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Abstract

Redundancy is an approach to improve the reliability system. There are three main models of redundancy. In a
system with standby redundancy, there are number of components only one of which works at a time and the other
remain as standbys. When an impact of stress exceeds the strength of the active component, for the first time, it
fails and another from standbys, if there is any, is activated and faces the impact of stresses, not necessarily identical
as faced by the preceding component and the system fails when all the components have failed. In This paper, we
consider the problem of estimation the reliability of a multicomponent stress- strength system called N-M- cold -
standby redundancy. This system includes N- subsystem consisting of M- independent distributed strength
components only one of which works under the impact of stress. The system fails when all the components have
failed. Assuming the stress and strength random variables have the generalized linear failure rate distribution with
common scale parameters and different shape parameter. The reliability estimated based on progressive type 11
data. Simulation study is used to compare the performance of the estimators. Finally, real data set is used the
proposed model in practice.

Keywords: N-M Standby Redundancy System; Progressive Type II Censoring; Generalized
Linear Failure Rate Distribution (GLFRD); Multicomponent stress- strength (MSS);
Simulation study; Bootstrap; Bayes estimator; Maximum Likelihood Method.

I. Introduction

Reliability is defined as the probability of not failing in an environment for a mission time.
Reliability is a statistical probability and are no absolutes or guarantees. For stress and strength
models, both the strength X of the system and stress Y are random variables. The stress-strength
model describes the life of a component which has a random strength X and is subjected to random
stress Y. The component fails at the instant that the stress applied to it exceeds the strength and the
component will function satisfactory whenever Y < X. Thus R = P[Y < X] is a measure of component
reliability. The idea of stress-strength model was presented by Birnbaum [1], for more reference see
Kotz et al [2]. Recently it studied by Basirat et al [2], Asgharzadeh et al [4] and Hassan [5-6]. The
stress- strength model is applied in many fields such as quality control, engineering, medicine,
biostatistics and economics. Also, the reliability is considered in a multicomponent stress-strength
model, which is introduced by Bhattacharyya and Johnson [7] and recently see Hassan and Alohali
[8] Sriwastav and Kakati [9] are considered the stress-strength reliability of standby redundancy,
that is, there are number of components only one of which works at a time and the other remains as
standby.
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When an impact of stress exceeds the strength of the active component, for the first time, it fails and
another component from standby. The system is fails when all the components has failed. The
standby redundancy systems have many applications such as military satellite, standby redundancy
system can improve the lifetime of satellite. For stress-strength of standby redundancy system see
Khan and Jan [10] ke et al [11], Gogoi et al [12 and Liu et al [13]. In This paper we consider the
estimation of N-M- cold- standby redundancy system in a multicomponent stress-strength model
based on generalized failure rate distribution (GLFRD). Sarhan and Kundu [14] introduced this
distribution has the following pdf and cdf are given by

f(x;a,b,a) = a (a+ bx) Exp [— (ax + g xz)] (1—Exp [_ (ax + g XZ)])a—l

and

F(x;;a,b,a) = (1 —Exp [_ (aX +g XZ)])a

Where x > 0, a, b>0 are the scale parameters and a > 0 is the shape parameter.
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Figure (1): Different shapes of pdf of GLFRD

This distribution used as a lifetime model because it has increasing, decreasing or bathtub shaped
hazard rate function. Figure (1) show the pdf of GLFRD which may have no mode at all.

II. METHODOLOGY

Reliability is an important concept at the planning, designing, manufacturing, and operating stages
operating stages of systems ranging from simple to complex. For multicomponent system to make
it more reliable use redundant parts. Redundancy plays an important role in enhancing system
reliability. One of the commonly used forms of the redundancy is standby redundancy system. We
consider the standby redundancy system which consists of certain number of same subsystems with
series structure. Suppose Xjj ... ... Xm,1i=1.... N are M independent strength random variables
follow have GLFRD(a, b, @) in ith subsystem. Let Z; = min (Xj; ... ... Xim),i=1.... N, thenZ, ..... AN
is the set of N independent strength random variables. Let Y; ... ... Yy be independent stress random
variables follow have GLFRD(a, b, 3). Then the reliability of the system is given by:

R=R(1) + -+ R(N). (1)
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The marginal reliability R(i) of i subsystem is
R(A) =P[Z; <Yy, e, Zimg <Y1, Zi > Y], i=1... N.
= fow Fi(y1)h; (y1)dyy ... ... fooo Fio1 (Vi-hioy (yi-1)dyi-1 fooo(l — Fi(yi)h;(y;)dy;. (2)

Since Z;'s = GLFRD(a, b, o) , then

b b
fi(z;a,b, o) = a; (a+bz) Exp [— (az + 3 zz)] (1 —Exp [— (az + 3 22)])“1‘1
and

Fi(z;;a,b,a;) = (1 —Exp [— (az +2 ZZ)])“i Jdi=1.... N.

Since Y;'s = GLFRD(a, b, B) , then

hi(y;a,b,B;) = B; (a+by) Exp [— (ay + g yz)] (1 - Exp [— (ay + g 3'2)])Bi‘1

and
Hi(y;ab,B) = (1—Exp[—(ay+2 y?)Fi,i=1...N.
Hence,
R(l) — Bl Hl 1_ % (3)
Bi+oj cx +Bj
And the reliability system is
_ _B1 1_%
R_Bl+a1+ i= 2[3+a Hl a+B (4)

I. Point Estimators of Standby Redundancy System in a MSS Model with GLFRD
Based on Progressive Type II Censoring Sample:

we will derive the different point estimator for R based on progressive type II censored sample.
First, we will introduce a brief description for this date type. It is very useful in lifetime studies. It
saves cost and time, because it allows to cancel surviving units during the experiment time. In this
progressive censoring scheme, let we want to study n units but m failures are completely observed.
At the first failure time Z;.,,, S; of surviving units are randomly selected and removed from
remaining n — 1 units, in the second failure time Z,.,,, observed, S, of the surviving units are
randomly selected and removed from n — 2 — S, finally at the m™ failure time, when m® failure Z,,. .,
observed all the S, surviving units are removed. This approach getting the censored sample of size m
is called progressive type II censored sample with censoring scheme S, ..., S, for more details see
Balakrishnan and Aggarwala [15], Balakrishnan [16], and Krishna and Kumar [17].

1. Maximum Likelihood Estimator of R

To get the maximum likelihood estimator of R, Let the progressive type II censored  sample
ZingN;. - Lngngn; Of  Z;j random variables with censoring scheme {n;, N, rj; ...rjp.} and similar
Yiim;:M;. - Ympm;:m; Of Y; random variables with censoring scheme {m;, M;, I ... tjm, }. To simplify our

symbols, we replace Zy.n,.n;. - Zn;n;:N; DY Ziong, -+ Zngn; and replace Yi.m v, -+ Ympmgm; BY Yim;, - Y,

mj:m;j*
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Let Zj and Y;, i=1..N, j=1..n; and I=1..m; are independent random variables having
GLFRD(a, b, o;) and GLFRD(a, b, ;) respectively.

The Likelihood function of Z;; and Y;; is

N

L(w;, Bi) = 1_[ f(Zn "'Zini) h(yi, "'Yimi)

i=1
Where,

f(ziy . zin,) = Cra" Exp(—Ty(a,b) + S;(a,b) + (a; — 1) Q;(a,b) + Z;.l ;i Ln(1 — A7) j(@Db))),

B(is - Yim) = COBM™ Exp(=Ti(@ ) +S,(a,b) + (B, = D Qi(a b)+z uln(1 - 4f (@, b))

=1

where,

Ci=Ni(Ni—1—ri1)....(N n+1_21 =1 U)
Co=M; (M; =1 —75) . (M; —my + 1= T2 ),

Ty(a,b) = Z;-lil(a zi; + b z}), Ti(a,b) = X2 (ayy + byh)

Si(a,b) = X}, Ln(a + b z), Si(a,b) = X2 Ln(a + b yy)

Qi(a,b) = ¥7L, Ln(4;;(a, b)), Qi(a, b) = X, Ln(4;(a, b))

b 2
Ajj(a,b) =1 —exp (— (az + z )) and Ay(a,b) =1—exp (— (ayu +5 J’iz))-

Then, the log-likelihood function is given by
N N N
Ln (Lo, ) = Ln@) + Y mIn(a) = >~ T@b) + Y Si(a,b)
i=1 =1 i=1

+ X1 (0 = 1) Qi(a b) + XL, X, ryln(1 — A (a, b))+

+ i m; In(B,) — ZilTi(a, b) + i 3,(ab) +

N.Bi—1 Qab)+IN, I #Ln(l — AP(a, b))

If shape parameters aand b are known, then the maximum likelihood estimators of o; and f3; are
the solution of the following nonlinear equations

O‘i
ti(ab)Ln(Aji(ab))
nj iy ) =
-|- Ql(a b) Z] 1 Tjj ( 1—Aiol.(i(a,b) ) 0 (5)
\Bi \
Pi(ab)Ln(Ay(ab))
ml N il !
+ a,b —3——|=0 0
Qiab) = X% “( 1-Abiab) ) ©

using numerical nonlinear maximization techniques are @; and B; then the maximum likelihood
estimator of R is getting using the invariance property as

By 1@
RMLE_E+A +Zl 23+la ; 1A+ﬁ} (7)
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2. Bayes estimator of R
To get the Bayes estimator of R, suppose that the prior distributions for

o; ~ Gamma (t;;, S;;) and B; ® Gamma (t;,, S;,), then the Bayes estimator of R under squared
error loss function is defined by

RBayes = E[R(O(i, Bildata)]
= foo J-OOR(ai' Bi)ﬂ(ai: Bi|data) dai d Bi

Where,
(o, Bjldata) = W L(«y;, B;j|data) m(e;) (B;) ;

Wt = [ [ L(a, B;|data) m(ey) () da d By;

S.ti1 tii—1 SFiz tio—1
() = =— o1 e St %, (B;) = —2— o2 e Siz Bi
INCTV L(tip) !

But this integral is difficult to calculate, we will use the Lindley approximation which introduced
by Lindley [18] more details see Ahmed et al [19]. Then the Bayes estimator of R using the Lindley
approximation is defined as

1 1
Rpayes = R+ EZL ij=1(Rij + 2R pj)oy; + ;ZF:l ]P=1 ko1 2ieq LigieRi 035 0y ®)

Where all calculations are computed at by @&; and B;. Let ® = (0,,0,) = (a;, By), p(O) is the log of
joint prior of ©, then

dR ap .

Ry =— = i=12
1™ 50y P17 ge; 7 ’
’R ..

Ry =——,i,j=1,2.

b ™ 96, 00;’ ) ’
93Log(L) .

Lijk = k = 1,2

—
26; 00; 00}’ )
and oj; are the elements of the Fisher information matrix of ©.

II. Interval Estimation of Standby Redundancy System in a MSS Model with
GLFRD Based on Progressive Type II Censoring Sample:

we consider the interval estimation of R. Construct the asymptotic confidence interval (ACI) and
bootstrap confidence interval (BCI) of R.

1. Bootstrap confidence interval of R (Boot-P Method).

Eforn [20] suggested confidence interval based on nonparametric bootstrap method called Boot-
P. as follows:

1. Generate the progressive type II censored data Z;.,, ...Zp,., for given parameters a,b, o; of
GLFRD.

2. Generate the progressive type Il censored data Yy.py,. - Yin;m; fOr given parameters a, b, ; of
GLFRD.
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3. Compute the maximum likelihood estimators of a;, §; and R according to equation (5).
4.Based on pre-specified progressive censoring schemes {rj; ...I,,} and {Iy; ...t } to generate
type II progressive censoring samples Z*.,,, ...Z",..n, and Y"1, ... Y., from GLFRD(a, b, o)
and GLFRD(a, b, B}) respectively.
5.Find the maximum likelihood estimators of af, i and R*.
6.Repeat step 3 and 4 B-times.
7.Sort Rf , i =1...Bin ascending order R{y,...R(g,.
8. Compute the approximate (1 — a)% Boot-P confidence interval of R as
(Rpoot—p(a/2)» RBoot-p(1-az) ) where a = 0.05 and Rgoor_p is the cumulative distribution of Ry
i=1..B.

2. Asymptotic confidence interval (ACI) of R

To obtain the asymptotic confidence interval of R, we must get the asymptotic distribution of R
because the exact distribution of R does not exist. First, derive the asymptotic distribution of o, 3;,
i =1..N. Then obtain the asymptotic distribution of R. To derive the asymptotic distribution,
compute the Fisher information matrix of (o, ... oy, By ... By) as

11'1 o II,ZN
I(oty ooy, By - Bn) = :
IZN,l o IZN,ZN
(Pl otost)
92 0oy BN
azLég(L) 62L;)g(L)
dan OB, aBE

Where,

o 2
a2Log(L)\ _  nj 3 o Aijl(a,b)Ln(Ai]-(a,b)) .
E( 0? )“a_%”’i' Pi—NE<Z]-=‘1rij<— iz 1N

(1-A{l(ab))?

Bj 8 2

92Log(L) m m; . [Ajl@bLn(Ay@b)) )

E(—)=——‘+P’-; P'. = NE(a), tyy| ——————=),i=1..N.
ap? B? vt (@), 11( (1-Abi@p)? )

9%Log(L)\ _ 9%Log(L) _ PLogL)) _ . L i
E( 0a; 0B; ) B E( da; 0q ) - E( B 9B; ) =0i#jiLj=1..N

Theorem: n; > 0 and m; > ,i=1...N, then (0 — ©)~ N(0,I"). Where, ® = (@, ...y, By - Bx)
and O = (ay ...ay, By - Bn)-

Proof: See, Ferguson[21].

The asymptotic distribution of Ry g according to Delta method see Rao [22] and Wasserman
[23] is (RyLg — R)~N (0,HT I"1H),

where

HT_(OR O0R O0R OR)
doy " Aoy’ 9By 9B
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and,

N i-1 i-1
dR =By —Bi o Bi By
90, @ +p7 ;“(ai TR H CETNAN RS H @+ B

N i-1 i-1
6_R _ oy o4 Q; B; —q
=Gt L ey L@re t @rml lave?

Hence, an asymptotic 100(1-a)% confidence interval of R

(Rmie — Zoy, v/ Var(Ryee), Ruie + Zoy, v/ Var(Ruie))

Where Zo;, the upper %th quantile of standard normal distribution and Var(Ryy) is the variance

at the maximum likelihood estimator.
III. Results & Discussion

Monte-Carlo simulation study is present for 1-2- cold standby redundancy system to compare the
performance of different point estimators using biases, mean square error and relative efficiency.
Also, the comparison of different confidence intervals is made using the average length (ACL)
and converge probability (CP). We use different parameters and different censoring schemes. For
Bayes estimator three prior as follows

Prior 1 5,=0 t,=0 i=1,2 (non- informative gamma prior)
Prior 2 s =1 t, =2 i=1,2 (informative gamma prior)
Prior 3 §.=2 t.=3 i=1,2 (informative gamma prior)

We use three censoring schemes as

(0,0,..., M —m)
(M -m,0,...,0)

7 All take the same number

=

oY

For the population parameters, we assume ¢, =, =, f =[5, =[. Also, the censoring
schemes of Z,,Z,,Y,Y, are the same ie. m=n,=m =m,=m=10,
N, =N, =M, =M, =M =30.Biases, MSE’s and relative efficiency of two-point estimators are

computed. For interval estimation, average converge length (A.C.L) and converge probability
(Cp) are computed. To perform the simulation study, we use the following algorithm:

1. Use different value (a,b, oy, a5, B4, B2)=(0.5,1,1,1,1,1), (1,2,1,2,2,3) and (2,1,3,2,1.5,2.5).

2. Use the following three censoring schemes (CS)

r, = (0,0,0,020,0,0,0,0,0,)
r, = (20,0,0,0,0,0,0,0,0,0)
ry = (2,2222222.22)

3. For a,b use the numerical method to solve equation 5 and 6 to get the maximum likelihood
estimators for (o, a5, B1, B2)-
4. Use equation 7 to calculate the maximum likelihood estimator of R.
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5. Use equation 8 to calculate the Bayes estimator of R as
1
Rpayes = Rumie + E[(Rn + 2Ry p1)oy; + (Ryz + 2R, py)0o5; + (R + 2R3 p3)ogs +
1
(Rys + 2Ry py)04s] + 2 [L111 R1011041 + Lpzp Ry02,02; + Lazz R3033033 +

Lass R4044044]

Where,
R. = OR __ -B1 —_ =B B2 o1 B1 B2 __x
7 0a; T (@B 2T (g +B0)? (B +Bz)? | (aptB)(ar B’ 0 (ag+Bp?
R, = 4 oz Oy _ o B2 _0°R _ 2
T (B2 (B0 +B)? (B +B)2 11T 00d T (ag+Bp)¥
R., = 9°R _ —Ba(=2aj-2 ay B1+B1(cz+B2)) Ra. = PR_ —2a _0°R _ — g0 (2ag+az+2 B1+B2)
227 93 (ag+B1)%(0z+B2)3 P33 T opE T (B M T 02 (a1 +B)2(0az+B)%
ap t11-1 ap t1—-1 _ 0p _ tp-1 _0p _ typ-1
P1 :671: 1;1 —S11,P2 ZEZ 2;2 —S21,P3 = 1;1 — S12, P4 =, 2;2 — S22,
 Plogl _2ny . wny Aji@b)(1+a5 @b Loglajj@b))?
Lig = ==7 Zj:l ’

a3 ai (A;J;1 (ab)-1)3

A% (a,b)(1+A‘i’;2 (a,b))Log[Aij (ab)?

_ d3LogL _2ny ny,
L222 - a3 - o3 + Zj:l (A‘ij;2 (ab)-1)3 ’
L 03L0g L 2mq + Zm1 Aﬁl(a'b)<1+Agl (a,b))Log[Ail(a,b)P
T @Pt@ab)-1)3 ’
L d3LogL _ 2m, ymz Aﬁz(a'b)<1+Agz (a'b))Log[Ail(a'b)]s
=52 24 yn
444 B3 B3 =1 (AP2(ab)-1)3 ’

6. Calculate bias, mean square error and relative efficiency as B = E[R — R], MSE = E[R — R]? and
RE — MSE(RBayes)

MSE(RMLE)
Bayes estimator and if RE < 1, then the Bayes estimator is more efficient than the maximum

.If RE > 1, then the maximum likelihood estimator of R is more efficient than the

likelihood estimator.
7. Calculate the BCI and ACI use section 4.1 and section 4.2 respectively. Also calculate ACL and
CP to compare between two interval estimations.

Note that the results of simulation study based on 1000 replications. The results of point estimators
show in Table (1), we observe the biases of Bayes estimator for three priors are less than the biases
of maximum likelihood estimator but for the biases of three priors, we get the biases of the third
prior is smallest. Table (2) shows mean square errors and relative efficiency, The Bayes estimator
may be the best for some cases and the maximum likelihood estimator may be the best for another
cases. Table (3) shows interval estimation, we get ACL for asymptotic confidence interval is less
than its counterpart for bootstrap confidence interval and for CP, we get it is for ACI are closer to
nominal value for BCI counterparts. So, we can decide the confidence interval is more efficient
than the bootstrap confidence interval.
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IV. Application

In this section, we show the implementation of point and interval estimation procedure proposed
in this paper. We use a real data sets from Lawless [24]. The data sets represent failure time in
minutes. For two types of electrical insulation in an experiment in which insulation is subjected to
a continuously increasing voltage stress. Twelve electrical insulations of each type are tested and
recorded. The failure time of the first type (z) are 21.8-70.7-24.4-138.6-151.9-75.3-12.3-95.5-98.1-43.2-
28.6-16.9 and the failure times of the second type (Y) are 219.3-79.4-86.0-150.2-21.7-18.5-121.9-40.5-
147.1-35.1-42.3-48.7. First, we must check wither the GLFRD fit to the data (Z, Y) or not. For this
check, we use the Kolmogorov-Smirnov test (K-5).

The results show in Table (4) as. So, at significant level 0.05 cannot reject that the hypothesis that
the data are coming from GLFRD. We check graphically the adequacy of the GLFRD to the real
data. The probability plot in Figure 2 and Figure 3 shows an excellent goodness of fit of GLFRD.
Also, Now, consider 1-2-cold-standby redundancy system consisting of the first electrical
insulation and system consisting of a single second type electrical insulation. The maximum
likelihood estimator, Bayes estimator and asymptotic confidence interval are computed for the
probability R of 1-2-cold-stand by redundancy system consisting of the first type electrical
insulation with longer life for different censored schemes and the results show in Table (5).

V. Conclusions

In this paper, we consider the multicomponent system of reliability called N-M-cold- standby
redundancy system. Where the distributions for stress and strength variables are GLFRD with
different shape parameter, Sarhan et al [25] studied the statistical properties of this distribution
and find many physical interpretations. The reliability system is estimated by maximum likelihood
method, Bayes estimator and the ACI and BIC are computed.

All estimators calculated under progressive type-II censoring data. Simulation study is performed.
It is showed that the bias of Bayes estimator is less than the bias of maximum likelihood estimator.
The MSE and RE showed that the MLE may be more efficient for some cases and Bayes estimator
is more efficient for another cases. In the context of interval estimation, the comparison between
ACI and BCI is made. Finally, we discuss the real data set represents failure time in minutes to
illustrate the implementation of point and interval estimation procedures which proposed in this

paper.
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Figure (2): Graphical goodness-of-fit on the failure time of the first type.

0.030

0.025+

0.020

0.015F

0.010F

0.005F

CDF

0.000.
[1]

200
150 e .
..
100 o
v
.-
50 e
-
5
R
i N S .
0 1x10M" 2x10™ 3x10™ ax10M

Q-QPlot

Figure (3): Graphical goodness-of-fit on the failure time of the Second type.

215




Marwa Khalil RT&A, No 3 (63)
STANDBY REDUNDANCY SYSTEM Volume 16, September 2021

Table 1: The Maximum likelihood and Bayes estimators of R and its biases

a=0.5, b=1a,=1La,=1,8,=1,8,=1

CS (@4, @2, By, B2) MLE Prior (1) Prior (2) Prior (3)
Rypwe Rmie  Bias Rpayes  Bias Rpayes  Bias Rpayes  Bias

(ry, 1) (0.4,0.4,0.5,0.5) 0.75  0.8024 0.0262 0.7933 0.0216  0.7643 0.0071  0.7029 -0.0235
(ry,r2)  (0.44,0.44,0.36,0.36) 0.6975 -0.0262 0.7494 -0.0002 0.7205 -0.0147 0.6590 -0.0454
(ry,r3)  (0.38,0.38,0.41,0.41) 0.7686 0.0093  0.7085 -0.0207 0.6870 -0.0314 0.6486 -0.0506
(rz,r2)  (0.5,0.5,0.55,0.55) 0.7732 0.0116  0.7853 0.0167  0.7803 0.0151  0.7685 0.0092
(rz,r3)  (0.37,0.37,0.47,0.47) 0.8059 0.0279  0.7248 -0.0125 0.6759 -0.0370 0.5836 -0.0831
(r3,r3)  (0.41,0.41,0.42,0.42) 0.7559 0.0029 0.7354 -0.0072 0.7303 -0.0098 0.7206 -0.0145

a=1, b=20,=10a,=2,;,=2,8,=3

(ryry)  (0.35,0.33,0.37,0.54) 0.817 0.8445 0.0137 0.6104 -0.1032 0.5452 -0.1358 0.4328 -0.1920
(ryrz)  (0.36,0.39,0.39,0.46) 0.8136 -0.0016 0.7374 -0.0397 0.7065 -0.0552 0.6509 -0.0830
(ry,r3)  (0.359,0.33,0.35,0.44) 0.8212 0.0021  0.6607 -0.0781 0.6378 -0.0895 0.6025 -0.1072
(rz,r)  (0.35,0.38,0.35,0.48) 0.8503 0.0166  0.6322 -0.0923 0.5784 -0.1192 0.4884 -0.1642
(rz,r3)  (0.384,0.326,0.31,0.47) 0.7983 -0.0093 0.9302 0.0566  0.9420 0.0625 0.9563 0.0696

(r3,r3)  (0.385,0.371,0.383,0.492) 0.8200 0.0015 0.7695 -0.0237 0.7455 -0.0357 0.7007 -0.0581

a=2, b=1 o, =3, o, =2, ;=15 B,=2.5

(ry, 1) (0.36,0.387,0.376,0.319) 0.809 0.6467 -0.0811 0.8562 0.0236  0.8972 0.0441  0.9581 0.0746

(ry,r2)  (0.309,0.338,0.339,0.355) 0.7085 -0.0502 02894 -0.2598 0.2239 -0.2925 0.1245 -0.3422
(ry,r3)  (0.356,0.394,0.363,0.375) 0.8094 0.0002 0.7853 -0.0118 0.7845 -0.0122 0.7830 -0.0129
(rz,r2)  (0.332,0.385,0.335,0.363) 0.8981 0.0445 0.9229 0.0569  0.9527 0.0718 0.9993 0.0951

(rz,r3)  (0.330,0.393,0.391,0.332) 0.8357 0.0133  0.7894 -0.0097 0.7812 -0.0138 0.7643 -0.0223
(r3,r3)  (0.320,0.356,0.362,0.336) 0.7033  0.0528  0.5245 -0.1422 0.4965 -0.1562 0.4572 -0.1788
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Table 2: MSE for The Maximum likelihood and Bayes estimators of R and RE

CSs MSE RE
MLE Bayes
Prior (1) Prior (2) Prior(3) RE1 RE2 RE3
a=0.5, b=1a,=1a,=1,=1,6,=1
(ry,7r1) 0.0006 0.0004 0.0001 0.0005 0.6666 0.1666 0.8333
(ry,7r2) 0.0006 0.0005 0.0002 0.0020 0.8333 0.3333 3.333
(ry,7r3) 0.0001 0.0004 0.0009 0.0025 4 9 25
(ry,r2) 0.0001 0.0002 0.0002 0.0001 2 2 1
(rz,r3) 0.0007 0.0001 0.0013 0.0069 0.1428 1.85 9.8
(r3,r3) 0.0001 0.00005 0.00009 0.0002 5 9 2
a=1, b=2,a,=1a,=2,,=2,,=3
(ry,7r1) 0.0001 0.0106 0.0184 0.0368 106 184 368
(ry,72) 0.0002 0.0015 0.0030 0.0068 7.5 15 34
(ry,r3) 0.0004 0.0061 0.0080 0.0115 1525 20 28.75
(rz,r2) 0.0002 0.0085 0.0142 0.0269 42.5 71 14.5
(ry,r3) 0.0001 0.0032 0.0039 0.0048 32 39 40
(r3,r3) 0.0003 0.0005 0.0012 0.0033 1.6 4 71
a=2, b=1 a, =3, a, =2, B, =15, 6,=2.5
(ry,7r1) 0.0065 0.0005 0.0019 0.0055 0.07 0.29 0.84
(ry,12) 0.0025 0.0674 0.0855 0.1171 26.9 34.2 46.84
(ry,r3) 0.0001 0.0001 0.0001 0.0001 1 1 1
(rz,r2) 0.0019 0.0032 0.0051 0.0090 1.6 2.6 47
(rz,r3) 0.0001 0.0001 0.0002 0.0004 1 2 4
(r3,r3) 0.0027 0.0202 0.0244 0.0319 7.4 8.8 11.8
Table 3: Results of interval estimation
CS ACI BCI
ACL CP ACL CP
a=0.5 b=1a,=1a,=1,=1,6,=1
(ryry) 01170 0.9661 0.3344 0.9052
(ryrz)  0.1344 0.9579 0.4498 0.8640
(ryrs)  0.1178 0.9650 0.3581 0.8965
(ry,r2)  0.1449 0.9571 0.3840 0.8876
(ry,r3)  0.1104 0.9681 0.3246 0.9076
(rs,r3)  0.1244 0.9626 0.3820 0.8903
a=1, b=2,a,=10a,=2,,=2,6,=3
(ry,r1)  0.0838 0.9765 0.3376 0.9047
(ryyr2)  0.0980 0.9719 0.3536 0.8991
(ry,r3)  0.0921 0.9737 0.3593 0.8977
(ry,r2)  0.0756 0.9789 0.3739 0.8899
(ry,r3)  0.1077 09687 0.4609 0.8637
(r3,r3)  0.1007 0.9712 0.3835 0.8898
a=2, b=1 a, =3, a, =2, B, =1.5,B,=2.5
(ryry)  0.1290 0.9582 0.3500 0.8931
(ryr) 01216 0.9622 0.3185 0.9024
(ryr3)  0.1103 0.9682 0.3687 0.8695
(ry,rz)  0.1051 0.9719 0.4323 0.8695
(rpr3) 01007 09716 03261  0.9022
(r373) 01186 09630 02747 09175
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Table 4: (K-S) Test
Data Set Test Statistic P-Value
Z 1 0.607
Y 5 0.082

Table 5: Results of application

CSs MLE Bayes Estimator ACI
Prior (1) Prior (2) Prior (3)

(ry,71) 07420 0.8605  0.9394  0.9999  (0.7416,0.7709)
(ri,rz) 09666 0.1302  0.2895  0.3820 (0.8516,1)
(ry,r3) 09617 03648 01186  0.0523  (0.9579,0.9654)
(ry,rz) 09019 09922 07092  0.6240  (0.8935,0.9103)
(r,r3) 09707 0.8009  0.8127  0.8245 (0.7511,1)
(r3,r3) 07510 0.7804 07366  0.7178  (0.7494,0.7539)

References

(1]

(10]

(11]

Birnbaum, Z. W. (1956). On a use of Mann-Whitney statistics. in Proc. 3rd Berkeley Symposium
on Mathematical Statistics and Probability,1: 13-17. https://projecteuclid.org/euclid.bsmsp
[1200501643.

Kotz, S., Lumelskii, I. , Pensky, M.(2003). The Stress- Strength Model and its Generalizations:
Theory and Applications. Singapore: World Scientific. https://doi.org/10.1142/5015.

Basirat, M., Baratpour, S. , Ahmadji, J. (2016). On estimation of stress-strength parameter using
record values from proportional hazard rate models. Communication in Statistics- Theory and
Methods, 45(19): 5787-5801. https://doi.org/10.1080/03610926.2014.948727.

Asgharzadeh, A., Kazemi, M., Kundu D. (2017). Estimation of P (X>Y ) for Weibull distribution
based on hybrid censored samples. International Journal of System Assurance Engineering and
Management, 8(1): 489-498. https://d0i:10.1007/s13198-015-0390-2.

Hassan, M. (2017). Comparison of Different Estimators of P (Y < X) for Two Parameter Lindley
Distribution. Journal of Reliability and Applications, 18(2): 83-98.

Hassan, M. (2018). A New Application of Beta Gompertz Distribution in Reliability. Journal of
Testing and Evaluation, 46(2): 736-744. https://doi.org/10.1520/]TE20160440.

Bhattacharyya, G. k., Johnson, R. A.(1974). Estimation of reliability in a multicomponent stress-
strength model. Journal of the American Statistical Association, 69(348): 966-970..
https://www jstor.org/stable/2286173.

Hassan, M. , Alohali, M. (2018). Estimation of Reliability in a Multicomponent Stress-Strength
Model Based on Generalized Linear Failure Rate Distribution. Hacettepe Journal of Mathematics
and Statistics, 47 (6): 1634-1651. .DOI: 10.15672/HJMS.2016.390.

Sriwastav, G. , Kakati, M. (1981).A stress-strength model with redundancy, Indian Association of
Productivity Quality & Reliability Transactions, 6(1): 21-27

Khan, A. G, Jan, T. (2014). Estimation of multi component systems reliability in stress-strength
modelsThe Journal of Modern Applied Statistical Methods, 13(2): 389-398..
DOI:10.22237/jmasm/1414815600.

Ke, J. B, Lee, W. C., Wang, K. H. (2007). Reliability and sensitivity analysis of a system with
multiple unreliable service stations and standby switching failures, Physica A, 380(1): 455-469..
https://doi.org/10.1016/j.physa.2007.02.095.

218



Marwa Khalil RT&A, No 3 (63)
STANDBY REDUNDANCY SYSTEM Volume 16, September 2021

[12] Gogoi, J., Borah, M. , Sriwastav, G. (2010).An interference model with number of stresses a
Poisson process, Indian Association of Productivity Quality & Reliability Transactions, 34 (2): 139—
152.

[13] Liu, Y., Yimin, S., Xuchao, B., Pei, Z. (2018). Reliability estimation of a N-M-cold-standby
redundancy system in a multicomponent stress—strength model with generalized half-logistic
distribution. Physica A., 490: 231- 249...https://doi.org/10.1016/j.physa.2017.08.028.

[14] Sarhan, A.,Kundu, D. (2009). Generalized linear failure rate distribution, Communication in
Statistics- Theory and Methods, 38: 642 — 660.. https://doi.org/10.1080/03610920802272414.

[15] Balakrishnan, N. Aggarwala, R. (2000). Progressive Censoring: Theory, Methods, and
Applications, Springer Science & Business Media. DOI.10.1007/978-1-4612-1334-5.

[16] Balakrishnan, N. (2007). Progressive censoring methodology: An appraisal, Test, 16: 211-259..
https://doi.org/10.1007/s11749-007-0061-y.

[17] Krishna, H. , Kumar, K.(2011). Reliability estimation in Lindley distribution with progressively
type II right censored sample. Mathematics and Computers in Simulation ,82(2): 281-
294. .https://doi.org/10.1016/j.matcom.2011.07.005

[18] Lindley, D. V. (1980). Approximate Bayes method. Trabajos de Estadistica, (3): 281-288..
https://doi.org/10.1007/BF02888353.

[19] Ahmad, K. E., Fakhry, M. E,, Jaheen, Z. F. (1997). Empirical Bayes estimation of P(Y <X) and
characterizations of the Burr-typeX model. Journal of Statistical Planning and Inference, 64: 297-
308.. https://doi.org/10.1016/50378-3758(97)00038-4.

[20] Efron, B. (1982). The jackknife, the bootstrap and other resampling plans. In:CBMS-NSF Regional
Conference Series in Applied Mathematics,38, SIAM, Phiadelphia, PA..
http://dx.doi.org/10.1137/1.9781611970319.

[21] Ferguson T. (1967). Mathematical statistics: A decision theoretic approach, academic press, New
Yourk.. https://doi.org/10.1002/bimj.19700120322.

22] Rao, C.R. (2009). Linear Statistical Inference and its Applications, John Wiley and Sons

23] Wasserman L. (2004). All of Statistics, Springer, New York. DOI.10.1007/978-0-387-21736-9.

24] Lawless, J. F.(2011). Statistical Models and Methods for Lifetime Data, John Wiley and Sons.

25] Sarhan, A. M., Tadj, L., Al-Malki, S. (2008). Estimation of the Parameters of the Generalized Linear
Failure Rate Distribution. Bulletin of Statistics and Economics. S08: 52-63.

— ———

219



