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Abstract

Spares are commonly used to improve system performances. They are allocated to original components
during system missions. The optimal allocations depend on system configurations and lifetimes of
components and spares. Various methods for finding optimal allocations have been proposed in the
literature. For sake of brevity, lifetimes of components are commonly assumed to be independent. This
paper deals with series systems, a common configuration, under a general setting, i.e. component
lifetimes are dependent and heterogeneous. Moreover, the spare is also allowed to switch among original
components to impose more flexibility for spare managements. This allowance occurred usually in network
servers and electrical generators which manage by a dispatching center. Explicit expressions for system
reliability functions are derived in detail. Since system lifetimes are random phenomena, stochastic orders
are utilized for comparison purposes. Various illustrative examples are also given.
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1. Introduction

Implementing spare (redundant) is an effective and common method to attain high reliability
systems. The redundancy allocation problem (RAP) has been extensively used in real-world
applications such as circuit design, power plant, electrical power systems, transportation, safety,
telecommunication, satellite, consumer-electronics industry, etc. Specifically redundants are also
used in computer science and especially in network systems (servers), to guard the primary
system against random failure as a backup system. In this case, redundant components can
include both hardware elements of a system such as disk drives, peripherals, servers, switches,
routers and software elements such as operating systems, applications, and databases. In the
world of information technology (IT), redundancy is the “duplication of critical components or
functions of a system with the intention of increasing reliability of the system, usually in the
form of a backup or fail-safe, or to improve actual system performance, such as in the case of
GNSS receivers (GNSS antennas), or multi-threaded computer processing” (See, e.g. [7]). Issues
such as a hardware failure, network problems, or application faults could cause the primary
servers to stop functioning correctly. This can leave users unable to access services, which poses a
real barrier to productivity. Server redundancy helps businesses by protecting critical data by
ensuring it exists in more than just one place. This means that the business can recover data if
something happens to a live server. For applications where data integrity and access are vital,
redundant servers are very important.
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Additional components (spares) are used to improve engineering system performances. For
more details, see Barlow and Proschan [2], Nakagawa [15]. There are many papers deal with
redundancy allocation problem in reliability systems. Boland et al. [5] applied stochastic orders
to consider this problem for series and parallel systems. Zhao et al. [24, 23] studied optimal
allocation of redundancies with exponential components in the sense of various stochastic or-
ders. Xie et al. [20] investigated the redundancy allocation problem in k-out-of-n hot standby
systems to maximize the operational availability. But in the case of dependent components,
there are not many works. Among a few works, Navarro et al. [17] studied the performance
of a system composed by various kinds of units have dependent lifetimes to evaluate reliability.
Navarro and Durante [16] studied the behaviour of the residual lifetimes of coherent systems
with possibly dependent components. Belzunce et al. [3, 4] used the concept of "joint stochastic
orders” and Jeddi and Doostparast [9, 10] studied this problems for series and parallel systems.
Redundants are allocated to original components during system missions. Commonly, spares
do not switch among the original components. Adding redundants to a system may be done
with respect to some limitations such as cost, weight and volume. Switching a spare between
original (primary) components is a possible way to overtake these limitations. For example,
communication networks, managers may be able to control and switch spares (servers) among
original components (or severs) to achieve more reliable connections among customers. This
management is usually done by a dispatching center. In other words, redundants can change
dynamically their respective original components. For more examples and recent developments,
see Kim et al. [12], Li et al. [14], Jia et al. [11] and references therein. Notice that, the spare can
not switch if the corresponding original component fails.

In the sequel, let (Ω, F, P) be a probability space and X = (X1, · · · , Xk) : Ω→ Rk
+, for k ≥ 1, be

an absolutely continuous random vector with the joint distribution function and joint survival
function

FX1,··· ,Xk (a1, · · · , ak) = P(X1 ≤ a1, · · · , Xk ≤ ak), ∀(a1, · · · , ak) ∈ Rk
+,

and
FX1,··· ,Xk (a1, · · · , ak) = P(X1 > a1, · · · , Xk > ak), ∀(a1, · · · , ak) ∈ Rk

+,

respectively. Here, Rk
+ stands for the k-dimensional Euclidean space. Then, the density func-

tion of X is given by fX1,··· ,Xk (a1, · · · , ak) = ∂FX1,··· ,Xk (a1, · · · , ak)/(∂a1 · · · ∂ak). The marginal
distribution of Xi(1 ≤ i ≤ k) is denoted by FXi (x) = P(Xi ≤ x), ∀x ∈ R+k. The random vari-
ables Xi is said to be smaller than Xj(j 6= i) in usual stochastic order denoted by Xi ≤st Xj, if
FXi (x) ≥ FXj(x), ∀x ∈ R. Equivalently, FXi (x) ≤ FXj(x) where FXi (x) = 1− FXi (x), ∀x and for
1 ≤ i ≤ k; See Shaked and Shanthikumar [19].

This paper is organized as follows. In Section 2, two possible spare allocations are described.
Then, the improved system lifetimes by the two schemes for allocating the spare are also derived.
In Section 3, a general form for the system reliability function is presented. Section 4 deals with
comparing the two schemes. Indeed, The main result holds for systems with heterogeneous and
dependent component lifetimes. Also, it provides the interval time for switching the spare among
original components when the components and spare are independent. In Section 5, two general
classes of lifetimes and some well known lifetimes are analysed in detail. Section 6 concludes the
paper and provides further topics for future research.

2. System lifetime with the spare

Consider a 2-component series system consisting of a spare which can be added to the system
configuration. The spare can switch only one-time. Let τ > 0 be a preassigned deterministic
constant and T[0,τ]

i (i = 1, 2) denote the system lifetime when the spare is allocated (in parallel) to
Component i during interval [0, τ] and then to Component j( 6= i) beyond τ(> 0) ; See Figure 1.
In Figure 1, the spare is allocated to Component 1 during the time interval [0, τ]. Then, the spare
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Figure 1: Allocation a spare under a switching scheme.

is allocated to Component 2. We call this allocation strategy as Scheme 1. Similarly, Scheme 2 is
defined. Figure 2 pictures two possible schemes for allocating the spare.

Now, we obtain the system lifetime when the spare is added to the original components. To
do this, let X1 and X2 denote the original component lifetimes, and S stands for the spare lifetime.
Therefore, it can be seen that the improved system lifetime under Scheme I is

T[0,τ]
1 =


∧(∨(X1, S), X2), if X1 ≤ τ,
X2, if X1 > τ, X2 ≤ τ,
τ + ∧(X1 − τ, X2 − τ), if X1 > τ, X2 > τ, S ≤ τ,
τ + ∧(X1 − τ,∨(X2 − τ, S− τ)), if X1 > τ, X2 > τ, S > τ,

=


∧(∨(X1, S), X2), if X1 ≤ τ,
X2, if X1 > τ, X2 ≤ τ,
τ + ∧(X1 − τ,∨(X2 − τ, S− τ)), if X1 > τ, X2 > τ,

=


∧(∨(X1, S), X2), if X1 ≤ τ,
X2, if X1 > τ, X2 ≤ τ,
∧(X1,∨(X2, S)), if X1 > τ, X2 > τ,

(1)

where ∨(a1, a2) = max{a1, a2} and ∧(a1, a2) = min{a1, a2}. Similarly, the improved system
lifetime under Scheme II is

T[0,τ]
2 =


∧(X1,∨(X2, S)), if X2 ≤ τ,
X1, if X2 > τ, X1 ≤ τ,
∧(∨(X1, S), X2)), if X2 > τ, X1 > τ.

(2)

Equations (1) and (2) can be unified as

T[0,τ]
1 = ∧(∨(X1, S), X2)I(X1 ≤ τ) + X2 I(X1 > τ, X2 ≤ τ)

+ ∧(X1,∨(X2, S))I(X1 > τ, X2 > τ), (3)

and

T[0,τ]
2 = ∧(X1,∨(X2, S))I(X2 ≤ τ) + X1 I(X2 > τ, X1 ≤ τ)

+ ∧(∨(X1, S), X2))I(X2 > τ, X1 > τ), (4)

where IA(t) denotes the indicator function of the set A, i.e., IA(t) = 1 for t ∈ A, and IA(t) = 0
otherwise.
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Figure 2: Scheme 1 with system lifetime T[0,τ]
1 and Scheme 2 with system lifetime T[0,τ]

2 .

3. System reliability with the spare

In this section, the reliability function of the system is derived when the spare allows to switch
among the system components one and only one time. To end this, from Equation (3), we have
for 0 < t < τ,

P(T[0,τ]
1 > t) = P(T[0,τ]

1 > t, X1 ≤ τ) + P(T[0,τ]
1 > t, X1 > τ, X2 ≤ τ)

+ P(T[0,τ]
1 > t, X1 > τ, X2 > τ)

= P(∧(∨(X1, S), X2) > t, X1 ≤ τ) + P(X1 > τ, X2 ≤ τ, X2 > t)

+ P(∧(X1,∨(X2, S)) > t, X1 > τ, X2 > τ)

= P(∨(X1, S) > t, X1 ≤ τ, X2 > t) + P(X1 > τ, t < X2 ≤ τ)

+ P(X1 > t,∨(X2, S) > t, X1 > τ, X2 > τ)

= P(X1 ≤ τ, X2 > t)− P(X1 ≤ τ, X2 > t, X1 ≤ t, S ≤ t)

+ P(X1 > τ, X2 > t)− P(X1 > τ, X2 > τ)

+ P(X1 > τ, X2 > τ)− P(X1 > τ, X2 > τ, X2 ≤ t, S ≤ t)

= P(X1 ≤ τ, X2 > t)− P(X1 ≤ t, X2 > t, S ≤ t)

+ P(X1 > τ, X2 > t)

= P(X2 > t)− P(X1 ≤ t, S ≤ t) + P(X1 ≤ t, X2 ≤ t, S ≤ t)

= 1− FX2(t)− FX1,S(t, t) + FX1,X2,S(t, t, t). (5)
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Similarly, for t ≥ τ, we have

P(T[0,τ]
1 > t) = P(T[0,τ]

1 > t, X1 ≤ τ) + P(T[0,τ]
1 > t, X1 > τ, X2 ≤ τ)

+ P(T[0,τ]
1 > t, X1 > τ, X2 > τ)

= P(∧(∨(X1, S), X2) > t, X1 ≤ τ) + P(X1 > τ, X2 ≤ τ, X2 > t)

+ P(∧(X1,∨(X2, S)) > t, X1 > τ, X2 > τ)

= P(∨(X1, S) > t, X1 ≤ τ, X2 > t)

+ P(X1 > t,∨(X2, S) > t, X1 > τ, X2 > τ)

= P(X1 ≤ τ, X2 > t)− P(X1 ≤ τ, X2 > t, X1 ≤ t, S ≤ t)

+ P(X1 > t, X2 > τ)− P(X1 > t, X2 > τ, X2 ≤ t, S ≤ t)

= P(X1 ≤ τ, X2 > t)− P(X1 ≤ τ, X2 > t, S ≤ t)

+ P(X1 > t, X2 > τ)− P(X1 > t, τ < X2 ≤ t, S ≤ t)

= P(X1 ≤ τ, X2 > t, S > t) + P(X1 > t, X2 > τ)

−P(X1 > t, X2 > τ, S ≤ t) + P(X1 > t, X2 > t, S ≤ t)

= P(X2 > t, S > t)− P(X1 > τ, X2 > t, S > t)

+P(X1 > t, X2 > τ, S > t) + P(X1 > t, X2 > t)− P(X1 > t, X2 > t, S > t)

= F̄X2,S(t, t)− F̄X1,X2,S(τ, t, t) + F̄X1,X2,S(t, τ, t) + F̄X1,X2(t, t)

−F̄X1,X2,S(t, t, t). (6)

Finally, from Equations (5) and (6), the next proposition is obtained.

Proposition 1. The system reliability functions of T[0,τ]
1 and T[0,τ]

2 are F
T[0,τ]

1
(t) = y1(t)I[0,τ)(t) +

y2(t)I[τ,∞)(t), and F
T[0,τ]

2
(t) = z1(t)I[0,τ)(t) + z2(t)I[τ,∞)(t), respectively, where yi(t) and zi(t)(i =

1, 2) are defined by

y1(t) = F̄X2(t)− FX1,S(t, t) + FX1,X2,S(t, t, t), (7)

y2(t) = F̄X2,S(t, t)− F̄X1,X2,S(τ, t, t) + F̄X1,X2,S(t, τ, t) + F̄X1,X2(t, t)− F̄X1,X2,S(t, t, t),

(8)

z1(t) = F̄X1(t)− FX2,S(t, t) + FX1,X2,S(t, t, t), (9)

z2(t) = F̄X1,S(t, t)− F̄X1,X2,S(t, τ, t) + F̄X1,X2,S(τ, t, t) + F̄X1,X2(t, t)− F̄X1,X2,S(t, t, t),

for all t > 0.

Notice that limt→τ− y1(t) = limt→τ+ y2(t) and limt→τ− z1(t) = limt→τ+ z2(t). Therefore, the next
corollary follows.

Corollary 1. The reliability functions of the lifetimes T[0,τ]
1 and T[0,τ]

2 are continuous in t ∈ (0,+∞).

4. Comparison and optimal time to switch

System lifetimes are random variables and then partially orders should be considered for com-
parison purposes. Among various partially orders, stochastic orders are commonly used in
reliability analyses. See, e.g. Boland et al. [5], Navarro et al. [17] and Belzunce et al. [3].
In this section, the main result of this paper is presented under a general setting for com-
ponent and spare lifetimes. In the rest of this paper and for lifetimes U1, U2 and U3, let
F̄U1|(U2,U3)

(u1|u2, u3) := P(U1 > u1|U2 > u2, U3 > u3).

Proposition 2. Suppose that X1, X2 and S be dependent random variables and [X1|S = s] ≤st
[X2|S = s] for all s ≥ 0. If F̄X1|(X2,S)(τ|t, t) ≤ 1/2 and F̄X2|(X1,S)(τ|t, t) ≥ 1/2 for t > τ, then

T[0,τ]
1 ≥st T[0,τ]

2 .
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Proof. [i] For 0 < t ≤ τ, Equations (7) and (9) conclude

FT1
[0,τ](t)− FT2

[0,τ](t) = F̄X2,S(t, t)− F̄X1,S(t, t)

=
∫ +∞

t

(
P(X2 > t|S = s)− P(X1 > t|S = s)

)
dFS(s) ≥ 0, (10)

since [X1|S = s] ≤st [X2|S = s] for all s > 0. For t > τ, Equations (8) and (10) imply

FT1
[0,τ](t)− FT2

[0,τ](t) = F̄X2,S(t, t)− F̄X1,S(t, t) + 2F̄X1,X2,S(t, τ, t)− 2F̄X1,X2,S(τ, t, t)

= F̄X2,S(t, t)(1− 2F̄X1|X2,S(τ|t, t)) + F̄X1,S(t, t)(2F̄X2|X1,S(τ|t, t)− 1)

≥ 0. (11)

Since F̄X1|(X2,S)(τ|t, t) ≤ 1/2 and F̄X2|(X1,S)(τ|t, t) ≥ 1/2 for t > τ, the desired result follows. �
There are situations in which components and spares are remote and hence they are approximately
statistically independent. For example, suppose that there are two main servers in a network and
the system administrator (in a dispatching center) wishes to improve system reliability by adding
an extra server. Therefore, the three servers would be independent. In sequel, some conditions
are assumed which simplify the main result is given in Proposition 2. First, assume that the spare
is independent of original component lifetimes X1 and X2 while the original components may be
dependent.

Corollary 2. Let S be independent of (X1, X2). If X1 ≤st X2 and F̄X1|X2
(τ|t) ≤ 1/2 and

F̄X2|X1
(τ|t) ≥ 1/2 for t > τ, then T[0,τ]

1 ≥st T[0,τ]
2 .

The next Proposition states that if the original components and the spare are independent, and
the switch time lies between medians of the original component DFs, then Scheme 1 dominates
Scheme 2 in st-order.

Proposition 3. Let X1, X2 and S be independent. If X1 ≤st X2 and m1 < τ < m2, where m1 and
m2 stand for medians of X1 and X2, respectively. Then T[0,τ]

1 ≥st T[0,τ]
2 .

Proof. For 0 < t ≤ τ, Equations (7) and (9) conclude

FT1
[0,τ](t)− FT2

[0,τ](t) = g1(t)− z1(t)

= FX1(t)− FX2(t) + FX2(t)FS(t)− FX2(t)FS(t)

= F̄S(t)(FX1(t)− FX2(t)) ≥ 0, (12)

since X1 ≤st X2. For t > τ, Equations (8) and (10) imply

FT1
[0,τ](t)− FT2

[0,τ](t) = g2(t)− z2(t)

= F̄X2(t)F̄S(t)− F̄X1(t)F̄S(t)

+2
(

F̄X1(t)F̄X2(τ)F̄S(t)− F̄X1(τ)F̄X2(t)F̄S(t)
)

= F̄X2(t)F̄S(t)(1− 2F̄X1(τ)) + F̄X1(t)F̄S(t)(2F̄X2(τ)− 1)

≥ 0, (13)

since τ > m1 and τ < m2. and the desired result follows. � Proposition 3 says
that if component and spare lifetimes are independent, the spare should allocate to the weaker
component at least up to its median lifetime and then before reaching to the median lifetime of
the other component, the spare must switch.

Remark 1. The distribution of S in Proposition 3 is free and the given conditions do not rely on
the DF of S.
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Figure 3: Allocation a spare under a switching scheme with independent exponential random variables.

5. Examples

In this section, some examples are analyzed to derived the optimal switching times for the spare.

Example 4. Let X1 and X2, be independent exponential random variables with means 1/λ1 and
1/λ2, respectively. If λ1 > λ2, then Proposition 3 implies that T[0,τ]

1 ≥st T[0,τ]
2 provided that the

switching occurs after ln 2
λ1

but before ln 2
λ2

, that is ln 2
λ1

< τ < ln 2
λ2

; See Figure 3. 2

Example 5. Let X1, X2 and S be independent and Xi ∼ Pa(αi, 1), i = 1, 2 where αi > 0 and

Pa(a, b) stands for the Pareto distribution Type I with density f (x) =
a

xa+1 , x ≥ 1. It is easy to

see that the medians of X1 and X2, respectively, are given by m1 = α1
√

2 and m2 = α2
√

2. If α1 > α2

and α1
√

2 < τ < α2
√

2 then T[0,τ]
1 ≥st T[0,τ]

2 from Proposition 3. 2

Example 6. The class of newsboy distributions, introduced by Braden and Freimer[6], includes abso-
lutely continues distribution functions of the form Fθ(x) = 1− e−θl(x), where l(x) is non-negative,
increasing, differentiable and unbounded function with l(0) = 0. The newsboy distributions are
used extensively in the modelling of excess demand of the inventory level that is lost and thus un-
observed. Now assume that X1, X2 and S be independent and Xi ∼ Fθi (x) = 1− e−θi l(x), i = 1, 2

where θi > 0. If θ1 > θ2 and l−1
(

ln 2
θ1

)
< τ < l−1

(
ln 2
θ2

)
then T[0,τ]

1 ≥st T[0,τ]
2 by Proposition 3;

See Table 1. Here, l−1(.) denotes the inverse of the function l(.).

Example 7. Let Φ be the class of absolutely continues distribution function Fθ of the form
Fθ(x) = 1− e−Kθ(x), x > 0, where Kθ(x) is increasing in x and positive function θ ∈ Θ. Then the

probability of density function is given by fθ(x) = kθ(x)e−Kθ(x), x > 0, where kθ(x) =
∂

∂x
Kθ(x).

This class include several important distribution such as exponential, Pareto, Weibull and has
been studied in literature; See e.g, Al-Hussaini [1] for more details. Let X1 ∼ Fθ1(x) and
X2 ∼ Fθ2(x). Then medians X1 and X2 are m1 = K−1

θ1
(ln 2) and m2 = K−1

θ2
(ln 2) respectively.

If Kθ1(x) ≥ Kθ2(x) and K−1
θ1

(ln 2) ≤ τ ≤ K−1
θ2

(ln 2), then T[0,τ]
1 ≥st T[0,τ]

2 by Proposition 3. For
example, let Kθ(x) = λxα and Θ = (α, λ), α, λ > 0. Thus Xi, i = 1, 2, has the Weibull distribution

with density function fαi ,λ(x) = αiλxαi−1e−λxαi , αi, λ > 0, therefore mi = K−1
θi

(ln 2) = αi

√
(

ln 2
λ

)

where `i = (αi, λ), i = 1, 2. If α1 > α2 and α1

√
(

ln 2
λ

) < τ < α2

√
(

ln 2
λ

) then T[0,τ]
1 ≥st T[0,τ]

2 by

Proposition 3. Table 1 presents some selected members in the class Φ and corresponding optimal
switching times.

2

     RT&A, No 2 (73) 

  Volume 18, June 2023 

197



Hamideh Jeddi and Mahdi Doostparast
OPTIMAL SPARE-SWITCHING TIMES IN SERIES SYSTEMS

Table 1: Some well known members of Class Φ in Example 7

Distribution Vector parameter Kθi (x)(i = 1, 2) optimal switching time
`i K−1

θ1
(ln 2) ≤ τ ≤ K−1

θ2
(ln 2)

Exponential λi λix ln 2
λ1

< τ < ln 2
λ2

Pareto (αi, β) αi ln
(

x
β

)
β α1
√

2 < τ < β α2
√

2

Weibull (αi, λ) λxαi α1

√(
ln 2
λ

)
< τ < α2

√(
ln 2
λ

)
Compound Weibull (αi, γ) γ ln(1 + xαi )

α1

√
e

ln 2
γ − 1 < τ <

α2
√

e
ln 2
γ − 1

(Burr type XII)

Rayleigh σi
x2

2σ2
i

√
2σ1 ln 2 < τ <

√
2σ1 ln 2

Newsboy θi θil(x) l−1
(

ln 2
θ1

)
< τ < l−1

(
ln 2
θ2

)

6. Conclusions

This paper derived the system reliability function consisting of two original components and
a spare. The spare can switch among the original components. The finding of this paper hold
under a general setting. The optimal scheme for switching was also provided. Some special cases
which have also practical applications were studied in detail. It was shown that the best time
for switching the spare falls between the median lifetimes of the original component lifetimes
provided that all component and spare lifetimes be independent. This result does not depend on
the distribution of spare lifetimes. The results of this paper may be extended in various directions.
For example, one can study the system behaviour under some parametric conditions such as
multivariate distribution functions for component lifetimes. The optimal switching times for the
case of two and multiple redundancies may also be considered. Engineering systems including
parallel-series, series-parallel and mixed systems are worth for consideration in details. Another
problem is that the spare allows to switch at possible times τ1, · · · , τk(k ≥ 1). This means that the
spare can switch for k times. Finding optimal switching times τ1, · · · , τk is essential in practice.
Works on these topics are under consideration and we hope to report findings soon.
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