman Prodhani RT&A, No 4 (76)
POWER KOMAL DISTRIBUTION WITH PROPERTIES AND Volume 18 Decomber 2023
APPLICATION IN RELIABILITY ENGINEERING olume 16, Loecember

mix)

mix}

mix)

24 — theta=0.5alpha=25 24 — theta=1.0,apha=25 — Ihela=15alpha=25
Ihela=0 5 alpha=3.0 theta=1.0,alpha=3.0 thela=15 alpha=30
Ihela=0 5 alpha=3.5 theta=1.0,alpha=3.5 = 4 thela=15 alpha=35
theta=0.5alpha=4.0 — thela=1.0 apha=4.0 theta=15 alpha=4.0
= | e |
= =
E oo
o |
=
o
o | o |
E =
T T T T T T T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4 5 0 1 2 3 4
x x x
= — theta=0.01,alpha=4.0 © — theta=001 apha=30 24 — theta=10,alpna=10
— theta=0.05 alpha=4.0 — theta-0 05 abha=3.0 — theta=15,alpha=10
—— theta=025 alpha=40 — Iheta<0.25,aipha=3.0 — theta=20,alpha=10
— theta=0.50,alpha=4.0 — theta=0 50 aipha=3 0 — theta=25 alpha=
w !
-
o |
= - 2
o £ o £
w |
o~ o
= e A E
T r T T T T T T T T T T T T T T T
0 1 2 3 4 5 0 2 4 6 8 10 0 10 0 3 a0 50
x x x
a | a4
oA — theta=1.0,.alpha=2.0 - —— theta=10.apha-30 -
theta=15 apha=30
—— ihata=1%apha=20 — theta=20,aipha=30 thela=2.0.ai
— theta=2.0,alpha=20 — heia25 spha —— thela=25,aipha=4.0
o | —— ftheta=2 5 alpha=2 0 - theta=2.5 alpha=3.0 a=2.5,alpha=
- s 27
o |
= o | @ |
2 E
@ = g
= E E
T T
2 3
= |
3
o ~
~ & o
o
o o J o |
2 4 E E
T T T T T T T T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4 00 05 10 15 20 25 30
x x

Figure 4: Mean residual life function of PKD for varying values of the parameters (a, 9)
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5. Stochastic Ordering

The stochastic ordering of positive continuous random variables is an important tool for judging their
comparative behavior. A random variable X is said to be smaller than a random variable Y in the

(1) stochastic order (X <st Y)if Fy (X) >R (X) for all x
(ii) hazard rate order (X <hr Y)if hX (X) > hY (X) for all x
(iii) mean residual life order (X <mrl Y)if My (X) <my (X) for all x

()
! fy (x)

The following interrelationships due to Shaked and Shanthikumar [7] are well known for establishing

(iv) likelihood ratio order (X Slr Y) decreases in X.

stochastic ordering of distributions

X Y=2X<s, Y=X< Y

X <U Y
=st
It can be easily shown that PKD is ordered with respect to the strongest ‘likelihood ratio” ordering. The
stochastic ordering of PKD has been explained in the following theorem:

Theorem: Suppose X ~ PKD(Hl,al) and Y ~ PKD (492,062) df g <ayand @ >0, (or g <a, and

Proof: We have

Ir Y and hence X Shr Y, X Sml’l Yand X <t Y.

: 2(p 2 g _g_x*2
fx(x,Hl,al) 051‘91 (92 +92+1) 1+61+xa1 Xal—az ] [1 2

. = 177 x>0
fy (Xﬁz’“z) a2¢922 (912 +6 +l) 1+6, +x 2

Now, taking logarithm both sides, we get

2 2
fy (X6, 0 (‘9 +0 +1) 146, +x 1 2 a
log X( 1a1):|og 1z 2 +log AT (-« log x — ax* " —o,x 2
y (%02 a0, (91 +91+1) 140, +x 2

This gives

al—l ay -1 al—l ay -1 o tay -1
q | fX(X;Hl’“l) oy -y (alx —apX + a1¢92x —azelx +<al—a2)x
—In +

: a
dx fY(XﬂZ’aZ) X (1+91+xa1)(1+6'2+x 2)
-1 a,-1
—(Qlalxal —Hzazx 2 )
fx (6 )

Thus for g <ay, and 6 >0, (or ¢y <a, and 6 26, ), —In————="-<0.This means that X <. Y
dx  fy (X6

andhence X <, Y, X< Yand X <, Y.
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6. Estimation of Parameters of Power Komal Distribution

Suppose (Xl, ) O Xn)be a random sample of size n from PKD(H, a) The log-likelihood function of

PKD can be expressed as
n
logL = _leog f (X;H,a)
1=

n n n
=2nlogfd—-nlog (92 +0+1)+(a—1) _leog X +_leog (1+¢9+ xia)—H_leia
1= 1= 1=

The maximum likelihood estimates (é, 0?) of parameters (49, a) of PKD are the solution of the following

log-likelihood equations

dlogL 2n n(20+1) n 1 n
o 00 g L g
00 0 0°+0+1 |:11+9+xi =1
ologL n n x% logx; n

= Zlogx-+2¥—02 x-alog X
G = R = L R R A = ()

These two natural log-likelihood equations do not seem to be solved directly, because they cannot be
expressed in closed forms. The (MLE’s) (é,d) of (6’,0{) can be computed directly by solving the
natural log-likelihood equation using Newton-Raphson iteration available in R-software till sufficiently
close values of d andd are obtained.

For Fisher’s scoring method, we have

2
62 Iog L ~ -2n n(29 +20—1) n 1
2 2 2 = 2
00 0 <92+9+1) |_1(1+9+Xia)
2 a 2
% logL n x logx n % logL
g -y i '2—_2 xialogxi: g
000a |:1(1Jr 9+ X_a) i=1 oa 00
i
2 | 2 140 a\, o 20
o< log L n(ngi) (+ X )Xi X n 2 o
=2 5 -0y (Iog Xi) Xi
da =1 (1+6’+ xia) =1

For finding the MLEs (é, 0?) of parameters (9, a) of PKD, following equations can be solved
2 2

o7 InL o7 InL dlnL
00°  000a 0-6 | | o0
o®InL %L a-a oinL |,
2 |6=4 =04
000 oa® |77% oa 1
A a—ao

06=(ZO

where 6 and «( are the initial values of 6 and « , as given by the method of moments. These equations

are solved iteratively till close estimates of parameters are obtained.
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7. Goodness of Fit

In this section, the goodness of fit of PKD using maximum likelihood estimates of parameters has been
discussed with one real dataset. The goodness of fit has been compared with other one parameter and
two-parameter lifetime distributions. Following dataset from engineering has been considered.

Dataset 1: The following symmetric dataset, discussed by Murthy et al [8], is the failure times of
windshields and the values are:
0.04, 0.3, 0.31, 0.557, 0.943, 1.07, 1.124, 1.248, 1.281, 1.281, 1.303, 1.432, 1.48, 1.51, 1.51, 1.568, 1.615, 1.619,

1.652, 1.652, 1.757, 1.795, 1.866, 1.876, 1.899, 1.911, 1.912, 1.9141, 0.981, 2.010, 2.038, 2.085, 2.089, 2.097,
2.135,2.154, 2.190, 2.194, 2.223, 2.224, 2.23, 2.3, 2.324, 2.349, 2.385, 2.481, 2.610, 2.625, 2.632, 2.646, 2.661,
2.688, 2.823,2.89, 2.9, 2.934, 2.962, 2.964, 3, 3.1, 3.114, 3.117, 3.166, 3.344, 3.376, 3.385, 3.443, 3.467, 3.478,
3.578, 3.595, 3.699, 3.779, 3.924, 4.035, 4.121, 4.167, 4.240, 4.255, 4.278, 4.305, 4.376, 4.449, 4.485, 4.570,
4.602, 4.663, 4.694

In order to compare the considered distributions, values of MLE(é,d) along with their standard

errors, —2log L, AIC (Akaike Information Criterion), K-S (Kolmogorov-Smirnov Statistics) and p-

values for the real lifetime dataset have been computed and presented in tablel. The AIC and K-S
Statistics  are  computed using the following  formulae: 4IC =-2log L + 2k and

K-S = Sup‘Fn (x) - K (x)
x

, where k = the number of parameters, n= the sample size , F), (x) is the

empirical (sample) cumulative distribution function, and K, (x) is the theoretical cumulative

distribution function. The best distribution is the distribution corresponding to lower values of —2log L
, AIC, and K-S statistic.

Table 1: MLE’s, —2log L, S.E( ), o?) , AIC, K-S and P-value of the fitted distributions of dataset 1.

ML estimates and Standard Error
Distributions —2log L AIC K-S P-Value
0 a
S.E(0) S.E(&)
PKD 0.2572 1.8786 271.8212 275.8212 0.0540 0.9826
(0.0401) (0.1329)
PGD 0.1563 2.1489 272.7053 276.7053 0.1009 0.4340
(0.0373) (0.1823)
PSD 0.3422 1.7015 272.7581 276.7581 0.0912 0.5729
(0.0483) (0.1203)
WD 0.0829 2.3563 274.1806 278.1806 0.2990 0.0000
(0.0223) (0.2031)
KD 0.5826 .. 325.0655 327.0655 0.2189 0.0015
(0.0445)
GD 0.5572 331.4615 333.4615 0.5131 0.0000
(0.0506)
SD 0.6430 314.4891 316.4891 0.2075 0.0031
(0.0451)
ED 0.3893 .. 342.0450 344.045 0.5256 0.0000
(0.0415)
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In order to see the closeness of the fit given by one parameter exponential, Shanker and Garima
distributions and two-parameter Weibull distribution, PGD and PSD, the fitted plot of pdfs of these
distributions for the given dataset have been shown in figure 5. It is also obvious from the goodness of
fit given in the table 1 and the fitted plots of the distributions in figure 5 that the PKD gives much closer
fit as compared to other considered distributions.
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Figure 5: Fitted pdf plots of distributions for dataset 1

8. Conclusions

A two-parameter Power Komal distribution (PKD) has been introduced which includes Komal
distribution, introduced by Shanker (2023), as a particular case. The statistical and reliability
properties including shapes of density for varying values of parameters, the moments about the origin,
the variance, survival function, hazard rate function, mean residual function of PKD have been
discussed. The method of maximum likelihood for estimating the parameters has been discussed.
Finally, the goodness of fit of PKD has been discussed with a real lifetime dataset and the fit has been
found quite satisfactory as compared to one parameter exponential Shanker and Garima distributions
and two-parameter Power Shanker distribution (PSD), power Garima distribution (PGD) exponential,
and Weibull distribution. Therefore, PKD can be considered as an important lifetime distribution for

modeling lifetime data from engineering.
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