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Abstract

The present paper deals with two non-identical units A and B, both are in
operative mode. If the unit A fails then it is taken up for preparation of repair
before entering into repair mode and the unit-B gives a signal for repair
before going into failure mode. If the unit gets repaired then it becomes
operative otherwise it is replaced by the new one. A single repairman is
always available with the system to repair the failed units and the priority in
repair is always given to the unit-A. The failure time distributions of both
the units are taken as exponential and the repair time distributions are taken
as general. Using regenerative point technique the various characteristics
of the system effectiveness have been obtained such as Transition
Probabilities and Mean Sojourn times, Mean time to system failure (MTSF),
Availability of the system, Busy Period of repairman, Expected number of
Replacement, Expected profit incurred.

Keyword: Preparation, Signal, Repair and Replacement.

1.1 INTRODUCTION

Several researchers have considered and studied numerous reliability system models
having identical units. In view of their growing use in modern technology the study of
reliability characteristics of different stochastic models have attracted the attention of the
researchers in the field of reliability theory and system engineering. To help system
designers and operational managers, various researchers including [1,2,3] in the field of
reliability theory have analysed two unit system models with two types of repairs,
replacement policy, signal concept etc. They obtained various economic measures of
system effectiveness by using regenerative point technique. The common assumption
which is taken in most of these models is that a single repairman is always available with
the system to repair the failed unit and after the repair the unit becomes as good as new.
But in many practical situations, it is not possible that a single repairman perform the whole
process of repair particularly in case of complicated unit/machine. Goel [1] analyzed that
the multi standby, multi failure mode system model with repair and replacement policy
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and there are various authors who have carried out study on repair and replacement
policies.

In the present paper, we study a two non-identical units system model. The units are
named as A and B and are taken to be in operative mode. If the unit A fails then goes for
preparation for repair before entering into repair. Unit-B while in operation gives a signal
for its repair before going in to failure mode and if it gets repaired it starts its functioning
in usual manner otherwise it is replaced by the new one. A single repairman is always
available with the system to repair the failed units and the priority in repair is always given
to the unit-A The failure time distributions of both the units are taken as exponential and
the repair time distribution is taken as general. All random variable are statistically
independent.

Using semi- Markov process and regenerative point technique the expressions for the
following important performance measures of the system have been derived in steady state
Transition Probabilities and mean Sojourn times.

Mean time to system failure (MTSF).

Availability of the system.

Busy period of repairman.

Expected number of replacement of the unit.

Net expected profit earned by the system during the interval (0,t) and in steady
state.

AN e

1.2 MODEL DESCRIPTION AND ASSUMPTIONS

1. The system comprises of two non-identical units A and B initially both are in operative
mode.

2. Upon the failure of unit A, it will go for preparation for repair before taken up for
repair.

3. Unit-B while in operation gives a signal for its repair before going in to failure mode
and if it is not repaired in a stipulated time it is replaced by the new one.

4. A single repairman is always available with the system to repair and replace the failed
units and the priority in repair is always given to the unit A over unit B

5. The failures of the units are independent and the failure time distributions of the units
are taken as Exponential.

6. The repair time distributions of the units are taken as general.

1.3 NOTATIONS AND STATES OF THE SYSTEM

We define the following symbols for generating the various states of the system.
A10,B2o : Unit A and unit B are in operative mode.
A/ Aip : Unit A under repair/ preparation for repair.
B,sr/ Basrw ¢ Unit Bin operative mode and gives signal for repair/waiting
of signal for repair.
Byr/ Barw ¢ Unit B under repair/waiting for repair.
B,r/Borw : Unit B under replacement/waiting for replacement
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b) NOTATIONS:

E Set of regenerative states = {Sy, S, S3, S3,S4,Ss, Se, Sg}
E Set of non — regenerative states = {S,,So,S1¢,511}
oy : Failure rate of unit — A

oy : Repair rate of unit — B

B1 : Parameter for signal

B, : Repair rate of unit — A

B3 : Repalcement rate of unit — B

H; : cdf of repair time of unit — B

H, : cdf of repair time of unit — A

G, : cdf of replacement time of unit — B

TRANSITION DIAGRAM

A1 r Ber

B2

Atp Barw

B2

A1r BZRW

O : Operative State I:l : Down-State X: Non-Regenerative

1.4 TRANSITION PROBABLITIES

Let X,, denotes the state visited at epoch T,+ just after the transition at T,,, where Ty, T ....
represents the regenerative epochs, then{X,, T,} constitute a Markov-Renewal process with
state space E and

Qij(t) = P[Xn+1 =j. Tn+1 - Tn < tIXn = i]

is the semi Markov kernel over E.
Then the transition probability matrix of the embedded Markov chain is
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P = p;; = Qjj(e0) = Q()

We obtain the following direct steady-state transition probabilities:

a
= “(+Bugy = — 1
Por =% f ¢ ! (o +By1)
Similarly,
Poz = —1h— Pr3 = 2 P20 = Hi(oy +ay)
2 (B BT (BB’ 207 T
P2s = a1 - Hilog +ay)], P2s = oo [1— Hilaz + ay)]
P30 = H;(Bﬂ Pas =7 +ZB ’ Pso = H;(Oh + B3)
2 2
Ps7 =7 +B ——[1 - Hi(as + B3)], Pss = 5o [1—Hi(oy + B3)]
Pe2 = H3(ap), Pso = Gi(ay), Pgi0=1— Gi(oy)

P79 = Pos = P1o,11 = P11,8 = 1
The indirect transition probability may be obtained as follows:

g‘? = &j e~ (B2+az)v _ o=(B2+B1Ivqy
(B1 — az)
_ B1B2
~ Bzt az)(Bz +By)
Similarly,
p%n 14+ Baaty _ B1B2
By — 0‘2)(*32 +B1) . (B2 — ax)(B2 + az)
S R R pSY = B [H5 (o) — H3 (By)]
p%) = ﬁ pg? =1- 2(0(2)
It can be easily verified that
Po1 + Poz =1, p13z t+ p197) + p(4) =1, P20+ P2sa + P25 =1
P30+ Pse” + p(6) =1 pu+pi =1, Pso + Ps7 + Psg = 1
P62 + pégs) Pso + Pg10 =1, P79 = Pos = P1011 = P118 = 1

A) MEAN SOJOURN TIMES

The mean sojourn time in state S; denoted by p; is defined as the expected time taken
by the system in state S; before transiting to any other state. To obtain mean sojourn time y;,
in state S;, we observe that as long as the system is in state S;, there is no transition from S;
to any other state. If T; denotes the sojourn time in state S; then mean sojourn time ; in state
S; is:

W = E[Tl] = J P(Tl > t)dt

Therefore,
=1 -1 =1 —Hi(a,)
Ko = 0¢11+81 ’ M = [31+1Bz' o = all 1
U3 =E—H2(B1)' Ma = 5 H5=M—H1(33+0‘1)
1 . 1 . 1
Ue = o H3 (ay), Mg = o« Gi(ay) M7 = U0 = 8,

ho = py; = [ Hy (Ddt
1.5 ANALYSIS OF RELIABILITY

Let T; be the random variable denoting time to system failure when system starts up from
state 5;€ E; , then the reliability of the system is given by
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R;(t) = P[T; > t]
To obtain R;(t), we consider failed states as absorbing states.
The recursive relations among R;(t) can be developed on the basis of probabilistic
arguments. Taking their Laplace Transform and solving the resultant set of equations
for Ry(s), we get

* — Nl(s)
o(s) = D.(5)
(1.5.1)

Where
Ny(s) = [(1 — d24936962) (Zo + do1Z1 + d01915Z3)]
+ a6 (a105y” + a$t" abz) + Qoo | (Z5 + q3aZi + Q3sZ5 + Q35q56Z5)
+ 462058 + abadio (a025205y " + a2 )| Ze
D1 (s) = [(1 — q24936962) (1 — q01913930)]
- [(q‘igq(fz)* +a5¢" a52) Qb1 — q’sz] (920 + d50 + d25958980)
Taking the Inverse Laplace Transform of (1.5.1), one gets the reliability of the system.
To get MTSF, we use the well known formula

E(Tp) = [ Ro(t)dt = lim R (s) = N;(0)/D4(0)
where,

N;(0) = [(1 — p24PaePs2) (Mo + H1Po1 + H3Po1P13)]

+ [p01 (p13p§62) + pi‘?pez) + poz] (uz + P2aMg + P2sHs + P2sPsghs)

+ [PorPSe + P2aPas (PorP13bSy + oz )| e
D1(0) = [(1 — p24P46P62) (1 — Po1P13P30)]

- [(p13p$) + pi‘?p@) Po1 — poz] (P20 + Pso + P25PssPso)
Since, we have qj;(0) = p;; and £1_r)r6 Zi(s) = [Z;(Ddt =

1.6 AVAILABILITY ANALYSIS

Let Ai(t) be the probability that the system is available at epoch t, when it initially starts
from §; € E. Using the regenerative point technique and the tools of L.T., one can obtain the
value of above probabilities in terms of their L.T. i.eA}"(s).Solving the resultant set of
equations and simplifying for Aj(s), we have
A" (s) = Nz(s)/D2(s) (1.6.1)
N2(s) = dgo(1 — 9s57) (1 — 424946962)[Z0 + d01Z1] + 901[d13980(1 — 457) (1 — q24946962)Z3]

+go(1 = 957)(Z2 + 924(Zs + da6Zs)) [QO1Q13Q(362) + %2]

+ {(qBOZS + qsgZg) [(q(g95)CI46 + qf@) Q24 + Chs]} (%1‘]&62) + %2)

+ 001(A80Zs + ds8Zg) (1 — d24046962) [q(365’9) + qﬁ”;’”]
+ %1‘1(1? [%0(1 — ds7) [(Ze + 46222 + 924962Z4)

+ (dgoZs + qs8Zg) {q(;g); + Q62925 + QZSQEQ}”
(1.6.2)
and
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Dy(s) = qgo(1 — 957)(1 — 924946962) — {%1 [%3%0(1 —q57)(1 — 424946962) (1 - q(362))]}

- %1‘113‘180(1(362)(180(1 — qs7)(1 — q24946962)
- %1‘180‘1(127)(1 — q57)(1 — 424946962)
- %1(]80(]?5)(1 —qs57)(1 — q24946962) — d02980(1 — q57) (1 — 424946962)

(1.6.3)
The steady state availability is given by
o o oy _ Na(0)
Ag = lim Ao () = lim sAp(s) = =~

As we know that, gj;(t) is the pdf of the time of transition from state S; to S; and g;;(t)dt is
the probability of transition from state S; to S; during the interval (t, t + dt), thus
lim 7' (s) = JZ(®)dt = y; and q;j;(s) = q5;(0) = pjj, we get
Therefore,
N2(0) = pgo(1 — Ps7)(1 — P24PaePe2) Mo + Po1t1] + Po1[P13Pso(1 — Ps7)(1 —
P24PasPe2)H3] + Pgo(1 — Ps7) (M2 + P24 (s + Pashie)) [p01p13p562) + poz] + {(psous +

Psshis) [(pggs)p% + pfg) P24 t pzs]} (pmpg? + poz) + Po1(Psoks + Psghtg) (1 —

P24P46Ps2) [p§65'9) + pg‘fjﬂ] + p01p§? [p80(1 — Ps7) [(H6 + Pe2lz + P24Pe2Ma)

(Pgolts + PsgHs) {pg,)_% + Pe2P2s + pzspi,?}”
(1.6.4)

D2(0) = pgo(1 = ps7)(1 — P24PaePs2) — {p01 [p13p80(1 — Ps7)(1 — P24PasPe2) (1 - pgg))]}

- p01p13psop§6z)pso(1 —Ps7) — p01p80p§‘;7)(1 — Ps7)(1 — p24PasPe2)

- p01p80p§?(1 — Ps7)(1 — P24PasPe2) — Po2Pso(1 — Ps7)(1 — P2aPaePe2)

The steady state probability that the system will be up in the long run is given by
sNa(s) .
D3 (s) s—-0 s—0 D2(s)

Ay = lim Ay (t) = lim sAj(s) lim
t—oo s—0 s—0
as s— 0, D,(s) becomes zero.
Therefore, by L” Hospital’s rule,A, becomes
Ay = N;,(0)/D3(0) (1.6.5)
where,
D3(0) = o{pso(1 — ps7)(1 — P24P4sPs2)} + M1{Po1Pso(1 — P5s7) (1 — P24PasPe2)} +

Ho {pso(l — Ps7)Po1 [p13p§62) + pf?pez] + pgo(1 — p57)p02} + u3{po1Pgop13(1 — ps7) (1 —

P24Pa6Pe2)} + Ha {pso(l — Ps7)P2a [pmpf?pez + p01p13p§62) + poz]} + (us + py + pg + Ho +

1o + H11)(1) + He {pozpso(l — Ps7)P24P46 + Po1Pgo(1 — p57)p24p46p§62)} (1.6.6)
Using the results (1.6.4) and (1.6.6) in (1.6.5), we get the expressions for A,.

The expected up (operative) time of the system during (0, t] is given by
t

() = j Ao (Wdu
0
So that,

N O)
Hup(s) = S

1.7  BUSY PERIOD OF REPAIRMAN

Let B;(t) be the probability that the repairman is busy in the repair of failed unit at epoch t,
when the system initially starts operation from state S; € E. Developing the recursive
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relations amongB;(t)’s and solving the resultant set of equations and simplifying forBg(s),
we have
By(s) = N3(s)/D,(s) (1.7.1)
where
(9)* + (4,7)*

6,9)*
N3(s) = [%1(1 d24926962) [qlgq( "+ gl + qis ]
4
+ 901 (1 — d20 — 924926962) ( o+ qgs) %2)
+02(1 = qzo — QZ4Q46%2)] {d80Ms + a5 10958M11 + dsod57d79Ms )
* * * * * * * 4)* 4)*
{%1‘180(1 — 057)(1 — 424926 962) [Q13M3 +qie” Me] +Q51q5e Ms }
7 4
+ ago(1 — qs7) [Mz + 024 (q4-6M6 + q( ) )] {%1 (Q13Q3 S+ qgs) %2)
+ %2}
In the long run, the expected fraction of time for which the expert server is busy in the
repair of failed unit is given by

By = tlim By (t) = lin(l) B; (s) = N3(0) _ N3
— 00 s—

D4(0) D,
9
N3(0) = [po1(1 — P24Pacbs2) [Prapse” + DS + s’ | + Por(1 = P20 — P2abasPez) (PS5 +
pi?pa) + po2(1 —p2o — p24p46p62)] {psous + Pg10Ps8M11 T psop57p79ug} +
{p01p80(1 — Ps7)(1 — P24PaePe2) [p13u3 + pi? He] + pmpféj)ug} + pgo(1 — ps7) [Hz +

P24 (p46l16 + p4(1.79)|‘19):| {p01 (plng? + pf?pez) + poz}
(1.7.3)

(1.7.2)

and D, (s) is same as given by (1.6.6).
Thus using (1.7.3) and (1.6.6) in (1.7.2), we get the expression for By,
The expected busy period of repairman during the time interval (0,t] is given by

t
(O = j By (u)du
0
So that
Hp(s) =

Bo(s)
S

1.8 EXPECTED NUMBER OF REPLACEMENTS

Let V;P(t) be the expected number of replacements by the server in (0,t] given that the

system entered the regenerative state S; at t=0. Framing the relations among V; *(t), taking

L.S.T and solving for V(s), we get
T =

D,(s)
where,
rp(s) = Qo1 [Q12Q21 + Q25Q21(Q78Q89 + Q79)Q57Q90 +Q13Qs4 (Q46Q(8) Q(7)Q89 + Qm)
+ Q13Q37 (Q78Q89 + Q79)Q90]
and D, (s) can be obtained on replacing q;;s by Q;js in 1.6.6

In steady-state per-unit of time expected number of replacement by server is given

rp _ q; Vrp() SIp 1ﬂp(O) _ NiP
Vo _1_!1—>r2> Ot 1sl_r>%v (s) = D4’2(0) _D_42

(1.8.1)

(1.82)
Where
Nip = Po1 [P12p21 + P12P25(P78Ps9 + P79)Ps7Poo + P13P34 (p46pég + p89pz(}? + p%))
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(5)
P13P37 (P78Pso + p79)P90] (1.8.3)

Thus using (1.8.3) and (1.6.6) in (1.8.2), we get the expression for V,".
1.9 PROFIT FUNCTION ANALYSIS

The net profit incurred during (0,t) is given by
P(t) = Expected total revenue in (0,t]— Expected total expenditure in (0,t]

= Kokup(®) — Ky ph () — Kopp' (0)
Where K, is the revenue per unit up time by the system, and K; repair cost per unit of time
in repairing the failed unit by repairman and K, is per unit replacement cost of the failed
unit.
Also,

t
tap(® = [ Ao du
0

So that, pj, () = A—OS(S)

In the similar way pf,(t), i’ (t)can be defined.
Now the expected profit per unit of time in steady state is given by

P(t
P = lim PO =lims?P*(s)
tooo s—0

= KOAO - K1B0 - K2V1
1.10 CONCLUSION

To study the behavior of MTSF and profit function through graphs w.r.t various
parameters, curves are plotted for these characteristics w.r.t failure parameter a, in Fig.2.1
and Fig.2.2 respectively for three different values of repair rate $, = (0.20,0.50,0.60)
whereas other parameters are kept fixed as a, = 0.03,; = 0.25,3 = 0.20,h; = 0.30,h, =
0.02,g, = 0.03.

Fig.2.1 represents variation in MTSF for varying values of failure parameter a; for three
different values of repair rate $, . The graph shows decrease in MTSF with the increase in
failure rate and an increase with the increase in repair rate. The curves also indicates that
for the same value of failure rate, MTSF is higher for higher values of repair rate .So we
conclude that the repair facility has a better understanding of failure phenomenon resulting
in longer lifetime of the system.

Fig.2.2 represents the variation pattern in profit function w.r.t. varying values of failure
parameter a;  for three different values of repair rate §3,, it is observed from graph that
profit decreases with the increase in failure rate a; and increases with increase in repair
rate B, irrespective of other parameters. The curve also indicates that for the same value of
repair rate, profit is lower for higher values of failure rate and decrease in both MTSF and
profit function is almost exponential.

Hence, it can be concluded that the expected life of the system can be increased by

decreasing failure rate and increasing repair rate of the unit which in turn will improve the
reliability and hence the effectiveness of the system.
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Behavior of MTSF wrt &, for different values of 5,
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