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Abstract

We present some analytical results obtained for probability characteristics of
flow thinning with limited aftereffect. The thinning is processed according to a
given function which depends on the evolution time and on the number of
customers in the thinned flow and the number of lost customers in the original
flow. The characteristics are obtained in the form of Laplace-Stieltjes transforms
which are defined by the system of recurrence equations using the inverse
Laplace-Stieltjes transform.
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1. Introduction

Below we present some results on flow thinning . Renyi, A. [1] in 1956 proved the first theorem
on thinning of renewal flow. The customer remains in the thinned flow with constant probability
g and is lost with probability 1- g . By changing the time scale, the flow rate remains constant. Let

the thinning is performed I times with different probabilities Ujy..+,0,. Then, provided that

N—>® and O;..sq, >0, the thinned flow converges to Poisson flow. In his review of

"Random threads and theory of recovery" of the book by D. Cox and V. Smith [2],
Yu.K. Belyaev [2] investigated the preservation properties of Poisson flow in the thinning of the
original Poisson streams.

Belyaev Yu. K. [3] generalized this fact to an arbitrary stream. In the book Gnedenko B. V.
and LN. Kovalenko I. N. [4], Belyaev’s theorem was generalized to the case of non-stationary limit
flow. A. D. Solov'ev [1] in 1971 proved that asymptotically the time of the first occurrence of a rare
event in a regenerative process with appropriate normalization tends to an exponential random
variable with parameter 1. Some other results about thinned flows can be found in [8-12].

For all of these works, the aim was to produce the ultimate results in the infinite thinning
under appropriate normalization. Common for the above works was the fact that the thinning was
carried out according to rules which were not time-dependent.

The outstanding feature of this paper is that the thinning is performed according to a set
of time dependent procedures,
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2. Statement of the problem

V. Smith [6] studied the flow of customers with differently distributed intervals between the
moments of customer appearance. A. J. Khinchin [7] called these flows by flows with a limited
aftereffect. This article considers such flows with thinning. The first customer of this flow enters at
the random time having distribution F, (x). The time interval from the arrival of the first and

second customer has a distribution F,(x). The interval time between the | - 1-st customer to the

and | -st customer has a distribution Fi (X) , etc.

The thinning goes on as follows. If the customer was received at time t and the number of
received customers of the thinned flow up to this point in time is equal |- 1, and the number of
lost customersin the original flow is equal |, then the customer joins the customers of the thinned

flow with a probability of Pi—l i (t) , where the functions Pi—l +j (t) are assumed to be known, and

the time before admission of the followed customer of flow has distribution function Fi 4 (X)

Otherwise it is lost. It is necessary to find the distribution of the number of received requirements
of the thinned stream to an arbitrary point in time ,U under the condition that at t =0 the number
of acted customers of thinned flow was equal zero.

3. Problem solution

We introduce the following notation: v(t) — the number of received customers of the thinned

stream, V) (t) — the number of lost customers from the initial flow with limited aftereffect, £(t) —

time prior to t of the receipt of the following customer of the flow with limited aftereffect.
First, consider the process < (t) =(v(t), £(t)). This process will not be Markovian

random process, since its development after the time T will depend not only on v(t) and on &(t),

but and will also depend on the number of lost customers to the time t of the initial flow with
limited aftereffect. This is because lost customers shift the points in time of receiving of customers
of the thinned stream on the time axis.

Indeed, consider two consecutive time é: o and é: o *+¢. Let both times received customers
original flow with limited aftereffect has not joined the thinned stream, the probability of this
event equals (1 - PO( 950 Nna - PO( 4:0 +£)). If we consider the process £'(t) = (v(t), £(t)), the
probability of this event is equal to
(1- PO ( 5 0))?, as the shift on the time axis by the amount ¢ will not be considered because the

value £(t) it does not take into account.

Let us now consider the process £ (t) = (v(t), Vo (t) , &(t)) . This process already takes

into account the fact that the lost customers shift points in time of receipt of customers of the
thinned stream on the time axis. Therefore, the process

) =(v(), Vo (t) , £(@)) will already be a Markov random process, its development after the

time U will depend on v(t), Vy (t) and &(t), i.e. will not depend on its states before time f. We

introduce the notation

0 tX) = P(vt) =i, Vo®)= ey <x), @) =0, t,®), i=012.., j=012.....
The problem of finding the distribution of the number of received customers of the thinned

flow @; ; (t) to a fixed point in time tis placed.
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First we find the distribution of the number of received requirements of the thinned stream
together with an additional variable X to a fixed point t,ie. ?i; (t, X). At the initial time of
number customers is zero.

For desired quantities @ ; (t, X) we derive the corresponding system of differential equations. We

have the following system of difference equations
P o (t+ AL, X = At) = @5 (t,X) - (L, ALy,
00 (C+ALX— A1) = gy (63)- 0y, (AL + g5, (LAY 1Py 4 (0)F, (9, >0,
00+ ALX=A8) = 9, (6 X) — 010 (6 AY) + B40 (6 AP, ()F (%) >,
@i, (U+ AL X = AL) = ¢, (t,X) — 9, (1, AL) + ¢4, (AP, (DFL (X) +
@0 (6, AL=P, (1)) F,, (%), >0,
0, (t+ALX-A) - 9, (6X)- 0 (LA + 0y (LAY P (1) oy (0) +

;i AY) a-P L)) F (%), i>0. )

This yields the following system of differential equations for @, ; (t, X) :

0 0 0
< t,x) - <& t,x) =- & t,0),
X %,o( ) ™ (Po,o( ) ™ %,0( )

0 0 0 0 .
P P, (t,X) - « Do, j (t,Xx) =- « Do, (t’0)+& (00,j—1(t10)(1_ Po,j—1(t)) F, (x), ji>o,

§¢i,o(t1x) - 8ax @io(t,X) =- ﬁ ?,0(t,0) + ﬁ (Di—lo(t!O) P_o(t) F(X),i>o0,
ﬁ(Di,l(t, X) - 66)( (Di,l(t’ X)=- 2 (0.1(t O) + — (0. 11(t 0) —11( ) Fi+1(X)

at
+aax¢"°(t’0)(1_P ())F.+1() i>0,

¢|](t X) *¢|](t X)—'*(Dlj(to)"'*wllj(to) |1]() |+1(X)

+ " (Di,j-l(t’O) (1-Pi,j-1( ))Fi+j( X),i>0,j>1. 2)

We introduce the notation:

7(s) = Te‘“dFl(X) = 56) 719 = Te‘“dﬁ (x),i>0,

—sx—ut 0 6
d,;; (t,X)dt, @, (U) = je ‘o, (Bt 7¢,, ©0) - fe 2
0

O'—:S

?,;(u,s) =T
0

0 = w0 . .
¢, ;(,0)dt, &qoi,,-(u,O)= _([e ~ @,;(t0) B;(t)dt, i-012.., j=012,....

Then we have the following theorem:
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Theorem 1. For the Laplace-Stieltjes &i, i (U,S) of function @; i (t,X) fair following formulas
Goo(U,s) = (U=5)" (¢, (5)- ¢, () ©

(Plj (u,s) = (U= S) (- E &i,j (u,0) + g éi—l,j (u,0) &Hj ()
OX
+66x g‘b-i,jfl(uio) &Hj( ) - 66(5 ;1(U,0) &Hj(s)/ i>0,j>1

where ; (Bi, j (U,O) are determined sequentially from the following recurrent equations
X

G ~ 0 = o > 0 =
& @i,j (U10)= (0i+j (U) (& §0i71,j (U,O) +& qpi,j—l(u’o) - & @i’jfl(U,O) )=

-~ I _ut 0 T —ut 0
;.5 (U) ( ! e &coi,l,j(t,o) Py (B)dt+ ! e a—xcoi,,-,l(t,o) 1- B, @

Consistent application of recurrent equations (4) given in proof of this theorem ".
Proof. Applying to (2) transform of the Laplace-Stieltjes obtained

@0,0 (U, S)(u - S) :_66)( éo,o (U10) + é1 (S),

&O'j(U,S) (u-s)=-— (ooj(u O)+* (Poj 1( ,0) & (s)- (jx 50,1_1(11,0) &j (s), j>o
Pio(U,8) u—s)=- = (Di,o (u0) + = (ﬂi_l,o u0) ,(8), i>o0,
OX OX
70,8 @-5)=- 2 5,0 + £ 6, (10) .4(9)
OX OX

+ 2 510 (u,0) ém(s) 2 a,o (u,0) éiﬂ(s)/ i>0,
OX OX

&i,j(u1s) u-s)=- aax éi,j(uio) ;5 4(u,0) {o’iﬂ-(s)

+66x g‘b-i,jfl(u1o) &H—j( ) - ;5., 4 (u,0) &iﬂ'(s), i>0,j>1 )
Assuming in (5) Uu=s, get
Po0(U,0) -

f(PoJ(UO) 7%11( 0)(/’1()

; (),

5Hw®@@4>a

Q)\Q) ‘Sz

£ po(u0) - f@ww®@0i>a

;X@i,l( O) 88; 11(u O) ¢|+1( )"' *Q U O (p|+1(u) *(pm(u 0) ¢|+1( ) i>0.
68 ¢ ;(u0) = = (P. 4(u,0) (/)HJ( )+& ¢i,j—1(u!0) §0i+j( ) - & q)i,j—l(uio) %H-(U),
i>0,j>1. (6)

Inversing the first equation (6) we obtain the following expression
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2 90 t0)= R 7)
OX
From the second equation (6) haveat j =1
£ 50a10)=0, 1) 7.2 P25(10) 7,)= 7, (7. )~ [ F(® Poo D). 9
0

Inversing (8), we can find the unknown function (j Do (t,O) .
X

Then from the second equation (6) have at j =2

2 00200) =5, ) (2 7, U0)- [e £ 0y, (£.0) Py, (t)d), ©)
X oX 0 X

Inversing (9), we can find the unknown function 66 Do.2 (t,O) .
X

Then from the second equation (6) with arbitrary j>0,we have the following recursive sequence

completely determines (j ?o, (t,O) , namely, from the following expression
X

5 P05, (L 200 [ L0200 Ry d) o
by his conversion it is possible to find the unknown function ;( 0, (t,0).
From the third equation of (6) obtained by 1 =1
5 P80 = 260000 5. = A [ £ 010L0) Poo (00 -

7 [e™ ) Roo(Ddt. 1)
0

Inversing (11), we can find the unknown function ; ZK) (t,O) .
X
Further, from the third equation of (6) at 1 >1 have

a 0,0(u,0) = o 5H,o (u,0) ¢ (u)= ¢;(u) J‘efm 9 ?10(t0) Po(D)dt, i>1. 2
OX OX 0 OX
Reversing (12), we can find the unknown function ; ®io (t,O) , since (12) together with (11) is a
X

recurrence formula for finding ; @i o (t,O) at 1>1.
X

Let us consider the fourth equation of (6) at i >1, j =1.It can be converted to the form

g 5i,1(u!0) = &iﬂ(u) (E 5i71,1(u10) + g &i,o (U’O) - E 5i,0 (U,O) ) = éiﬂ(u) X
OX OX OX OX
(J.e_ut — ¢i—1,1(t10) Pifl,l (t)dt + &i (U) J.e_”t a2 D10 (t,0) Pi—l,O (t)dt -
0 oX 0 oX

AN ; i0(t0) Po(®)dt), i >0, j=1. (13)
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Reversing (13), we can find the unknown function ; ®i1 (t,O) , since (13) together with (12) is a
X

recurrence formula for finding 68 ®iq (t,O) ati>1, j=1.
X

Let us consider the last fifth of equation (6) at i>1, j > 1. It can be transform to the form

0 = ~ 0 = o ~ 0 =
" i (u,0) = Disj (u) (& ®,1;(U,0) +& (pi,j—l(u’o) "X ¢,;4U,0))=
-~ < —ut a T —ut a
¢ () ( ! e = Piyy (t.0) Py (D)dt+ ! e = Pij (t0) - P L)t s
Equation (14) is a recurrence relation expressed 68 o; j (U,O) through ; (ZR) j (t,O) and
X X

86 i ja (t,O) . The beginning of this recurrence relation initiated by formulas (12) together with
X

(11) and formulas (13) together with (12).
Thus, the expression for ;(Di' j(U,O) it is possible to obtain by the above method.
X

Substituting these expressions into the formula (5), we can obtain expressions for the desired
quantities @i, i (u,s).
Corollary 1. "For the Laplace-Stieltjes éi’ j (U) function @; (t) fair following formulas
Poo(U) = ut(1- 3, (W), (15)
6 (W)= U=9)" ¢ 26,00+ 2 5,0 G, (5)
@i \U) = - —¢;U0) + — ¢ ,,;u0) ¢,
X X
0= ~ 0 = ~ . .
e ,;1U.0) 9 (s) - P~ ?,;1(U,0) @, (8),i>0,j>1,

where 88 éi, j (U,O) consistently determined from recurrent equations (4).”
X

4. Special case

We now turn to the consideration of the problem of thinning of the flow, when the probability of
thinning of this thread P,J (t) not time-dependent, and depend only on the received number of

customers thinned flow and the number of lost customers of the initial flow, i.e. have the form

Pi j- This gives the following results. Function 9 &i i (u,0) takes the form
, ox b

a : = I —ut a - .. a ~. . 1 — 1 —
&(o”(u,O)— P _([e ~ @.;(£0) dt = P, &(p,,J(U,O), i=012,.., j=012,...

Theorem 1 transforms into theorem 2, which has the following form.

Theorem 2. "For the Laplace-Stieltjes éi’ j (U, 3) function @ ; (t, X) fair following formulas
~ 1~ ~
P00 (U,8) = (U=5)" (¢, (5)- ¢, (u)), (16)

éi,j (u,s) = (u _S)il (- aax @i,j (u,0) + ém‘ (S)(Pi—l,j 68)( éi—l,j (u,0)
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+(1- P,nfco.,_l(uo))) i>0,j>1.

where 88 éiy j (U,0) are determined sequentially from the following recurrent formulas
X

£ 650)= 5y 0) Ry £ 61y 00) +1-R 1) £ 6,15 (00))
nd < 30 (U0)= 5.y, < §2,(10) = (U) (- Poo),
2 5, u0)-5,0)a- 2 DERL00-5@]] Al 51
010(U0) = 9 (U) Py,
2 600 - p,0) Rl,og;qzil,o(uo (p(u)n AU Py, i>17

Here are a few of the subsequent formulas. Have

(jx @1,1 (u,0)-= @, (u) ( P0,1g 50,1 (u0) +q- PlO) 6ax 51,0 (u,0))=

@, () (pl( )(P01 1- P00)+(1- PlO) Po,o)r
68x @2,1(“10) = (03 (u)(Pl,l* (01,1(“10) +(1- Pz,o) 9 (-52,0 (u0))=

&3(u)(P11 (@, (u) (01() 01(1 Poo) +(1- Plo) Poo)+
(1- I:)20 (Pl(U)H ¢| P10),

a &1,2(“10) = ¢3 (u) ¢ Po,z — (00,2(U’0) +(1-Py) 9 @1,1(11’0) )=
OX OX OX

-~ 2 —~
03 (U) Po2 7. (u) H o (U)@- Poia) +

(- Py) @, 0 U)(Py a-Pog)+- Po) Pyo)).

17)

Thus, in the article, obtained some analytical results for probability characteristics of a
thinning of the flow with different-distributed intervals between the moments of customers
entrance (flow with limited aftereffect). The thinning is processed according to a given function
which depends on evolution time and on the number customers of the thinned flow and the
number of lost customers in theoriginal flow. The characteristics are obtained in the form of
Laplace-Stieltjes transforms which are defined by the system of recurrence equations with using

inversion of Laplace-Stieltjes transforms.
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