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Abstract

In both industrial and military fields, many systems are phase mission systems (PMSs) which execute
mission composed of different phases in sequence. The structure, failure behaviour, and working condition
of such a system may change from phase to phase. Maintenance actions comprising corrective and
preventive maintenance schemes studied in the literature are aimed at retaining the maintained system
in a proper condition and improving its availability and extending its life. The present paper deals
with finding optimal periodic inspection time using multi-objective criteria comprising objectives of
minimizing expected maintenance cost incurred due to predictive, breakdown and periodic maintenance
of a PMS , and maximizing its expected residual lifetime. The predictive maintenance is condition-based
preventive maintenance that anticipates system failures in order to plan timely interventions on the
system and hence improve its performance. The dependency is modelled using Gumbel-Haugaard copula.

An aircraft flight PMS comprising Taxiing phase, Take-Off phase, Cruising phase and Landing phase
has been used to illustrate the method developed.

Keywords: phased mission system, reliability , Gumbel-Haugaar d copula, predictiv e maintenance,
periodic maintenance, mean residual life, cost optimization, cumulativ e exposur e model

1. Introduction

The reliability of a supply chain depends on the reliability of all the equipment inv olv ed including
transportation vehicles, sophisticated machines and computer -based infor mation systems in
netw ork of suppliers , manufactur ers and distributors whose sole aim is to provide goods and
ser vices in a timely manner . The reliability of such equipment in tur n depends on their design,
maintenance and subsequent repairs. Reliability engineering is ther efor e part and par cel of
operations management.

In real life, systems such as coal transportation systems [1][2], aircrafts [3], avionic parts of
airbor ne weapon systems [4], machining line [5], and nuclear plants are requir ed to execute
missions sequentially . Such systems called phased mission systems (PMSs) are subject to multiple,
consecutiv e, non-overlapping operation phases. Failur es of these systems during the mission
may cause great economic losses to enter prises, serious security threats to personnel, or extensiv e
damage to the envir onment. Some maintenance activiti es need to be undertaken during the
mission break to reduce the probability of system failur e of a PMS in the succeeding mission.

Unlike a non-repairable PMS in a repairable PMS, the state of the system depends not only on
failur e characteristics of its components but also on maintenance conducted during the mission.

Further , the system reliability depends on its age and the maintenance policy applied. It
usually decr eases as components deteriorate. Perfor ming proper maintenance actions is necessar y
to keep the reliability of a system at a desir ed level. Maintenance is classifie into tw o main cate-
gories: correctiv e maintenance (CM) and preventiv e maintenance (PM). Corr ectiv e maintenance
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is generally perfor med after the system breakdo wn. Preventiv e maintenance corresponds to the
scheduled actions which are perfor med while the system is still operational. It aims at keeping
the system in available state by impr oving the condition of its components. Usually , preventiv e
maintenance is mor e adv antageous as it may prevent catastr ophic losses due to unpr edicted
failur es [6][7][8][9][10][11][12][13]. The PM actions are usually perfor med at predeter mined points
in time to keep the reliability of the system at a desir ed level.

Predictiv e maintenance (PdM) also known as condition-based maintenance is meant to mini-
mize unscheduled equipment failur es, lost production, and maintenance costs. It inv olv es the
use of infor mation such as maintenance logs and sensor data to predict maintenance needs in
adv ance. PdM pla ys a very important role in the airline industr y by helping in reducing dela ys
and costs, while impr oving and maintaining aircraft operational reliability .
The aim of this paper is to deter mine optimal periodic inspection time using multi-objectiv e
criteria of minimizing the expected ma intenance cost due to predictiv e, breakdo wn and periodic
maintenances, of the PMS, and maximizing its mean residual lifetime. The decision variable is
the length of the periodic inter val, T, subject to the constraints that the reliability of each phase
does not exceed the pre-specifie values.

The paper is organized as follo ws: Section 2 is a brief literatur e revie w. The model of Predictiv e
maintenance cost is explained in Section 3. In Section 4 the phased mission system is explained.
Traditional maintenance models inv olving periodic and breakdo wn maintenances, and integrated
models inv olving predictiv e maintenance besides periodic and breakdo wn maintenances are
discussed in Section 5. The concept of Remaining Useful Life (RUL) is highlighted in Section 6,
and multi-objectiv e optimization problem is for mulated in Section 7. In Section 8, the proposed
method is explained using an aircraft fligh PMS. The concluding remarks have been made in the
last section.

2. Literature Review

The maintenance models used in the literatur e predict problems that can help timely replacement
or repair of an equipment befor e it fails for a single system. The resear chers have used knowledge
about degradation state of the equipment for prediction pur pose [14] out-of-contr ol condition
using statistical process contr ol [15][16][17][18][19][20] and on-line sensors [21][22] for prediction
pur pose for a single system. Maintenance at system-le vel of a PMS without considering predictiv e
maintenance has been studied by [23]. The present paper deals with maintenance of a PMS taking
into account predictiv e, periodic and breakdo wn maintenances along with its mean residual
lifetime. It is assumed that the components are dependent within a phase, and all the phases
inv olv ed are dependent. The dependency is modelled using Gumbel-Hougaar d copula.

3. Predictive Maintenance Model

Defin fPMS (t) as the density function that specifie the probability of failur e of a PMS at time
t and g(s | t) as the conditional density function that specifie the probability that the signal
of a potential failur e is receiv ed at time s giv en that the actual failur e would have occurr ed at
time t. The conditional density , g(s | t), define the capability (i.e., accuracy and precision) of the
prediction system.

The choice of the distribution for m for the prediction signal, conditional on the equipment
failur e, is based on the concept of “P-F cur ves” for prediction systems [24] as well as diagnosis of
the sensor equipment by the concer ned technician(s).
Thus

g (s | t) =
{

k (1 − β) sk−1t−k 0 ≤ s ≤ t
β s > t

G (s | t) =

{
(1 − β)

( s
t
)k 0 ≤ s ≤ t

1 s > t
,
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wher e s is the time of the signal, t is the time of failur e if no replacement is made, k is the
prediction precision, (1 − β) is the prediction accuracy and k ≥ 1, 0 ≤ β ≤ 1 ,
are respectiv ely, the conditional density and distribution function used for the pur pose.
This for m of the conditional distribution function characterizes the featur es of typical signal and
failur e times seen in industr y [22]).

In this paper , the objectiv e is to minimize the expected maintenance cost of a PMS per unit
time. The maintenance costs include costs of periodic and predictiv e replacements and that of
failur es. It is assumed that the PMS will go for maintenance after completing the mission and
restor ed to “as good as new” condition, ther efor e, using rene w al rew ard process the expected
maintenance cost per period is:

E[Predictive Maintenance cost + Breakdown cost + Periodic maintenance cost]
E[Time until maintenance]

(See for refer ence [25]).

4. Phased Mission System (PMS)

A phased mission system (PMS) is define as a system comprising multiple, consecutiv e, and non-
overlapping phases. During each phase, a PMS needs to complete a specifie task without failur e.
In these phases, the system may be subject to dif ferent working conditions and envir onmental
stresses, as well as dif ferent perfor mance requir ements. For example, in a twin-engine air plane
with tw o phases, namely , taxiing phase and take-of f phase, one engine is requir ed in the for mer
phase, and both the engines are necessar y in the latter phase. In contrast to the other phases
of the fligh profile the engines are mor e prone to failur e during the take-of f period due to
enor mous pressur e they under go during this period [26][27]. So in dif ferent phases, the system
configurations and the components, failur e rates and even failur e criteria could be vastly dif ferent.

Let Tmn denote lifetime of component m of phase n with reliability Hmn (t). Let Fm1 (t) , Fm2 (t) ,
. . . and Fmn (t) be the reliability of phase 1, phase 2, . . . and phase n, respectiv ely. Then, reliability
of PMS is:

FPMS (t) =



Fm1 (t) , 0 ≤ t ≤ τ1
Fm2 (t) , τ1 ≤ t ≤ τ2

.

.

.
Fmn (t) , τn−1 ≤ t ≤ τn,

(1)

wher e (τn−1, τn) repr esents time-duration of functioning of phase n of the phased mission
system n = 1, 2, 3, 4, . . . , n, τ0 = 0.

Since considering phase n has m dependent components and reliability of phase n dnoted by
Fmn (t) so dependency is modelled using Gumbel-Haugaar d copula [28] giv es,

Fmn (t) = C
(

H1n (t) , H2n (t) , . . . , Hmn (t)
)

. (2)

And , reliability of PMS is:

FPMS (t) = C
(

Fm1 (τ1) , Fm2 (τ2) , Fm3 (τ3) , . . . , Fmn (τn)
)

. (3)

The cumulativ e exposur e model [29] is used in equation (2), to obtain the reliability of phase
n at τn. We obtain,

Fmn (τn) = C
(

H1n (τn − τn−1 + l1n) , H2n (τn − τn−1 + l2n) , . . . , Hmn (τn − τn−1 + lmn)
)

(4)

lmn , wher e m denotes the components and n denotes the phase of the system, m = 1, .., m, & n =
1, .., n, is deter mined in such a w ay that [30])
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Hmn (lmn) = Hmn−1 (τn−1 − τn−2 + lmn−1) , and l1n−1 = 0,
wher e C

(
H1n (t) , H2n (t) , H3n (t) , . . . , Hmn (t)

)
is the m-dimensional Gumbel-Hougaar d.

Thus,

C
(

H1n (t) , H2n (t) , H3n (t) , . . . , Hmn (t)
)
=

exp
[
−
((

−log
(

H1n (t)
))θ

+
(
−log

(
H2n (t)

))θ
+

(
−log

(
H3n (t)

))θ
+ · · ·+

(
−log

(
Hmn (t)

))θ
)1/ θ

]
.

5. Maintenance Model

The present section focuses on the trad itional periodic maintenance model (TM) and integrated
model.(IM)

5.1. Traditional Model

In TM no predictiv e maintenance is used, periodic maintenance is conducted if ther e has been no
failur e prior to time T, and breakdo wn maint enance is conducted if the equipment fails prior to
time T.

For the TM, the decision variable is the periodic inter val T and the objectiv e function value is
as follo ws:

CTM (T) =
E[ CBP]

E[ CT1 ]
, (5)

wher e
E[CBP] = Mb

[∫ T

0
fPMS (t) dt

]
+ Mp

[∫ ∞

T
fPMS(t)dt

]
,

is sum of expectation of breakdo wn maintenance costs and periodic maintenance cost,
and

E [ CT1 ] =

[∫ T

0
t fPMS(t)dt

]
+ T

[∫ ∞

T
fPMS(t)dt

]
,

is mean time betw een failur e (replacement).

5.2. Integrated Model (IM)

The second model utilizes both predictiv e and periodic maintenance and is referr ed to as the
Integrated Model. For IM, the decision variable is the periodic inter val, T, and the objectiv e
function is:

CIM (T) =
E[ CPdBP]

E[ CT2 ]
, (6)

wher e,

E[CPdBP] = Mpd

[
(1 − β)

∫ T

0
fPMS(t)dt +

∫ ∞

T
G(T | t) fPMS(t)dt

]
+ Mb

[
β
∫ T

0
fPMS(t)dt

]
+ Mp

[∫ ∞

T
[1 − G(T | t)] fPMS(t)dt

]
,
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is sum of expectation of predictiv e maintenance cost, breakdo wn maintenance costs and periodic
maintenance cost, Mpd is predictiv e maintenance cost, Mb is breakdo wn maintenance and Mp is
periodic maintenance,
and

E [ CT2 ] =

[∫ T

0

∫ t

0
sg (s | t) fPMS(t)dsdt +

∫ ∞

T

∫ T

0
sg (s | t) fPMS(t)dsdt

]
+

[
β
∫ T

0
t fPMS(t)dt

]
+

[
T
∫ ∞

T
[1 − G (T | t)] fPMS(t)dt

]
,

is sum of expected time betw een replacement with signal and without signal.

6. Remaining Useful Life (RUL)

RUL is the residual life time of a system used to perfor m its functional capabilities befor e failur e.
It is a key metric and critical for predicting the failur e of a machine in the production line,
and is used by engineers to decide whether to do maintenance or dela y it due to production
requir ements [31].

Let TPMS be the time to failur e of the phased mission system, and suppose the phased mission
system has sur viv ed until time t. Then the “conditional” random variable

XPMS = TPMS − t(TPMS > t),

i.e., the remaining time to failur e, is called “RUL ” of the phased mission system.
The conditional reliability function

FPMS (t) = PPMS (XPMS > x) = P (TPMS − t > x|TPMS − t) , x ≥ 0,

incor porates all the information rele vant for prediction and futur e planning. The mean
residual life (MRL) used as a point estimate of RUL or a prediction inter val for RUL is define as:

µPMS (t) = EPMS[XPMS] = E [[TPMS − t|TPMS > t] .

Then, µPMS (0) = µPMS = E[T] and

µPMS (t) =
∫ ∞

0
FPMS (x) dx =

∫ ∞
t FPMS (x) dx

FPMS (t)
. (7)

7. Optimization Problems

Amongst various appr oaches used to solv e a multi-objectiv e optimization problem, one of the
commonly used appr oach is to combine the objectiv es inv olv ed into one single composite objectiv e
so that the traditional mathematical programming method can be used for the propose.

In this paper , the weighted sum multi-objectiv e optimization problem is used to minimize
the expected maintenance cost per unit time and maximize mean residual lifetime function for
the PMS subject to the constraints that the reliability of the each phase does not exceed the
pre-specifie values, Ri, i = 1, 2, . . . , n.

Let T1 be the periodic inspection time for the traditional model and T2 be that for the
Integrated Model.

The optimization problem is for mulated as:
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7.1. Optimizing CT M

Min Z1 = w1CTM (T1) + w2(−µPMS (T1))

subject to, T1 ≥ τn,
1 ≥ Fmi (T1) ≥ Ri, i = 1, 2, . . . , nCTM ≥ 0.

7.2. Optimizing CIM

Min Z2 = w1CIM (T2) + w2(−µPMS (T2))

subject to, T2 ≥ τn,
1 ≥ Fmi (T2) ≥ Ri, i = 1, 2, . . . , nCIM ≥ 0.

Mathematica 11.0 has been used for solv e the optimization problem.

8. Numerical Illustrations

In this section aircraft fligh PMS used for the illustrativ e pur pose, Figur e 1(a)-(d), sho ws reliability
block diagrams for the four - phase aircraft flight comprises The firs phase is taxiing in which
the navigation system, one out of the four engines and all three landing gears are needed, the
second phase is take-of f wher e in all four engines, the navigation system and all three landing
gears are needed, the third phase is cruising in which the navigation system and three of the four
engines are requir ed. Finally , the fourth phase is landing comprising the navigation system, tw o
of the four engines and all three landing gears.

8.1. Reliability of Air craft Flight PMS system

Let T1denote lifetimes of navigation with reliability H1n (t). T2, T3, T4 and T5 denote life-
times of the four engines E1, E2, E3 and E4 with reliabilities H2n (t) , H3n (t) , H4n (t) and
H5n (t), respectiv ely, and T6, T7 and T8 denote lifetimes of landing gear 1 (G1), landing gear
2 (G2) and landing gear 3 (G3) with reliabilities H6n (t) , H7n (t)and H8n (t), respectiv ely. Let
Fp1 (t) , Fp2 (t) , Fp3 (t) , and Fp4 (t) be the reliability of subsystems in phase 1, phase 2, phase 3
and phase 4, respectiv ely. Then, reliability of 4-PMS is:

FPMS (t) =


Fp1 (t) , 0 ≤ t ≤ τ1
Fp2 (t) , τ1 ≤ t ≤ τ2
Fp3 (t) , τ2 ≤ t ≤ τ3
Fp4 (t) , τ3 ≤ t ≤ τ4.

(8)

.
PHASE-1(Taxiing Phase)
Let H11(t) be life distribution of navigation, H21(t), H31(t), H41(t) & H51(t) be life distribution of
components ‘E′

1, ‘E′
2, ‘E′

3 & ‘E′
4, respectiv ely further let H61(t), H71(t) & H81(t) be life distribution

of components ‘G′
1, ‘G′

2 & ‘G′
3, respectiv ely.

Reliability of navigation,

F11 (t) = p [T1 > t] .

Reliability of engines,
F21 (t) =
p [T2 > t, T3 ≤ t, T4 ≤ t, T5 ≤ t]+ p [T2 ≤ t, T3 > t, T4 ≤ t, T5 ≤ t]+ p [T2 ≤ t, T3 ≤ t, T4 > t, T5 ≤ t]+
p [T2 ≤ t, T3 ≤ t, T4 ≤ t, T5 > t]+ p [T2 > t, T3 > t, T4 ≤ t, T5 ≤ t]+ p [T2 > t, T3 ≤ t, T4 > t, T5 ≤ t]+
p [T2 > t, T3 ≤ t, T4 ≤ t, T5 > t]+ p [T2 ≤ t, T3 > t, T4 > t, T5 ≤ t]+ p [T2 ≤ t, T3 > t, T4 ≤ t, T5 > t]+
p [T2 ≤ t, T3 ≤ t, T4 > t, T5 > t]+ p [T2 > t, T3 > t, T4 > t, T5 ≤ t]+ p [T2 > t, T3 > t, T4 ≤ t, T5 > t]+
p [T2 > t, T3 ≤ t, T4 > t, T5 > t]+ p [T2 ≤ t, T3 > t, T4 > t, T5 > t]+ p [T2 > t, T3 > t, T4 > t, T5 > t] .
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Figure 1: 1(a)-(d) Reliability Block Diagrams for the four- phase aircraft flight[32]
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Reliability of landing gear ,

F31 (t) = p [T6 > t, T7 > t, T8 > t] .

Thus, Reliability of phase-1,

Fp1 (t) = F11 (t) .F21 (t) .F31 (t) . (9)

PHASE-2 (Take-Off Phase)
Let H12(t) be life distribution of navigation, H22(t), H32(t), H42(t) & H52(t) be life distribution of
components ‘E′

1, ‘E′
2, ‘E′

3 & ‘E′
4, respectiv ely further let H62(t), H72(t) & H82(t) be life distribution

of components ‘G′
1, ‘G′

2 & ‘G′
3, respectiv ely.

Reliability of navigation,

F12 (t) = p [T1 > t] .

Reliability of engines,

F22 (t) = p [T2 > t, T3 > t, T4 > t, T5 > t] .

Reliability of landing gear ,

F32 (t) = p [T6 > t, T7 > t, T8 > t] .

Thus, Reliability of phase-2,

Fp2 (t) = F12 (t) .F22 (t) .F32 (t) . (10)

PHASE-3 (Cruising Phase)
Let H13(t) be life distribution of navigation, H23(t), H33(t), H43(t) & H53(t) be life distribution of
components ‘E′

1, ‘E′
2, ‘E′

3 & ‘E′
4, respectiv ely further let H63(t), H32(t) & H83(t) be life distribution

of components ‘G′
1, ‘G′

2 & ‘G′
3, respectiv ely.

Reliability of navigation,

F13 (t) = p [T1 > t] .

Reliability of engines,
F23 (t) = p [T2 > t, T3 > t, T4 > t, T5 ≤ t] + p [T2 > t, T3 > t, T4 ≤ t, T5 > t] +

p [T2 > t, T3 ≤ t, T4 > t, T5 > t]+ p [T2 ≤ t, T3 > t, T4 > t, T5 > t]+ p [T2 > t, T3 > t, T4 > t, T5 > t] .

Thus, Reliability of phase-3,

Fp3 (t) = F13 (t) .F23 (t) . (11)

PHASE-4 (Landing Phase)
Let H14(t) be life distribution of navigation, H24(t), H34(t), H44(t) & H54(t) be life distribution of
components ‘E′

1, ‘E′
2, ‘E′

3 & ‘E′
4, respectiv ely further let H64(t), H74(t) & H84(t) be life distribution

of components ‘G′
1, ‘G′

2 & ‘G′
3, respectiv ely.

Reliability of navigation,

F14 (t) = p [T1 > t] .

Reliability of engines,
F24 (t) = p [T2 > t, T3 > t, T4 ≤ t, T5 ≤ t] + p [T2 > t, T3 ≤ t, T4 > t, T5 ≤ t]

+ p [T2 > t, T3 ≤ t, T4 ≤ t, T5 > t]+ p [T2 ≤ t, T3 > t, T4 > t, T5 ≤ t]+ p [T2 ≤ t, T3 > t, T4 ≤ t, T5 > t]+
p [T2 ≤ t, T3 ≤ t, T4 > t, T5 > t]+ p [T2 > t, T3 > t, T4 > t, T5 ≤ t]+ p [T2 > t, T3 > t, T4 ≤ t, T5 > t]+
p [T2 > t, T3 ≤ t, T4 > t, T5 > t]+ p [T2 ≤ t, T3 > t, T4 > t, T5 > t]+ p [T2 > t, T3 > t, T4 > t, T5 > t] .
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Reliability of landing gear ,

F34 (t) = p [T6 > t, T7 > t, T8 > t] .

Thus, Reliability of phase-2,

Fp4 (t) = F14 (t) .F24 (t) .F34 (t) . (12)

Reliability of Air craft fligh PMS system using equation (3), we have

F (t) = C
(

Fp1 (t) , Fp2 (t) , Fp3 (t) , Fp4 (t)
)

(13)

equations(9), (10), (11) and (12) giv e reliability of the four phases in PMS.
After using p [AB] + p [ABc] = p[A] and Gumbel-Hougaar d copula equation (2) in abo ve

equations we get,

F11 (t) = H11 (t) ,

F21 (t) = C
(

H21 (t) , 1, 1, 1
)
+ C

(
1, H31 (t) , 1, 1

)
+ C

(
1, 1, H41 (t) , 1

)
+ C

(
1, 1, 1, H51 (t)

)
−C

(
H21 (t) , H31 (t) , 1, 1

)
−C

(
H21 (t) , 1, H41 (t) , 1

)
−C

(
H21 (t) , 1, 1, H51 (t)

)
−C

(
1, 1, H41 (t) , H51 (t)

)
− C

(
1, H31 (t) , 1, H51 (t)

)
− C

(
1, H31 (t) , H41 (t) , 1

)
+ C

(
H21 (t) , H31 (t) , H41 (t) , 1

)
+ C

(
H21 (t) , H31 (t) , 1, H51 (t)

)
+ C

(
H21 (t) , 1, H41 (t) , H51 (t)

)
+ C

(
1, H31 (t) , H41 (t) , H51 (t)

)
− C

(
H21 (t) , H31 (t) , H41 (t) , H51 (t)

)
,

F31 (t) = C
(

H61 (t) , H71 (t) , H81 (t)
)

,

F12 (t) = H12 (t) ,

F22 (t) = C
(

H22 (t) , H32 (t) , H42 (t) , H52 (t)
)

,

F32 (t) = C
(

H62 (t) , H72 (t) , H82 (t)
)

,

F13 (t) = H13 (t) ,

F23 (t) = C
(

H23 (t) , H33 (t) , H43 (t) , 1
)
+ C

(
H23 (t) , H33 (t) , 1, H53 (t)

)
+C

(
H23 (t) , 1, H43 (t) , H53 (t)

)
+C

(
1, H33 (t) , H43 (t) , H53 (t)

)
− 3C

(
H23 (t) , H33 (t) , H43 (t) , H53 (t)

)
,

F14 (t) = H14 (t) ,

F24 (t) = C
(

H24 (t) , H34 (t) , 1, 1
)
+ C

(
H24 (t) , 1, H44 (t) , 1

)
+ C

(
H24 (t) , 1, 1, H54 (t)

)
+ C

(
1, 1, H44 (t) , H54 (t)

)
+ C

(
1, H34 (t) , 1, H54 (t)

)
+ C

(
1, H34 (t) , H44 (t) , 1

)
− 2C

(
H24 (t) , H34 (t) , H44 (t) , 1

)
− 2C

(
H24 (t) , H34 (t) , 1, H54 (t)

)
− 2C

(
H24 (t) , 1, H44 (t) , H54 (t)

)
− 2C

(
1, H34 (t) , H44 (t) , H54 (t)

)
+ 3C

(
H24 (t) , H34 (t) , H44 (t) , H54 (t)

)
,

F34 (t) = p [T6 > t, T7 > t, T8 > t] = C
(

H64 (t) , H74 (t) , H84 (t)
)

.

The cumulativ e exposur e model is used in abo ve equations, to obtain the reliability of
subsystems in phase 1, phase 2, phase 3 and phase 4 at τ1, τ2, τ3 and τ4, respectiv ely.
Thus,
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F11 (τ1) = H11 (τ1) ,

F21 (τ1) = C
(

H21 (τ1) , 1, 1, 1
)
+ C

(
1, H31 (τ1) , 1, 1

)
+ C

(
1, 1, H41 (τ1) , 1

)
+ C

(
1, 1, 1, H51 (τ1)

)
− C

(
H21 (τ1) , H31 (τ1) , 1, 1

)
− C

(
H21 (τ1) , 1, H41 (τ1) , 1

)
− C

(
H21 (τ1) , 1, 1, H51 (τ1)

)
− C

(
1, 1, H41 (τ1) , H51 (τ1)

)
− C

(
1, H31 (τ1) , 1, H51 (τ1)

)
− C

(
1, H31 (τ1) , H41 (τ1) , 1

)
+C

(
H21 (τ1) , H31 (τ1) , H41 (τ1) , 1

)
+C

(
H21 (τ1) , H31 (τ1) , 1, H51 (τ1)

)
+C

(
H21 (τ1) , 1, H41 (τ1) , H51 (τ1)

)
+ C

(
1, H31 (τ1) , H41 (τ1) , H51 (τ1)

)
− C

(
H21 (τ1) , H31 (τ1) , H41 (τ1) , H51 (τ1)

)
,

F31 (τ1) = C
(

H61 (τ1) , H71 (τ1) , H81 (τ1)
)

,

F12 (τ2) = H12 (τ2 − τ1 + l12) ,

F22 (τ2) = C
(

H22 (τ2 − τ1 + l22) , H32 (τ2 − τ1 + l32) , H42 (τ2 − τ1 + l42) , H52 (τ2 − τ1 + l52)
)

,

F32 (τ2) = C
(

H62 (τ2 − τ1 + l62) , H72 (τ2 − τ1 + l72) , H82 (τ2 − τ1 + l82)
)

,

F13 (τ3) = H13 (τ3 − τ2 + l13) ,

F23 (τ3) = C
(

H23 (τ3 − τ2 + l23) , H33 (τ3 − τ2 + l33) , H43 (τ3 − τ2 + l43) , 1
)

+ C
(

H23 (τ3 − τ2 + l23) , H33 (τ3 − τ2 + l33) , 1, H53 (τ3 − τ2 + l53)
)

+ C
(

H23 (τ3 − τ2 + l23) , 1, H43 (τ3 − τ2 + l43) , H53 (τ3 − τ2 + l53)
)

+ C
(

1, H33 (τ3 − τ2 + l33) , H43 (τ3 − τ2 + l43) , H53 (τ3 − τ2 + l53)
)

− 3C
(

H23 (τ3 − τ2 + l23) , H33 (τ3 − τ2 + l33) , H43 (τ3 − τ2 + l43) , H53 (τ3 − τ2 + l53)
)

,

F14 (τ4) = H14 (τ4 − τ3 + l14) ,

F24 (τ4) = C
(

H24 (τ4 − τ3 + l24) , H34 (τ4 − τ3 + l34) , 1, 1
)
+C

(
H24 (τ4 − τ3 + l24) , 1, H44 (τ4 − τ3 + l44) , 1

)
+C

(
H24 (τ4 − τ3 + l24) , 1, 1, H54 (τ4 − τ3 + l54)

)
+C

(
1, 1, H44 (τ4 − τ3 + l44) , H54 (τ4 − τ3 + l14)

)
+ C

(
1, H34 (t) , 1, H54 (t)

)
+ C

(
1, H34 (t) , H44 (t) , 1

)
− 2C

(
H24 (t) , H34 (t) , H44 (t) , 1

)
− 2C

(
H24 (t) , H34 (t) , 1, H54 (t)

)
− 2C

(
H24 (t) , 1, H44 (t) , H54 (t)

)
− 2C

(
1, H34 (t) , H44 (t) , H54 (t)

)
+ 3C

(
H24 (t) , H34 (t) , H44 (t) , H54 (t)

)
,

F34 (τ4) = p [T6 > t, T7 > t, T8 > t] = C
(

H64 (t) , H74 (t) , H84 (t)
)

.

It is assumed that a component’s life distribution in a phase is Weibull with reliability function:
Hmn (t) = exp

[
−(t/ αmn)

γ] , t > 0; αmn > 0; γ > 0; n = 1, 2, 3, 4, m = 1, 2, 3, 4, 5, 6, 7, 8.

To illustrate the abo ve model, assume that each of the phase- Taxiing and Take-Of f has
duration of 15 minutes, cruising phase has duration of 130 minutes and landing phase has
duration of 20 minutes. Components of the aircraft follo w weibull distribution with γ = 1.8 with
αmn = 1000 hours for navigation system, αmn = 950 hours for engines and αmn = 925 hours for
the landing gear . The value of Mp=10000, Mpd=Mp, Mb = 5.500 ∗ Mp, β = 0.260, k = 2.00 [22].
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Tables 1.1- 1.4 are obtained using these data for both the optimization problems for mulated in
Section 7, with Ri = 0.995, i = 1, 2, . . . , 4

Table 1.1: Values of Multi-objective functions and T (in minutes) for θ = 1.0 with different weights
w1 w2 CTM (T1) RUL1 C IM (T2) RUL2 T1 T2
1/2 1/2 22309.9 123841 7091.89 123841 4033.45 4033.45
1/3 2/3 22309.9 123841 7729.81 124301 4033.45 3894.98
1/4 3/4 22309.9 123841 8005.13 124416 4033.45 3839.89
2/3 1/3 22309.9 123841 7091.89 123841 4033.45 4033.45
3/4 1/4 22309.9 123841 7091.89 123841 4033.45 4033.45

Table 1.2: Values of Multi-objective functions and T (in minutes) for θ = 1.182 with different weights
w1 w2 CTM (T1) RUL1 C IM (T2) RUL2 T1 T2
1/2 1/2 12647.6 121420 4352.71 123822 4832.62 3917
1/3 2/3 15018.8 123150 5135.21 124046 4085.97 3817.32
1/4 3/4 16155.5 123620 5250.38 124094 3977.96 3781.49
2/3 1/3 12082.4 120810 4360.13 123125 4426.73 4091.04
3/4 1/4 12082.4 120810 3998.01 122226 4426.73 4242.69

Table 1.3: Values of Multi-objective functions and T (in minutes) for θ = 2.182 with different weights
w1 w2 CTM (T1) RUL1 C IM (T2) RUL2 T1 T2
1/2 1/2 4207.26 121771 2847.66 123458 4207.26 3818.37
1/3 2/3 11723.3 122956 3755.75 123547 3986.95 3755.75
1/4 3/4 12465.1 123263 3012.93 123566 3899.44 3733.48
2/3 1/3 8159.79 118946 2652.79 123170 4546.32 3929
3/4 1/4 6953.79 115971 2499.36 122789 4818.2 4025.64

Table 1.4: Values of Multi-objective functions and T (in minutes) for θ = 3.182 with different weights
w1 w2 CTM (T1) RUL1 C IM (T2) RUL2 T1 T2
1/2 1/2 9877.32 121727 2649.01 123346 3814.62 4192.79
1/3 2/3 11438.3 122870 2769.67 123436 3976.54 3751.94
1/4 3/4 12150.9 123165 2814.46 123165 3890.79 3729.71
2/3 1/3 7992.92 118990 2453.59 123057 4526.04 3925.37
3/4 1/4 6821.02 116098 2299.76 122675 4793.23 4022.06

Table 1.1- Table 1.4 giv es optimal cost and optimal residual useful life for the tw o models
using dif ferent weight combinations. It is obser ved that the integrated model in almost all the
cases yields lower cost and higher RUL with smaller periodic inspection time. Table 1.1 sho ws
that for IM the minimum cost is obtained when w1 = 1/ 4 and w2 = 3/ 4 and the optimal periodic
insepection time is T2 = 3839.89 implying that four -phase aircraft fligh needs to be send for
maintenance after every 21 cycles. Similar inter pretation holds for data depicted in Table- 1.2 to
Table 1.4

9. Conclusion

In this paper predictiv e maintenance frame work is proposed for a phased missio n system. The
multi-objectiv e problem is used wher ein weighted sum of expected maintenance cost and mean
residual life function of the PMS is minimized subject to the constraints that the reliability of
each phase doesn’t exceed the pre-specifie values. The decision variable is the length of the
periodic inter val. The optimal solution obtained using IM model is compar ed with traditional
model (TM). For illustrativ e pur pose aircraft fligh PMS composed of four phases, namely;
taxiing, take-of f, cruising, and landing is used with dependency betw een components of each
phase modelled using Gumbel-Haugaar d copula. The cumulativ e exposur e model is used to
deter mine the reliability of the PMS. It is found that the integrated model yields lower cost
and higher RUL with smaller periodic inspection time. Thus, the use of predictiv e tools with
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periodic maintenance reduces overall equipment maintenance costs with higher mean residual life.
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