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Abstract

Ranked set sampling is an approach to data collection originally combines simple random sampling
with the field investigator’s professional knowledge and judgment to pick places to collect samples.
Alternatively, field screening measurements can replace professional judgment when appropriate and
analysis that continues to stimulate substantial methodological research. The use of ranked set
sampling increases the chance that the collected samples will yield representative measurements. This
results in better estimates of the mean as well as improved performance of many statistical procedures.
Moreover, ranked set sampling can be more cost-efficient than simple random sampling because fewer
samples need to be collected and measured. The use of professional judgment in the process of selecting
sampling locations is a powerful incentive to use ranked set sampling. This paper is devoted to the
study, we introduce an approach to the mean estimators in ranked set sampling. The amount of
information carried by the auxiliary variable is measured with the on populations and samples and
to use this information in the estimator, the basic ratio and the generalized exponential ratio
estimators are as an improved form of a difference cum exponential ratio type estimator under the
ranked set sampling in order to estimate the population mean Y of study variate Y using single
auxiliary variable X. The expressions for the mean squared error of propose estimator under ranked
set sampling is derived and theoretical comparisons are made with competing estimators. We show
that the proposed estimator has a lower mean square error than the existing estimators. In addition,
these theoretical results are supported with the aid of some real data sets using R studio. Therefore,
Under RSS architecture, a better difference cum exponential ratio type estimator has been suggested.
The estimator’s mathematical form has been developed, and its efficiency requirements have been
developed in relation to various already-existing estimators from the literature. By imputing various
values for the constants used in the creation of our proposed estimator, we also provide several specific
situations of our estimator.

Keywords: Ranked Set Sampling; Exponential Ratio Type Estimator; Ratio Estimator, Mean Square
Error (MSE), Efficiency, R studio.

1. Introduction

It is well known that the information of the auxiliary variable is commonly used in order to increase
efficiency and precision in sample surveys. It has also a role in the related methods of estimation,
such as ratio, product, and regression. If the correlation between the study variable (Y) and the
auxiliary variable (X) is highly positive, the ratio method of estimation is used. If not, the product
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method of estimation is employed effectively provided that this correlation is highly negative. In
recent years, there have been many articles on estimators for the population mean in the Sampling
Theory Literature, such as unbiased estimators in general form for estimating the finite population
mean in stratified random sampling [1], a generalized ratio estimator is proposed by using some
robust measures with single auxiliary variable [2 and 3], an efficient families of ratio-type estimators
to estimate finite population mean using known correlation coefficient between study variable and
auxiliary variable by [5 aand 6], Estimation of rare and clustered population mean using stratified
adaptive cluster sampling and using auxiliary character in stratified random sampling [7 and 8]. The
estimation of population mean using auxiliary attribute under ranked set sampling (RSS) [9, 10 and
11]. The problem of exponential estimator for estimating the population mean considered under RSS
using attribute, two phase sampling by [12, 13, 14, and 15].

In addition to the Simple Random Sampling (SRS) method, RSS, which may be considered
as a controlled random sampling design, was first introduced to estimate the pasture yield by [16].
The RSS procedure involves randomly drawing n sets of 7 units each from the population for which
the mean is to be estimated. It is assumed that the units in each set can be ranked visually. From the
first set of n units, the lowest unit ranked is measured. From the second set of n units, the second
lowest unit ranked is measured. This process continues until the n™ ranked unit is measured. The
gain in efficiency by a computation involving five distributions illustrated by [16]. As a simple
introduction to the concept of RSS, when X is a random variable with a density function F(x) and
(x1,x2,...,xn) are the unobserved values from n units, we may then rank them by visual inspection or
based on a concomitant variable. RSS involves selecting one unit among every ranked set consisting
of m units for quantification.
The RSS method can be briefly described step by step as follows:
Step 1: Randomly select m?2 units from the target population.
Step 2: Allocate the m? selected units as randomly as possible into m sets, each of size m.
Step 3: Without knowing any values of the variable of interest, rank the units within each set with
respect to variable of interest. This may be based on personal professional judgment or done with
concomitant variable correlated with the variable of interest.
Step 4: Choose a sample for actual quantification by including the smallest ranked unit in the first
set, the second smallest ranked unit in the second set and this process continues in this way until the
largest ranked unit is selected from the last set.
Step 5: Repeat Steps 1 through 4 for n cycles to obtain a sample of size mn for actual quantification.
[17]
When it is ranked on the auxiliary variable, let y(;), x;) denote an ith judgment ordering in the it set
for the study variable and the it order statistic in the it set for the auxiliary variable, respectively.

In the remaining part of this article, the estimators for the population mean under RSS are mentioned
in Section 2, the adapted estimator from the SRS to RSS is given in Section 3, theoretical and
numerical comparisons of the adapted estimator are performed with the existing adapted estimators
in literature in Sections 4 and 5, respectively.

2. Estimators in literature

The estimator of the population ratio using the RSS as defined by [19].

Yim)
tpss = = (2.1)
Xn]
Where y,,) = %Z?zl y(@@) and Xpp,) = 111 1 x(1). Note that the estimator in (2.1) can also be used for
the population total and mean. Then, the estimator for the population mean can be written as

follows:

|‘<|

] % (2.2)
[n]

VrRrss =

=i
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Where it is assumed that the population mean X of the auxiliary variable x is known and the MSE
equation of the estimator in (2.2) can be given by

5 ~ 1 2 2¢2 1 N 2 N 2 N 2
MSE(Fyass) = — (3 = 2RS, + RS2) = ——( D 2y = 2R ) 09 + B2 ) 1% (2.3)
mr T\ i=1 i=1
Where, R = <, 52 is the population variance of the auxiliary variable, S7 is the population variance
X

of the study variable, Sy« is the population covariance between the auxiliary and study variables,
Te() = (ux(i) -X ), Ty = (uy(i) — Y), and Ty ) = (My(i) — Y) (ux(i) -X ) Here, Y is the population
mean of the study variable. Note that the values of p,; and p,,;) depend on the order statistics from
some specific distributions and these values can be found in [19]. We would like to remind that the
values of y, ;) and w,,;) can be taken to be same in the absence of judgment error if the variables have
the same distribution (see the appendix of [20]

The following estimator by adapting [21] to the RSS proposed by [22]:

_ kY &
YVkRrss = ¢ (2.4)

n)
Where k is a constant.
The MSE of the estimator in (2.4) is given by

1 _
MSE (Frgss) = — (k*2S2 — 2Rk’S,, + R?S2) + Y2(k™ — 1)?

1 m m m
- _mzr (Z k*ZT;(i) - 2Rk* Z Tyx(i) + Rz Z Ti(o) (25)
i=1 i=1

i=1
1+VprCy_Wyx(i)

Y CH Wiy
C, are the population coefficients of variation of the auxiliary and study variables, respectively, p is

. 1 1 !
where k* = ,Here, Wy, iy = ——=XIL Ty and Wy = ——= 3 15, ¥ = —, C,and

T m2ry?
the population correlation between the auxiliary and the study variables.

3. Proposed estimator

An improved difference cum-exponential ratio type is defined for estimating ¥ as following [18
and 21]

— _ = _ X - -f[n]

YRK = {tly[n] + tz (X - X[n])} {exp [X n f[n]]} (31)

To obtain the MSE of Yy, write
y(n) = 7(1 +EO)/ and f(n) = )?(1 +€,),
Such that E(€,) = E(€,) =0,

and  E(€,)* =V (32) = -5 [S3 — 22 td| = (663 - wio]
E(€)?* =V (%) = jyiz[Sf - iZ tﬁ(i)] = [0¢2 - wiw]
E(€€,) = %y_lf( [Syx - iz tszl(i)] = [6Cyx = wyan],

Where W;, = — i 20

Expressing (1.1) in terms of €’s,

Yak = {t:Y (1 +€p) + t,(X — X(1 +€,))} {exp[

X —-X(1+€)
X+X +el)]}

oo _ _ €, €17t
Yk = {t;Y + ;Y €—t,X €.} {exp -5 1+ > (3.2)

Expanding the right hand side of (1.2) and retaining terms up to the second power of €’s,
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_ _ _ _ €, €, €,°
Yek = {t;Y + ¢,V €y— t,X €.} {exp (— 7) 1 +7 + e
_ _ _ _ €, €% €,°
YRK = {t1Y+t1Y €o— tZX El} 1_?+T+? (33)
From (3.3),
_ _ € t, €,€, t,R€EZ 3t €2
1/,2,(—Y=1/{(t1—1)+t1 €— ———t,R €,— — 20 Ly 2 > Lt 18 ! } (3.4)
Squaring (3.4) and then taking expectation of both sides, the MSE of the estimator Y is
MSE (Ypy) = Yz{t12‘P1 —tip, + tzzRZ‘P3 — t1t,RQ,} (3.5)
Where,
o1 = Y{C] + CF = 20} — {Wipy + Wiy — 2wy}

Py = V{C)?}_{ xl}
3 2 3 2
Q3 = V{Z s — ny} + {Z Wli] — Wyx[i]}
Pa = V{C2 = Cp} + {W — Wit}
Obtain the optlmum t, and t, to minimize MSE (Yy). Differentiate MSE (Y,) with respect to ¢, and
t, and equating the derivatives to zero, optimum values of t; and t, is given by

S
topt 413 — @4°
¢ _ P2P4
2opt 413 — @4°

Substituting the value of t;,,; and t,,, in (3.5), we get the minimum value of MSE (Yzx) as
MSEpin(Yrie) = Y2{t,% 01 — t190; — t,°R% 3} (3.6)

4. Efficiency
In this section, the performances of the proposed estimator have been demonstrated over the

traditional ratio estimator in the RSS and the estimator of [23] respectively, as follows:
MSE(yrRss) - MSEmin(YRK) >0
{(1 - t12)‘P1 + 6o, + tzzRZ‘P3} >0 (4.1)

MSE(.)_/kRss) - MSEmin(YRK) >0
{(* =1+ (A = t,2)@; + t10, + t,°R*p3} > 0 (4.2)

Table 1: Some members of exponential ratio type estimator in ranked set sampling

Estimator t1 t
_ X —x
Yeks = (¥ + (X — %) } {exp an x[nﬂ} 1 1
_ X—x
Voscz = {(X = %pmy )}{exp - x[’ﬂ} 0 1
_ X —x
Yrks = {}_’[n]}{ Xp fan x[nﬂ} 1 0

5. Numerical example

To observe performances of the estimators, we use some real-life populations. The descriptions of
these populations are given below:

Population I {source: [24]}
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Y: Acceleration of automobiles
X: Engine horsepower of automobiles
Objective: To estimate population mean of Acceleration of automobiles.
The summary statistics are given below:
N =392,n =30,m = 10,7 = 3,4, = 104.4694, 1, = 15.5413,5,, = 2.7589, S, = 38.4912,
Cy = 0.3684,C, = 0.1775,Cy,, = —0.0451, B¢y = 0.6541, B;(») = 1.079, py,, = 0.9091

Population II {source: [25]}
Y: Body Mass Index (BMI) of Crohn’s disease patients
X: Weight of Crohn’s disease patients
Objective: To estimate population mean of Body Mass Index (BMI) of Crohn’s disease patients.
The summary statistics are given below:
N =117,n =20,m = 5,7 = 4,u,, = 69.0256, u, = 26.0624, S, = 4.9888, S, = 14.2438,
Cy = 0.2063,C, = 0.1914, Cy,, = 0.0325, f,(y) = 0.7746, B;(,) = 0.6571, p,, = 0.8222

Population III {source: [26]}

Y: Body Mass Index (BMI)

X: Thigh Circumference

Objective: To estimate population mean of Body Mass Index (BMI).

The summary statistics are given below:
N =36,n=8m=4r=2,u, =49.3806,u, = 25.678,S, = 3.8198, S, = 3.7599,
Cyx = 0.0761,C, = 0.1488, Cy, = 0.0066, B, = —0.6159,B;) = —0.0607, p,, = 0.9848

Percent Relative Efficiencies (PREs) of our proposed estimators along with competitor estimators
from literature have been presented in Table 2, 3 and 4 for different real-life populations.

Table 2: PRE of Estimators for Population I

V,rss Verss Yeia Yeka Vs Yek
Y omss 100
Vyerss 212.19 100
Verct 245.19 231.72 100
Vercs 241.45 210.47 98.81 100
Y3 238.97 189.37 90.84 93.08 100
Yex 361.74 275.18 249.18 245.15 213.49 100

Table 2, revealed the percent relative efficiencies (PRE) of estimators for population I. It is observed
that the proposed difference cum exponential ratio type estimator in ranked set sampling Y, proved
to be the best estimator in the sense of having highest percent relative efficiency than usual unbiased
estimatorsY,gss, Yirss for the population I. The generalized form of proposed difference cum
exponential ratio type estimator Yz, is 361.74% more efficient than the existing estimator y ... and

275.18% more efficient than Yjzss.
Moreover, the special cases of our proposed generalized estimator Ygzg;, Ypxo and Yggs are also

proved to be more efficient than existing estimators. These results suggest using proposed difference
cum exponential ratio type estimator to estimate population mean of Acceleration of automobiles.
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Table 3: PRE of Estimators for Population IT

.)_}VRSS yKRSS }_/RKl }_/RKZ YRK3 }_/RK
yrRSS 100
P rss 204.74 100
- 238.48 238.29 100
Vo 237.37 204.28 93.92 100
Ve 221.49 174.28 89.32 82.74 100
Ve 352.86 252.48 248.82 229.23 190.48 100

Table 3, showed the percent relative efficiencies (PRE) of estimators for population II. It is observed
that the proposed difference cum exponential ratio type estimator in ranked set sampling Y also
proved to be the best estimator in the sense of having highest percent relative efficiency than usual
unbiased estimators ¥,zgs, Yigss for the population II. The generalized form of proposed difference
cum exponential ratio type estimator Yz is 352.86% more efficient than the existing estimator y .

and 252.48% more efficient than Y, zs5. Moreover, the special cases of our proposed generalized
estimator Ygyy, Yego and Vs are also proved to be more efficient than existing estimators. These
results suggest using proposed difference cum exponential ratio type estimator to estimate
population mean of Body Mass Index (BMI) of Crohn'’s disease patients.

Table 4: PRE of Estimators for Population I11

)_JVRSS yKRSS Yri1 Yri2 Yexs Yri
y FRSS 100
Vierss 238.48 100
Ve 275.28 264.82 100
Vercz 263.82 24927 98.47 100
Ve 239.83 237.42 97.38 98.37 100
Yok 384.27 283.38 259.37 278.38 239.57 100

Table 4, showed the percent relative efficiencies (PRE) of estimators for population III. It is observed
that the proposed difference cum exponential ratio type estimator in ranked set sampling Y also
proved to be the best estimator in the sense of having highest percent relative efficiency than usual
unbiased estimatorsY, g, Yirss for the population III. The generalized form of proposed difference
cum exponential ratio type estimator Yz is 384.27% more efficient than the existing estimator y .

and 283.38% more efficient than Y, zs5. Moreover, the special cases of our proposed generalized
estimator Yz, Y, and Yggs are also proved to be more efficient than existing estimators. These
results suggest using proposed difference cum exponential ratio type estimator to estimate
population mean of Body Mass Index (BMI).

6. Conclusion

In this article, an improved difference cum exponential ratio type estimator has been proposed under
RSS design. The mathematical form of the estimator has been derived and its condition of efficiencies
has been formulated with respect to some existing estimators from literature. Further, we present
some special cases of our proposed estimator by imputing different values of constants utilized in
the formation of proposed estimator. For comparing the efficiencies of proposed estimator with
some existing estimators, we utilized some real-life populations for estimating population mean of
Acceleration of automobiles, population mean of Body Mass Index (BMI) of Crohn'’s disease patients
and population mean of Body Mass Index (BMI). The result from these populations shows that our
proposed estimator and its special cases perform efficiently as compare to existing estimators. We
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also observe that efficiency of proposed estimator and its special cases increases when the correlation
between study and auxiliary variable increases. Therefore, it is recommended to use proposed
estimator for estimating population mean when correlation between study and auxiliary variable is
strong positive.
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