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Abstract

In this paper we study the reliability of a k-out-of-n system, with a single technician, who also renders
service to external customers besides repairing the failed components in the system. For optimizing
the revenue from external service without compromising the system reliability, we introduce the N-
policy in which the repair of the internal customers (failed components) starts only on accumulation
of N failed components. The service to external customers is of preemptive nature in the sense that
their service can be interrupted on accumulation of N failed components. It is assumed that an
external customer, who finds the server busy with an external customer at the epoch of its arrival
joins a queue of infinite capacity; whereas an external customer who finds the server busy with an
internal customer leaves the system forever. The failure times of the components of the k-out-of-n
system follow an exponential distribution; the arrival of external customers is according to a Poisson
process and the service times of the internal and external customers follow non-identical phase-type
distributions. Using matrix-analytic methods, we discuss the system stability and steady state
distribution. A special case of the model where the underlying distributions are all exponential has
been considered, to obtain an expression for the stability condition and a product form solution for the
steady state have been obtained for this case. Also several system performance measures have been
obtained explicitly. Analysis of a cost function indicates that N-policy does help to optimize the
system revenue maintaining high system reliability.
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1. Introduction

A k-out-of-n system can be defined as an n-component system, which works if
and only if at least k& of the » components are operational. The literature on k-out-
of-n systems is vast (see Chakravarthy er al. [1] and the references therein). In a
highly competitive world organizations pay high attention on giving service to external
customers in addition to their internal customers. One main intention behind this
is the additional income collected through external service. In addition, it may be
expected that the expertise of the server be improved by attending jobs that are more
diverse. The main drawback of providing service to external customers is that this
decreases the attention on the internal customers. Also there is a chance of the service
facility getting overloaded with too much of work. Hence keeping a proper balance
between the internal and external services is much needed and at the same time much
harder a task. In this context studying the reliability of a k-out-of-n system where
the server attends external customers also could be of great value. There had been a
few studies by Dudin et al. [2], Krishnamoorthy ef al. [3, 4] in this area. In [2], the
external customers are sent to an orbit from where they can try to access the idle server.
Once selected for service, an external customer is assumed to get a non-preemptive
service. Through numerical illustrations they show that providing service to external
customers in this fashion is economical to the system in comparison with the decrease
in the reliability caused due to external service. In [3] it is assumed that the external
customers, finding the service station busy on arrival, are directed to a pool of infinite
capacity. They also assume that if the size of the buffer of internal customers is less
than L, a pooled customer is selected for service with probability p. In [4], a finite
pool and an orbit of infinite capacity accommodate the external customers in such a
manner that external customers join the orbit with some probability and from there try

to enter the pool. The external customers are selected for service from the pool. The
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internal customers (failed components) are served based on an N-policy In addition
they assume that the on-going service of an external customer is not pre-empted on
accumulation of N-failed components. Under this assumption, numerical illustrations
on [3, 4] indicate a decrease in the server idle probability, and an increase in the overall
system revenue as in [2].

In the present paper we study a k-out-of-n system, where the sever also offers ser-
vice to external customers for additional income. For optimizing revenue by way
of providing external service, maintaining a high system reliability, we introduce an
N-policy in which the service of the failed components starts on accumulation of N
failed components at the beginning of each cycle (a cycle starts with the server being
switched over to service of the failed components of the system on accumulation of N
components until all of them, and the subsequent failed components get repaired. In
other words the moment all failed components of the k-out of-x system are repaired,
the server switches over to serve external customers; the service to external customers
continue until the next epoch at which N failed components of the system again get
accumulated). The service to the external customers is of preemptive nature in the
sense that their service is interrupted on accumulation of N failed components. The
external customers join a queue of infinite capacity on finding a busy server, provided
the customer in service is an external arrival. The current study differs from that in [4]
in that the pool (waiting space) of external customers is of infinite capacity and here
there is no orbit of retrying customers. Also in contrast to [4], in the present work
the service of external customers is assumed to be preemptive in nature. Under these
stronger assumptions we obtain an explicit steady state distribution of the underlying
Markov chain has been obtained.

This paper is arranged as follows: In section 2, we perform the Stochastic Modeling
of the above problem and in section 3, we perform the steady state analysis of the
underlying Markov chain after finding a necessary and sufficient condition for the
stability of the system. Section 4, discusses a special case of the model discussed
in Section 2, where the service time distributions are assumed to follow exponential

distribution. In section 5 we conduct a numerical study of the model discussed in
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Section 4 and compares it with a model in which no external customers are allowed.

Section 6 concludes the discussion.

2. Modeling and Analysis

In this paper we study the reliability of a k-out-of-n system with repair by a single
repair facility which also provides service to external customers. The system consists

of two parts.

(1) A main queue consisting of customers (failed components of the k-out-of-# sys-
tem) and
(2) A queue of external customers.

A k-out-of-n system is in the up state (working state) as long as at least £ compo-
nents are in operational state. Otherwise the system is in the down state.

The arrival process.

Arrival of main customers have inter-occurrence time exponentially distributed with
parameter A; when the number of operational components of the k-out-of-x system is
i. By taking }; = % we notice that the failure rate is a constant A. Arrival of exter-
nal customers have inter-occurrence time exponentially distributed with parameter T
Arrival of external customers is temporarily halted while serving the main customers

(the failed components of the k-out -of-# system).

The service process.

Commencement of service to the failed components of the main system is governed
by the N-policy, that is at the epoch the system starts with all components operational,
the server starts attending one by one the customers from the queue of external cus-
tomers (if there is any waiting). At the epoch when the accumulated number of failed
components of the main system reaches N, the external customer in service will get
pre-empted and the server is switched on to the service of main customers. Service
times of main customers and external customers follow phase-type distributions with

representations (o, S) and (8, T') of orders m; and m, respectively.
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Objective.

To maximize the reliability of a k-out-of-n system with repair by a single server,

who provides service to external customers also, based on N-policy.

The Markov Chain.

Let X;(¢) denotes at time ¢ number of external customers in the system including the
one getting service (if any) ,

X, (t) denotes the server status at time ¢ defined as;

X0 0, if the server is idle or serving an external customer
o(2) =

1, if the server is busy with a failed component.

X3(#) denotes number of main customers in the system at time ¢ including the one
getting service (if any). X,(#) denotes the phase of the service process.
Let X() = (X1(8), Xo(0), X5(¢), X4(¢)) then {X(2), t > 0} is a continuous time Markov
chain on the state space whose levels are designated
0)=1{0,0,j)/0< j1 <sN-1}U{O,L, ji, )1 < 1 <n—-k+1,1< jo <m},
1) =1G0)Vii,1),
l(iso) = {(ls 07 jlst)/O < jl LN = 15 15 j2 = mO}
1(191) = {(ls:l’.]laJZ)/l < jl Sn'_k"_lsl < j2 < ml}'

In the sequel,

(1) I, denotes the identity matrix of order 7;
(ii) { denotes an identity matrix of appropriate size;
(iii) e, denotes a n X 1 column matrix of 1’s
(iv) e denotes a column matrix of 1’s of appropriate order;

(v) E, denotes a square matrix of order # defined as

-1, ifi=jl<i<n
E,G, D=1, ifj=i+1;1<i<n-1

0, otherwise

65



Krishnamoorthy A., Sathian M.K., Viswanath C. Narayanan RT&A, No2 (41)
RELIABILITY OF A k-OUT-OF-n SYSTEM WITH REPAIR Volume 11, June 2016

(vi) E; = Transpose of E,
(vii) 7,(i) denotes a 1 x n row matrix whose i" entry is 1 and all other entries are zeros
(viii) C,(@) = Transpose of r,(i)
(ix) ® denotes Kronecker product of matrices
(x) $°=-Se, T = -Te.
The infinitesimal generator matrix of {X(#)} is given by
A A
A Ay A
Ay A A — |Aw An

Q= ,where A; = o
= = = AlO All

Agy = MEy — My, Ag1 = [Cy(N) ® 7, 11N ® M, Ay = [Crpn (D) @ ry(D] @ S,
A1 =L ®S + (B g + k) ® (%)

+ B +Cognit -k + D@1y —k + 1) @ M,y

Ag Ay
1= 3
A An

A = EnQ My, + Iy ® (T = leo) v Ao = [Cy(N) ® 11t (N)] ® (hey,);

Ago = [Cran(D@rv(DI®(S°B), An = An;

_ |y @B 0| - |IyeT® 0 Iy® (M) 0
A0: 9A2: ) 0= s
0 0 0 0 0 0
1y & (T98) 0
i o= N®(T°B)
0 0
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3. Steady State Analysis

3.1. Stability condition.
Let A = Ay + A1 + A, and 7 be the steady state vector of A. That is x satisfies the

equations
A =0 and 3.1

me=1. (3.2)
Partitioning o as & = (g, my), equation (3.1) gives

o [EN &My, + Iy (T + T%’)] +mAp =0 (3.3)
moAg +mMA = 0. (34)

From equation (3.4), 1 = —meAn 4]

Substituting in equation (3.3), we get
7o | Ex @ My, + Iy & (T + T°B)| — moAn1 A7 A = 0 (3.5)
We notice that Ajy = (—A11€)(rv(1) ® 8) and therefore —A A1y = e(ry(1) ® B)
—Ag1Aj A = (Cy(N) ® hew,) (rv(1) ® ). (3.6)
Thus equation (3.5) reduce to
o [EN & My, + (Cy(N) @ 1y (1)) ® (he ) + Iy @ (T + T%)] =0. (3.7

Further partitioning 7rg = (7,9, 701, - - . » o, N—1), €quation (3.7) give rise to the follow-

ing set equations

700 (T + T°B = My, ) + Ton-1hems = 0 (3.8)
7o Moy + 70551 (T + T = My,) =0,0< i SN - 1. (3.9)

Postmultiply both sides of equation (3.8) and (3.9) by the column vector e, we get

700 (T +T°B = My, + hewgf) = 0 (3.10)

o8 = 7o i+1€, O0<i<N-1. (311)
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And this gives
Moo = an (3.12)
where 7 is the steady state vector of the generator matrix 7 + T°8 — AL, + Ae,8 and

‘a’ 1s a constant.

Now equation (3.9) gives
m0; = (~1Yakin (T + T8~ Myp,) 0 <i<N-1. (3.13)

Equation (3.13) determines the vector mry up to the multiplicative constant.
It follows from equations (3.11) and (3.13) that
mApe = Xﬂo e
=\a

N—
i=

N
1

ﬂAze = Z 7T0,L'T0
0

N-1 ;
—a Z(—l)ikin (T +T% = My,) ' T°.

i=0

Here mApe < mA,e becomes
! _i
Nh< > (1N (T +T°B - My,) T°.
i=0

This leads to the following theorem for the stability of the system.

Theorem 3.1. The Markov chain {X(¢)} is stable if and only if
N 3
NA < Z(—l)iw’n (T +T°%8=My,) T°.
i=0

3.2. Steady State Vector.

The steady state vector x is partitioned as X = (X, X1, X2, . . .) satisfies the equations

XOA-l T )C1Au2 =0
X()ZO + X141 + 24, =0

XiAg + Xi1A1 + X040 = 0,i > 1.
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Matrix theoretic approach (See Neuts [5]) gives
=R izl (3.14)
where R is the minimal non negative solution of the matrix quadratic equation
R*A, + RA; +A4,=0. (3.15)

It then follows that
¥ = —%oAgld; + RAs)™ (3.16)

and that x, satisfies the system of equations
Xo (Z] = X() (A] + R142)_l Ez) =0 (317)
From the structure of the matrix Ao, it follows that the R matrix has the form

R, R
Bal[™ &F (3.18)

0 0

where R is a square matrix of order Nmgy and R, is a matrix of order NmoX(n—k+1)m;.

P R} RR,

0 O

Equation (3.15) then reduces to the following equations

R (Iy ® T°B) + RiAgy + RyArg + Iy ® My, = 0 (3.19)
RiAg + R)A = 0 (320)
Equation (3.20) gives Ry, = —R1Aq A7} (3.21)

which when substituted in Equation (3.19) gives

R% (IN &® Toﬁ) + R1A00 = R1A01A111A10 + XINmo =0

e B (Iy®TB) + Ry (Ao — AnAfiAro) + Mymy = O.
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Using equation (3.6), the above equation can be rewritten as
R (Iy ® T°B) + Ry [Ago + (Cy(N) @ ry(1)) ® (hegf)] + Moy, = 0. (3.22)

Solving equation (3.22), we get Ry and hence the steady state vector of {X(¢)). For
Solving equation (3.22) we use Logarithmic reduction algorithm (refer Latouche and

Ramaswami [6]).

4. A Special Case

We now concentrate on a special case of the problem discussed in Section 2 where
the service time distributions of main and external customers follow exponential dis-
tributions with parameters p and p respectively. As expected, this resulted in arriving
at explicit expression for the stability condition, steady state distribution and several
performance measures.

4.1. The Markov Chain Model.
With X;(#), X5 (¢) and X3(¢) having same definition as in section 2, 6% ) = (X100, X% (1), X5(0)
is a continuous time Markov chain on the state space

{0,200 p < N-TJTU{(ji, L1 200 p<n—-k+1}

Arranging the states lexicographically and then partitioning the state space into levels
i, where each level i corresponds to the collection of states with number of external
customers in the system including the one getting service (if any) at time ¢ as i. We get

the infinitesimal generator of the above chain as

Fin Fo

F, F, Fy
= F, F, F, @.1)

The entries of the matrix are described below.
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The transition from level i to level i + 1 is represented by the matrix

Fy = My Onscn—r+1
Op—rstyn O yxnak+1)

The transition from level i to level i — 1 is represented by the matrix

F2 s ﬁlN ONankJrl

Opr—rryxn O+ 1ys(n—t+1)

The transition within level O to level O is represented by the matrix

Bi B>
Fio=

B; B,
where B, =MEN — XIN;

B, is a N x (n—k + 1) matrix whose (N, N) entry is A and all other entries are zeroes.

Bsyis a (n—k + 1) x N matrix whose (1, 1) entry is i and all other entries are zeroes.
By = )‘«En—lﬁ-l +/1E,;_k+1 + AC R (l’l —-k+ 1) ® rn_k+1(n -k+ 1)
The transitions within level , i > 1, is represented by matrix

F = D, B

Bs; B,
where D; = AEy — (Z + 11y
4.2. Steady State Analysis. First we derive the condition for stability of the system.

4.2.1. Stability condition.

Consider the generator matrix

H H
F=Fy+F +F, = , Where H1:)\.EN.

H; B,
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H,is a N X (n — k + 1) matrix whose (N, N)" entry is A and all other entries are
Zeroes.
Hsis a (n—k + 1) x N matrix whose (1, 1) entry is x and all other entries are zeroes.
The stationary probablhty vector ﬁ = (%(0,0),%(0)1), L ,?(’(0,1\1_1),7'('(1,1), e ,Ff(l,m wikk o
T1n-k+1)) Of the generator matrix A satisfies the equations ITF = 0 and ITe = 1.

[F =0 gives the following equations

oy =01 <i<N-1 and
i .
aimon, Wherea; =Y A/u),i=1,2,...N
=1

s =
Ty =

BiFoe, Wherefi= 3 (i i=N+1,..n—k+1
J=1-N+1

The normalizing condition Ile = 1 gives 7, = ooy Where

N-2 _ 3 N-2 n—k+1-N _ 4 n—k+1-N
(n AN-2), Ve A A )

d
(= Pu" pESE- |

=N+

=W - - DWY) (2 - 02)
B T

v

Thus we arrive at the following
Theorem 4.1. The process (X(),t>0}is positive recurrent if and only if . < Ji.

Proof. Tt is well known (see Neuts [5]) that the Markov chain with infinitesimal gen-
erator Q is stable if and only if 7Fye < 7Fse, that is if and only if the left drift rate
exceeds that to the right.

We have nFye = NX}?(O,O) and 7F,e = Num( ). Thus (X(®),t > 0} is positive recurrent
if and only if A < Ji. O

4.2.2. Steady State Distribution.

Here using the steady state vector I1 of the generator matrix ¥, we proceed construct
the steady state vector X = (X(0), X(1), X(2), ...) of the Markov chain {X(¢), # > 0} by
defining, X =7 (%)L I1, for i > 0, where 77 1s a positive constant to be found out.
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First we will prove that X satisfies the equation X0 = 0. For this, notice that we can

decompose the infinitesimal generator matrix Q as Q = §1 + ég, where

F

F
§1= F and
'—Fo Fy
F, F1 F
QZZ F, Fi Fy s

where each entry is a square matrix of order N +# — &k + 1 listed as:

7 _|TAAP Onngn

1=
Opitr1y Ok yxi—te1)

Since I1F = 0 and 5(—(1') =n (IZ;)L I1, we have
X0, =0. 4.2)
Now,

X0, = [X(O)(=Fo) + X(1)F2, XO)Fy + X()F; + XQ2)F2, X(DFy + X()F; + XB)Fy,---|.

2 - o
Fy=Fo + i F_1+in
T T

Notice that (~F) + LF; = 0 and

o e

=i >

73



Krishnamoorthy A., Sathian M.K., Viswanath C. Narayanan RT&A, No2 (41)
RELIABILITY OF A k-OUT-OF-n SYSTEM WITH REPAIR Volume 11, June 2016

which leads us to X(0)(—=Fp) + X(1)F> = 0 and

XOFy + X+ DF +X(i + DF, = (%] X(0)

F0+§F1 +(§] F2
T T

=0, =0,1528,

Hence
X0, = 0. 4.3)
From (4.2) and (4.3), we have X0; + X0, = 0, which implies that X0 = 0.

Finally, Xe = 1 gives the unknown constant 5 = @%X)

Hence, ¥ = (%00, %1}, Xi2) =), where i) = (/%i)(%)ﬁ is the steady state

vector for the matrix é and we have the following theorem;

Theorem 4.2. Let 11 = (77(0’0),7’1"(0,1), S ,;T‘(O,N_D,?TI(LD, S ,%(1’1\/), w '?T‘(l,n—k-#l)) be the

steady state vector for the matrix F, where

oy =Too 1 <i<N-1 and

i .
ai;'(_‘(o,o), with a; = ZO\.//J)j,I = 1.2, 0ns N
Ty = =

ﬁi;(0,0)s for,Biz Z (K/y)j,i=N+l,...n—k+l

j=1-N+1

Further 7wy, = <D+w’ where

N-2 _ 4N-2 n—k+1-N _ 3 n—k+1-N
(,u " )}\{N+k(ﬂ " )} and

=N
P e (u — My RN ()

('u _ ;\‘) (HNfl _ (N _ l)kN) 2 ?"ﬂ (IUN*Z _ )\‘N72)
v =) |
Then X = (X(0), X(1), X(2) - -), where X(i) = (1 - %) (%)l Il is the steady state proba-
bility vector for the Markov chain {(X(),t > 0.
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4.3. Performance Measures.

Here we derive certain important performance measures of the system under study.

4.3.1. Busy period of the server with the failed components of the main system.

The busy period of the server with failed components starts the instant when N
failed components accumulate and it ends when no failed components are left in the
system. Let Ty (i), for i > 0, denote the server busy period with failed components,
which starts with i external customers in the system. Note that, the number of external
customers does not affect the busy period of the server with the failed components.
Hence, Ty(i) = Ty, for i > 0. For analyzing the time Ty, we consider the Markov
chain {Y(#)} with state space {0,1,2,....N,N + 1,...,n — k + 1} and infinitesimal

generator given by:

0 0
By = , Where

—ENe EN
By = AEy i1 + pE, 1.

Note that ¥ (¢) denotes the number of failed components of the main system and Y (¢) =
0 is considered as an absorbing state; so that the busy period Ty is the time until
absorption in the Markov chain {Y(#)}, assuming that it starts at the state N. Hence,
the busy period 7T has a phase type distribution with representation (w, By), where
the probability vector w = (0,...,0,1,0,...,0), with 1 appearing in the N position.
The expected value of Ty is therefore given by ETy = —w(B,!)e where e is a column
vector with 7 — k + 1 elements all equal to 1. Now for finding E7y, let us partition the
column vector (E;,l)e as (t1,%2, ..., t,+1) . Then the identity EN(ER,l)e = e leads us

to the following equations:
—0\. +,u)t1 +ht =1
Mt — 0\4+/£)Il'+)\l,;+1 =1, for2<i<n-—-k

My — Pty = L
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The above equations give

n—k—i

l‘i—tm=I%Zj=0(?w/u)j,1£iSn—k

n—k

1 .
b~y =— @ng — M = ZO‘/}‘)J
Hence
1 n—k—N+1 n—k
ETy =—ty =~ {N D+ Y m—k+1- j)(?»/u)’) 4.4
i j=0 jEn—k—N+2

The expected value of the busy period of the server with failed components, which
starts with an arbitrary number of external customers is given by

[oe]

Ep= ETNZEE(jl,O,N— D

J1=0
1 1 n—k—N+1 n—k
= — |7 Wy + (n—k+1- HOjuy J 4.5)

We sum up the above results in

Theorem 4.3. The busy period of the server with the repair of the components of the k-
out-of-n system has phase type distribution with representation (w, EN). The expected

length of the busy period is given by (4.5).

4.3.2. Expected number of pre-emptions of an external customer who is taken for
service.

Consider the Markov process X,(t) = (N,(1), J(t)), where N,(¢) is the number of
pre-emptions occurred upto time ¢ (measured from the time he is taken for service) of
a particular external customer who is taken for service and J(¢) is the number of failed

components of the main system. Then X,,(¢) has the state space

o[ =012,...,0< h <N -1}u{a)
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where A is an absorbing state which denotes the service completion of the external

customer. The infinitesimal generator of this process is

(0 0 0 o
0 T A ©

B= ™ o F A s o +++|, where TozﬁeN
™ @ @ F A

T = MEy —zly

and A, is an N X N matrix whose (N, DM entry is A.

If py, 1s the probability for k£ pre-emptions of an external customer who starts service
. N—i

with i failed components, then p,, = (—T‘lTo) =1- (W) ,0<i<N-1andfor

k>1,

= (TR (TT),

13

(e )
(e )

Expected number of pre-emptions of an external customer, starting service with i failed

S -l ) ()

4.3.3. Expected waiting time of an external customer.

components
-1

For computing the expected waiting time of an external customer who joins as
the #" customer in the queue of external customers, we consider the Markov process
X, () = (J1(0), S (@), J»(1)), where J,(¢) is the rank of the external customer, S(z) = 0
if the server is busy with external customers and S () = 1 if the server is busy with

a main customer. J,(¢) is the number of main customers in the system. The rank
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J1(¢) of an external customer is assumed to be ‘/’ if it finds [ — 1 external customers
ahead of it. The rank of an external customer may decrease by 1 if an external cus-
tomer ahead of it leaves the system after completing the service. Now consider the
Markoov process X,,(¢) for a tagged external customer who finds / — 1 external cus-
tomers ahead of it while joining the system. The state space for this process is given
by {x}U{{1,2,...,0x {0} x{0,1,..., N-1}U {1} x{1,2,...,n— k + 1})}, where = is

an absorbing state, which denotes the service completion of the tagged customer. The

infinitesimal generator Q,, of this process is Q,, = , where
w) W,
W11
W Wi
W= Wiz W13
Wa Wi

with W1i:F1+F0;1SiSl
W2L=F2,1S1Sl

=C(De (Fe)

The waiting time of the tagged customer is the time until absorption in the Markov
process X,,(9). Let E&,) (1) denote the expected waiting time of a tagged customer who
joins the system with rank /, who finds ‘i’ failed components. Defining the row vector
0,280, = 1D @ 7ynis1(i+1),0<i < N—1. Then E0() = —-6;W;'e,0 <i < N - 1.
Let Ew(l) be the N x 1 column matrix whose (i, 1) entry is Eﬁ,‘l)(l). Taking the
probability that an external customer see i external customers, j failed components

%

7= 7
and server busy with external customers on its arrival as (1 - %) (ﬁ) @%w, the expected

waiting time of an arbitrary external customers is given by

Bl g

i=0
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4.4, Other Performance measures.

(1) Fraction of time the system is down is given by,

0o )\‘n—k+2—N ('uN _ ;\’N)
Poason = x(ji,L,n—k+1) = g
’ ,Zo b )= G DG — W)

(2) System reliability defined as the probability that at least £ components are opera-

tional ¥ —k+2—N(,uN }\’N)

Prelzl_Pownzl_ .
’ HF G = 1)@ = W)

(3) Average number of external units waiting in the queue is given by,

co n—k+1 o N-1
Np= D D) Xaaw+ ) ,01= DD Xgiom
J1=0 j3=1 J1=2 J=1

I
>

=)
a-r He-w
(4) Average number of failed components of the main system,

N-1 co n—k+1 5]
Nrar = ), Js (Z X(jl,o.mJ B Xm,us)]

j3=0 j1=0 J3=0 Jj1=0

B NN-1) ¥ (d Y oA -y
- (cp—w){ 2 *Z‘[ZW")JJ ! m(z e

=1 \j=1 =N
(5) Average number of failed components waiting when the server is busy with exter-
nal customers

N-1 00
= Z J3 LZ x(n,o,js)]

J3=0 1=1
_ NN - D)
2u(p —v)
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(6) Expected number of external customers joining the system,

co (N-1
05=2) LZ X(jl,o,js)]
J1=0 \jz=0
A
@-v)

(7) Expected number of external customers, on arrival, getting service directly

=N

J3=0
@-2
=N
(p—v)

(8) Fraction of time the server is busy with external customers,
o (N-1 e
N
Poxbusy = Yoo = =/
ex.busy jlz=1 (j;) (j1 13)] M((P _ W)

(9) Probability that the server is found idle,

N-1

FE=H)
Py, = E X000,y = Ne———.
idl = (0,0, 73) H(CP i W)
(10) Probability that the server is found busy,
)

B i T = B = - W .
— - (e —w)

(11) Expected loss rate of external customers,

B o [(n—k+1 — N
9, = ;\Z[Z x(jl,l,jS)) = }”(1 B (p— W)).

J1=0\ jz=1

(12) Expected service completion rate of external customers,

co N-1
Z Z X(j1,0.43)
J1=0 j3=0
_ Nu
R

05 =

=I
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(13) Expected number of external customers in the system when the server is busy with

external customers

N—

o 1 o~
; N
b6 = Z J1 [Z x(jl,O.m] =
J1=0 3=0

@ == w)
4.5. Another Special case. Next we consider second special case of the problem
discussed in section 4.1, where we take N = 1; that is the case where no special policy
has been applied for providing service to external customers. Notice that in this case,
at most importance is given to the failed components and an external customer can get
service only when there are no failed components in the system. Further, an ongoing
external customer’s service may be pre-empted if a component of the system fails
during the service of the former. Since in this case, knowing the number of external as
well as the failed components is enough for determining the server status, the Markov
chain becomes )?(t) = (X1(0), X3(1)), with state space S = {( J1. i =2 0,0 < jp <

n —k + 1} and infinitesimal generator

Ap Ay

A, Al Ag
Q= A2 A] AO ,Where

Ay = MBy_pys + NCppi2(n =k +2) @ Tz — k +2)
+HE) g + = Dy pia (D ® 1y gaa (1);

Agisa (n—k +2)x(n—k+2) matrix whose (1, 1) entry is 2 and all other entries are
zeroes;
Xg isa(n—k+2)x (n—k+2) matrix whose (1,1) entry is iz and all other entries are
zeroes;

A1 = Ago — BCr 112(1) ® 7_pi2(1).
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LetA = XO +Z1 +X2; then
A = My 442 + ANy iz =k +2) @ (0 =k +2) + By 32 + UCr_pi2(1) ® T iesa(1)

The stationary probability vector ﬁ = (7?(0,0),?(0,1), e '?(O.N—l)’?(l.D’ 55 ';F(l,N)S ey
o . B g o B .

Tn-x+1)) Of the generator matrix A is given by 7y ; = (%) Toopi=12,...n—-k+1,
where

_ R (=)

o0 = W
Here again, from the condition TAge < TAse, it can be easily verified that the necessary
and sufficient condition for the stability of the Markov chain 4 () is A < A
Applying the same technique as in section 4.2.2, we can easily prove that the vector
X = (X(0).X(1).X@),...). with X@) = (1- 1) (%)ﬁ is the steady state probability
vector for the matrix Q.

Performance Measures for the case N =1

(1) Fraction of time the system is down,

& i ;\‘n—k+l (/l — }\‘)
Paown = J;)x(]la La—k+1) = om ey
(2) System reliability,
co . y (ﬂn—k+1 _ ;\‘n—k+l)
Poy=1— By, =1~ Zx(.]h Ln-k+1)= ([J”_k+2 _}\‘n—k+2) 4
71=0

(3) Average number of customers waiting in the queue,

o0 o0 n—k+1
Ny= ) Xgon+ )t { Zi (. 1, js)}

Fi=2 j1=0 Bl

__ B p -
= - AT e

(4) Average number of failed components,

(XJQ ) (1 - ;\HH)}

/:1 R — 1)
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n—k+1 o]
}bunkarZ
Nt = Z J3 [/Z X(jl,l,js)] = (1 — M) (2 — pnkez)”
=1 \j=0

(5) Expected number of external customers joining the system in unit time,

_ &= X/ln_k+l(/l s }\‘)
6; = }‘Z X(j1.00) = (2 — pke2)’

J1=0

(6) Expected number of external customers, on arrival, getting service directly

= [X(0,0,0)

_ @ -n
ik (/ln—k+2 _kn—k+2) '

(7) Fraction of time the server is busy with external customers,

[ee)

Poybusy = Z X(j1,0,0
J1=0
~ Xun—kﬂ(u -
- (k2 — k2’

(8) Probability that the server is idle,

E=N_ -

Puie = Xoop = "2 G pn _ pkozy

(9) Probability that the server is found busy,

@E=B) -
/_l (un—k+2 o kn—k+2)'

Pbusyzl_Pidlezl_
(10) Expected loss rate of external customers,

co (n—k+1 n—k+1 n—k+1
- — (/1 — A )
oy = ?‘Z [ Z x(jbld‘s)) = A (2 = Ja-Ray
j1=0

Jo=1

(11) Expected service completion rate of external customers,

B oo _ Iun—k+1(ﬂ e 7\’)
05 =M Z X(j1.000 = K n—k+2 n—k+2)"
J1=0 (H == )
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(12) Expected number of external customers in the system when the server is busy with
external customers

o) . - Mn7k+l(ﬂ _ }\‘)
O¢ = Z J1X(j00) = A k42 n—k+2\"
=0 (% = 27)

5. Numerical illustrations

Here, we perform a numerical study on the effect of the N-policy on the system
performance. Unless otherwise stated, the parameter values for the numerical study
are the following: A = 3.2, u = 5.5, 71 = 8.

5.1. Effect of the N-policy on the probability that server is busy with external
customers.

While studying a k-out-of-n system, where the server provides service to exter-
nal customers also, the main purpose of N-policy is to provide improved attention to
external customers for optimizing the system revenue. According to the N-policy con-
sidered here, the moment the number of failed components of the main system reaches
N, the external customer’s service (‘if there is any’) is pre-empted to attend the failed
components. Hence, an increase in the value of N will extend the time during which
external customers can get service and so it is expected that the probability that the
server is busy with external customers increases with an increase in the value of V.
The column wise increase in Table 1 supports this intuition. The high service rate for
the external customers, as compared to their arrival rate can be considered as the rea-
son for the slow increase in the above probability. The row wise decrease in Table 1
points to the decrease in the probability that the server is busy with external customers
with an increase in the total number of components in the system. We have the follow-
ing reasoning for this behavior: With an increase in the total number of components
1 in the system, there can be more number of failed components in the system for a
fixed N, which leads to an increase in the probability that the server is attending failed
components, resulting in a decrease in the probability P, ;.. A closer scrutiny of
Table 1 shows that, by increasing the policy level N with an increase in the number of

components #, the same value for the fraction P, .5 can be achieved as that when

84



Krishnamoorthy A., Sathian M.K., Viswanath C. Narayanan
RELIABILITY OF A k-OUT-OF-n SYSTEM WITH REPAIR

RT&A, No2 (41)
Volume 11, June 2016

TapLE 1. Dependence of the probability Py jusy on the N¥-policy level

n=45
0.10910
0.10910
0.10912
0.10914
0.10915
0.10922
0.10925
0.10929
0.10952
0.11002
0.11118
0.11185
0.11275
0.11397
0.11562

n=>50

0.10909
0.10910
0.10910
0.10910
0.10910
0.10912
0.10912
0.10913
0.10918
0.10928
0.10952
0.10965
0.10982
0.11006
0.11037
0.11078
0.11134
0.11209
0.11310
0.11448
0.11638

n=>55

0.10909
0.1090%
0.1090%
0.1090%
0.1090%
0.10910
0.10910
0.10910
0.10911
0.10913
0.10918
0.10921
0.10925
0.10929
0.10935
0.10944
0.10955
0.10970
0.1098%
0.11016
0.11051

n =60
0.1090%
0.1090%
0.1090%
0.1090%
0.10909
0.10%90%
0.1090%
0.10910
0.10910
0.10910
0.10911
0.10912
0.10913
0.10914
0.10915
0.10917
0.1091%
0.10922
0.10926
0.10932
0.1093%
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n has a lesser value. For example, when n = 45 and N = 7, P, 45, = 0.10915 and
Poxpusy = 0.10909, when n = 60 with the same N. Now with n = 60 and when N is
increased to 25, we see that P, 4,5, = 0.10915. This suggests that, when n increases,
the N-policy level can be adjusted in favor of the external customers, which was our
objective while introducing the & policy. However, when N increases, it is probable
that the server spends more time for failed components, once he starts attending them,
which leads to a loss of the external customers who finds the server busy with internal
customers. In Table 1, one can see that the probability P,, ;. has a lesser value when
n = 60, N = 30 than in the case when n = 45, N = 15, which points to the loss
of external customers. Another challenge here is that, while increasing the N-policy

level, the system reliability is not affected significantly.

5.2. Effect of the N-policy on the system reliability.

In the previous section, we discussed how N-policy helps in longer duration of
attention to external customers and the challenge there is the possibility of a decrease
in the system reliability. Here we discuss how the N-policy level affects the system
reliability P,.;. We study two cases with % < 1 and % > 1 respectively, results of
which are given in Table 2(a) and (b) respectively. While studying the impact of the
N-policy on the system reliability, a decrease in P,; is expected with an increase in
value of N. Hence, the purpose of the Tables 2(a) and (b) is to show the magnitude of
this impact. Table 2(a) shows that when % < 1, n = 45 and when N increased from 3
to 25, there is a decrease in reliability of magnitude equal to 0.02. As the total number
of components # increases, the magnitude of decrease in reliability reduces. This is
because, when 7 increases, k being fixed, n — k£ + 1 increases; as a result, once the
server starts attending the failed components on accumulation of & of them, he spends
more time for the failed components, which maintains a high system reliability even
when N increases. In Table 1 we have seen that as n increases, the probability P, y,s,
decreases and that increasing the N-policy level can remedy this to some extent; Table
2(a) shows that the reliability of the system is not much affected by increasing the
N-policy level. However, the magnitude of drop in the system reliability increases
with the increase in N-policy level. Table 2(b) studies the system reliability when the

failure rate of the components A is larger than their repair rate u. As expected, there
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is a drop in the system reliability compared to the case A < g. Other behaviour of the

system reliability are similar to that in Table 2(a).

TasLE 2. (a). Dependence of the system reliability on the N-policy level in the A < u

case A =4

N n=45 n =50 ni= 55 n =60 n=065

1 0.999930799 0.999985933 0.999997139 0.999999404 0.999999881
30999901652 0.999979973 0.999995947 0.999999166 0.999999821
5 0.999855518 0.999970615 0.999994040 0.999998808 0.999999762
9 0.999660194 0.999930918 0.999985933 0.999997139 0.999999404
13 0.999121249 0.999821544 0.999963701 0.999992609 0.999998510
17 0.997560024 0.999506116 0.999899626 0.999979556 0.999995828
21 0.992828071 0.998562694 0.999708474 0.999940693 0.999987960
25 0.977587163 0.995647013 0.999122441 0.999821782 0.999963760
26 0.994222760 0.998838782 0.999764323 0.999952078
29 0.986251056 0.997281969 0.999450147 0.999888241
31 0.974976659 0.995165646 0.999026358 0.999802291
34 0.984254420 0.996900022 0.999531090
35 0.978649259 0.995844364 0.999373376
38 0.989870846 0.998496175
39 0.986294508 0.979825020
40 0.981382251 0.972903130
41 0.996356070
45 0.987866700
46 0.983495116
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TasLE 2. (b): Dependence of the system reliability on the N-policy level in the A > u

case A =6

N n=45 n =50 n=>55 n =60 n=065

1 0907874525 0.911180377 0.913196325 0.914452970 0.915247083
3 0.907009840 0.910661936 0.912876606 0.914252222 0.915119767
5 0.906079888 0.910108566 0.912536800 0.914039671 0.914985061
9 0.904014528 0.908894181 0.911796451 0.913578153 0.914693415
11 0.902873158 0.908231616 0.911395609 0.913329482 0.914536774
13 0.901655436 0.907531500 0.910974264 0.913069129 0.914373279
17 0.898979187 0.906016290 0.910070777 0.912513614 0.914025128
21 0.895960152 0.904344857 0.909087002 0.911913455 0.913650930
25 0.892570674 0.902514517 0.908024848 0.911270797 0.913252294
26 0.902032018 0.907747209 0.911103785 0.913149118
29 0.900522947 0.906886399 0.910588324 0.912831187
31 0.89946568 0.906289339 0.910232842 0.912612915
34 0.905359924 0.909682870 0.912276387
35 0.905041218 0.909495234 0.912169460
38 0.908919990 0.911812007
39 0.908724248 0.911693335
40 0.908526540 0.911573648
41 0.908326924 0.911453009
45 0.910961330
46 0.910836279
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5.3. Cost analysis.

In sections 1.5.1 and 1.5.2, we have seen that by increasing N, we can provide
uninterrupted service over a long duration to more external customers and without
compromising the system reliability significantly. However, the magnitude of decrease
in the system reliability increases with N. Hence, it is worth finding whether there
exists an optimal value for the N-policy level. For this, we construct the following
cost function. Let C; be the cost per unit time incurred if the system is down; C,, the
holding cost per unit time per external customer in the queue; Cj is the cost incurred
towards set up (instantaneous) of the server to serve main customers; C4 be the cost
due to loss of an external customer, Cs, be the holding cost per unit time of one failed

component and Cg be the cost per unit idle time.
b Cs
Expected Cost per unit time = C;- Py, +Cy Ny +Cy 04 +Cs-N gy + T +Cs- Piajo.
B

Table 3 studies the variation of cost function as N varies. We study the cost function
for different failure rates of the components. In all the 4 cases studied, for the various
costs assumed, we get a concave nature for the cost curve, which gives an optimal
value for N. Table 3 shows that when A < p, the optimal values for N are 5,6 and 6
when A equal to 4, 4.5 and 5 respectively; whereas when A = 6 > 5.5 = u, we get
a much higher optimal value 18 for N. This is as expected, since when A is greater
than g, there will be a heavier traffic of failed components so that the server has to
spend more time attending the failed components. Hence, the policy level N needs to
be increased to a much higher value than in the A < g situation, for the system to earn
maximum profit. Also note that the optimal value of the cost function is much higher

in the A > u case, when compared to the opposite situation.
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TaeLE 3. Variation in the cost function n = 50, £ = 20, €y = 2000, C; = 1000,
'3 = 1600, Cy = 1000, C5 =500, C = 100

A=4
1013947
8910,199
B4 80,626
8370.844

B396.2
8500.631
8652.372
0474 .447
0930.504
10416.93

10657.6
10858.62
11139.36
11379.19
12085.88
12313.97
12536.01

[ R - R

PR ES x3akRrB

&

A=45
10023.82
5663817

9198.57
0038.382
9024.268
0092,232
9210307
9915942

103375

10769
10986.45
11203.53
11415.23
11632.57
12248.03
12441.01
12625.49

A=35
12783.28
11456.69
10981.16
10764.71

10694.5
10706.0%
10767.47
11245.17
11542.35

11849.9
12003.95
121567

12307.2
12454.51
12868.57
125094.22
13111.97

A=86
19330.75
17827.49
17095.61
16671.58
16401.28
16218.57
16090.46
15847.97
15805.31
15786.7%
15783.35

15782.6
15783.87
15786.61
15799.16
15803.64
1580779

5.4, Comparison with a t-out-»n system where no external customers are serviced.

Here we compare the model discussed above with another model where no exter-

nal customers are allowed but M-policy 1s maimtained. Notice that because of the

assumption of the preemption of service of an external customer on accumulation of

N failed components, the two systems will have the same reliability. The nature of

the steady state distribution obtamed in Theorem 4.2 further substantiates this claim.

Hence, it can be concluded that the external customers when allowed as in this study,

utilizes the server idle time without affecting the performance of the k-out-of-n sys-

tem. In Table 4, we present the results of the numerical study conducted for comparing

the increase m the server busy probability, when external customers are allowed. In
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that Table, case 1 refers to the model discussed above and case 2 stands for -out-ofn

system where no external customers are allowed. Table 4 shows that when external

customers are allowed, there is an inerease, of magnitude 0.11, in the server busy

probability.
TaeLE 4. Variation in the server busy probability
Casel h=4 Case 20 =4
N n=45 n=50 n=55 n=60 n=65 N n=45 n=50 n=55 n=60 n=65
1 O0.B3633 0.83635 083636 0.83636 0.83636 1 072722 072726 072727 072727 072727
3 0.B3632 0.B3635 0.83636 083636 0.B3636 307272 072726 072727 072727 072727
5 0.B363 0.B3635 0.83636 (0.B3636 0.B3636 S 072NT 072725 072727 072727 072727
7 0.83626 0.83634 0.83635 0.83636 0.83636 T 07271 072724 072727 072727 072727
o 0.83621 0.8B3633 0.83635 0.83635 0.83635 0 072703 072722 072726 0.72727 072727
11 0.83612 0.83631 0.83634 0.83635 083635 11 072688 072719 072726 072727 0.72727
13 0.83597 0.83627 0.83634 0.83635 0.83635 13 072663 072714 0.72725 072727 072727
15 0.83572 0.83622 0.83632 0.83635 0.83635 15 072622 072706 072723 072726 0.72727
17 0.83528 0.83613 0.83631 0.83634 083635 17 0.7255 072601 07272 072726 072727
19 0.83453 0.83598 0.83627 0.83633 0.83634 19 072425 072666 072715 072725 072727
21 0.83322 0.83572 0.83622 0.83632 0.83634 21 072206 072623 072706 0.72723 0.72726
23 0.83086 0.83526 0.83613 0.8363 0.83634 23 0.71814 072546 072691 07272 072726
0337
0.236
0.335 -t =15 —= =15
0334 = n=30 & n=5(]
0.233 — =55 e EES
0.232 + == n=60 — 1260
=55 —— =8
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6. Conclusion

Rendering service to external customers could be an effective idea for utilizing the
server idle time and thereby earning more revenue to the system. However, in the
case of a system, where a minimum number of working components is necessary for
its operation, the external service should be carefully managed so that it does not
affect the system reliability considerably. In the present paper, we have adopted N-
Policy for managing the external service. Precisely, we assume that the server starts
attending failed system components only on the accumulation of N of them. During
this idle period, he/she renders service to external customers (if there is any). This
scenario has been modeled using a continuous time Markov chain. Further, we make
the reasonable assumption that the external service is pre-empted on accumulation of
N failed components and also that the external arrivals which finds the server busy
with failed components of the main system, are blocked from entering the system.
These assumptions lead us to a product form solution the system in steady state. For
this purpose, we employed a novel matrix decomposition approach. Though we have
an explicit expression for the system reliability, due to the complex involvement of the
parameters in the same, we studied the effect of the N-policy on the system reliability,
numerically. This study reveals that by introducing the N-policy, we can maximize the
system revenue, by rendering service to external customers, maintaining high system
reliability. In future, we plan to study the effect of pre-emption on the system reliability
as well as on the product form nature of the system steady state under the N-policy.
Another extension is to allow external customers to join the system even when the

server is busy with internal customers.
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