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Abstract

The paper introduces a new type of fractional integral transform called the N-transform of
fractional order. This transform is utilized to derive various results for a more generalized
function of fractional calculus known as the Aleph-function. The authors present several useful
findings and explore the relationship between the N-transform and other existing fractional
transforms. Additionally, the paper discusses the relationship between the N-transform of
fractional order and other existing fractional transforms. It likely explores how this new
transform relates to established transforms in fractional calculus. The authors have also
examined special cases or specific examples to further illustrate the applications and properties
of the N-transform of fractional order. These cases could involve particular functions or
parameter values that offer insight into the behavior of the transform.

Keywords: N-transform of fractional order, L-transform of fractional order,
S-transform of fractional order Aleph-function

1. Introduction

Our translation of real world problems to mathematical expressions relies on calculus, which
in turn relies on the differentiation and integration operations of arbitrary order with a sort of
misnomer fractional calculus which is also a natural generalization of calculus and its
mathematical history is equally long. It plays a significant role in number of fields such as
physics, rheology, quantitative biology, electro-chemistry, scattering theory, diffusion,
transport theory, probability, elasticity, control theory, engineering mathematics and many
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others. Fractional calculus like many other mathematical disciplines and ideas has its origin in
the quest of researchers for to expand its applications to new fields. This freedom of order
opens new dimensions and many problems of applied sciences can be tackled in more efficient
way by means of fractional calculus.

Laplace and Sumudu transformations are closely linked to the natural transform. The
Natural transform, also known as the N-transform, was initially introduced by Khan and Khan
[6]; Al-Omari [1]; Belgacem and Silambarasan [3] explored its features. Maxwell's equations
were solved using the Natural transform in Belgacem and Silambarasan [11] and [2]. Transform
methods for solving partial differential equations discussed by Duffy [5]. Sharma and
Shekhawat [8] obtained integral transform and the Solution of Fractional Kinetic Equation
Involving Some Special Functions

Belgacem and Silambarasan's [4] works on the Natural transform can be found here [11]
for more information. If we assume that the function is fractional derivative and continuous,
the Natural transform often works with continuous and continuously differentiable functions.
The Natural transform, like the Laplace and Sumudu transforms, does not work since the
function is not derivative. In a similar vein, we must establish a new term that we will call
fractional Natural transform.

2. Definitions and Preliminaries

2.1 Natural transform

In mathematics, the natural transform is an integral transform similar to the Laplace
transform and Sumudu transform, introduced by khan and khan [6]. It converges to both
Laplace and Sumudu transform just by changing variables. Given the convergence to the
Laplace and Sumudu transforms, the N-transform inherits all the applied aspects of the both
transforms. Most recently, Belgacem [11] has renamed it the natural transform and has
proposed a detail theory and applications. The natural transform of a function f(t), defined for
all real numbers t > 0, is the function R(u, s), defined by:

R(u, s)=N[f(t)] = fooo e Stf(ut)dt , Re(S) > 0,u(—1,,1,) (1)
Provided the function f () € R? is defined in the set

1tl
A={f(t) 1IM, 11,7, > 0.|f(t)| <M e"J} (2)
Khan [6] showed that the above integral converges to Laplace transform when u =1, and into
Spiegel [7] transform for s = 1.

2.2 Fractional Natural transform of order a

RE(u, ) = NF[f ()] = [)" Ea(=s“x)f (wx)(dx)*, 0 <a <1 3)
or
RE(u,5)= lim [ Eq(=s"x®)f (ux) (dx)" (4)

where s, u € C, and E,(x) is the Mittag-Leffler function,E¢(z) = Y=o ;—:

2.3 Fractional Laplace transform reported by Estrin and Higgins [10]

From the above definition, when u=1
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Li(1, 8) = LE[f ()] = [, Eq(—s*x®) f () (dx)* , 0 < a < 1 (5)
or
Li(L, 5)= lim [)" Eq(=s"x")f () (dx)" (6)

Where, s € C, and E,(x) is the Mittag-Leffler function, E,(z) = X3~ ;—;

2.4 Fractional Sumudu transform

From the above definition, when S=1
Sa, 1) =SFF@] = [, Eo(—x")f (ux)(dx)* ,0 < a <1 7)
or
Sau, )= lim [ Eq (=) f (ux) (dx)*" ®)

where u € C, and E,(x) is the Mittag-Leffler function, Eq(z ) = Y=o ;—;
3. Aleph-function

The Aleph-function is defined in terms of the Mellin-Barnes type integral in the following
manner is
mn (@), 4), plrilasi Ay,
PildiTyr (bfva)l,m[Ti(bj'Bji)]m+1,qi
_1 M7, r(bj=B)s) =y r(1-aj+4)s) s
B EIL Y1t H;-Iimﬂ r(1-bji+Bs) H?inﬂ rlaji=4jis] z

ds )

Lemma 3.1: For instance the fractional natural transform of the f(x) = x™%, n € N then
NF[x™] = [7 Eq(—s*x%) (ux)"*(dx)* = u™ [ Eo(—s"x%) (x)"*(dx)" (10)
We put t = xs. we get

na 0
N[ 2] = <z 37 Ea(—t) (£ (d)"® (11)
or
| na
Na[xm] = 25 Tuln+1) (12)

Note: I, (n) = (Ti)fooo E (—x%) (x)™~ D (dx)®

Lemma 3.2: For instance the fractional Laplace transform of the f(x) = x™* n € N then

LE[x™] = [ Ea(=s"x®) ()" (dx)" (13)
We put t = xs. we get
LeLx"] = <z fy Ba(—t%) (6" (dt)" (14)
or
L[ xm] = e Te(n+ 1) (15)

Note: T, (n) = (71) Jy” Ea(=x%) (x)®D%(dx)®

Lemma 3.3: For instance the fractional Sumudu transform of the f(x) =x"%, n € N then
Salx™] = [ Ea(—x%) (ux)™(dx)® = u® [[7 Eq(—x®) (x)™* (dx)" (16)
We putt = x, we get
Salx™] = u"® [[7 Eq(—t%) ()"(d)* (17)
or
SH x™] = (aHu™ T,(n+ 1) (18)
Note: Ty(n) = — [7 E,(—x®) (x)™~D(dx)®

(ah 70
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4. Some Main Transformations

4.1 Fractional natural transform of order «

In this section, we derived the fractional natural transform of order « in relationship with the
known generalized function of fractional calculus known as Aleph-function.
Theorem 4.1.1: Let Nj[f(x)], 0 <a <1, be the fractional natural transform of order «
associated with Aleph-function . Then there holds the following relationship
N {Nm'n (@), 40), i@t A, ]} _
p ,

. z
PiliTyr (bj'Bj)l,m[Ti(bj'Bji)]m+1,qi

lxm,n+1 u
s Pildizpr | s

(0,1)(a]-_A,-)Ln[ri(aﬁ,A,-i)]nﬂ,pil (19)

(0),8), m7i(0) Bjidl sy g,
Provided the function f (t) € R%.
Proof: By using the definition of the generalized function of fractional Aleph -function and
fractional natural transform of order « we get
N+ {Np n 7 (aj,Aj)l'n[‘fi(aji,Aji)]n.'.l’pi_}
idiTyr | (bj'Bf)1,m[ri(bj'Bji)]m+1,qi_
J {Lf 1‘[4-'=1 r(bj—Bjk)]'[j=1 r(lp—'aj+Ajk)
2mi "L S Tl Ly TA=bji+ Bl TTL  rlaji-Ajik]
N+ {N 7 (aj 'Aj)lln[Ti(aji 'Aji)]n_'_l‘pi-}
plqnlr_ (bj_Bj)Lm[ri(bj_Bﬁ)]erLqi_
) e N T (21)

2mi °L Zl 1Tlnj =m+1 r@- bll+B]lk)H] =n+1 r[afi_Afik]
N R Zl(aj,Aj)l_n[ft(ajz,Ajz)]nH,pi _
pl ‘h‘r i (bj.Bj)l,m[ﬁ(bj.Bfi)]m+1,qi N
bj—Bjk)[1}=, r(1-aj+Ajk
), o (I L) gy g ¥y 22)

qi
2mi °L P 1"-'11_[] —me1 T~ b}L+B]lk)Hj a1 Taji—Ajik]

By making use of lemma -3.1 in above equation, we get

NF{x™ 7 (aj,4)), ,[ri(ai 'Afi)]n+1ll’i -
pl qlT hd I(bj,Bj)llm[ri(b]‘:Bji)]m+1,qi B

zkdk} ; Re(a)>0 (20)

el M2 00 Wjon (-0t A8) gy W pyey q) (23)
2mih B 1T‘H1 =m+1 M1~ b”+B]lk)]'[] L i Mlaji=Ajik] s(k+1)
or
mn (@;,47), nl7ilaji Aji)] s, 1)
{Nm qi;z; r[ |(bj'Bj)1'm[Ti(bj'Bji)]m+1'qi:|}_
11 M7y r(bj-Bjk) T}y r(1- a]+A]k)I‘(1 0+k) dku—k o4
s 2mich ¥ 1T’H? ma1 T~ b11+311k)l_[] L rlaji=4jik] sk
or

N+ < |(1 1)1n[71(a11 11)]n+1p _
quL‘L'l (b] 1)1m[Tl(b] ]l)]m+1q
1gmn+1 [E ©.1(a),45), ,l7i(aji A ﬁ)]n+14’il
s Pilizyr | s

(b} Bj), plTi(b) ,Bji)]mﬂ_qi

(25)

This completes proof of theorem.
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4.2 Fractional Laplace transform of order a

In this section, we derived the fractional Laplace transform of order « in relationship with the
known function of fractional calculus known as Aleph-function.
Theorem 4.2.1: Let L%[f(x)], 0 <a <1, be the fractional Laplace transform of order a
associated with Aleph-function . Then there holds the following relationship
I {N [ l( 5 AD 7@ A ]}_
Pidizyr (bj B])lm[fl(b] Bﬂ)]qu
1t [ @ 0)(a],A])l'n[fz(a]l,Aji)]n+1'pi:| 26
Pildizr (bj,Bj)1,m[Ti(bj,Bﬁ)]m+1.qi )
Provided the function f () € R%.
Proof: By using the definition of the generalized function of fractional ML -function and
fractional Laplace transform of order @ we get
It {N [ l(a, A, plti(@ji A, ]}_
Pidizyr (bj B})lm[fl(bj B]z)]m+1q
n;"lr(b, B,k)]'[l , (1= a]+A]k)
EIL > 1TL]_[1 Lmaq r- b]l+B,Lk)l'IJ —n4q Tlaji—Ajik]
L {x,,t oz Z’:J;m[[i((‘: .L'B]..L))]]n”'pi-}
v 7.Bi)ym %P5 Bl gy g, |
1 l'l;'n—1 r(bj=Bjk) j=q r(1-a;+4;k)
2mi oL S L F=b+Bl T, rlaji-Ajik]
L+ {N (aj,Aj)l'n['[i(aji,Aji)]n.'.l'pi-}
Pidizyr (bj’Bj)l'm[‘[i(bj‘Bji)]m*_l'qi_
1 ITj= 1I'(b1 B]k)l-[] 1 r(1- a]+A]k)
il S Gy byt B0 T, laji=Ajik]
By making use of lemma -3.2 in above equation, we get
L+ {Nmn (G-j,Aj)lln[‘fi(afi,Aji)]n_,,l,pi]} _
@) Opidie;r (b}-’Bj)llm[‘ri(bj,Bji)]m+1’qi
1 1'[] 1 r(bj- B]k)]'[7 L r(1- a1+A1k) dk 1
2mi Il ST Ly FA=bj+ B TEL, L rlaji=Ajik] 0D

L+ xm 7 (aj’Aj)Ln[Ti(aji 'Aji)]"”lfpi -
pl qlT hd I(bj,Bj)llm[ri(b]‘:Bji)]m+1,qi B

Lt zkdk} ; Re(a)>0 (27)

dk L}{z*} (28)

dk Lt{z} (29)

rk+1) (30)

or

1 17, r(b, B]k)l'[] L (1= a,+A,k)r(k+1)r(1 0+k) 1 dk 1
EIL T % rAbtBak) I .. lan—Ar s(k+1) (31)
Y=g wll 1 2m41 M- b],+B]Lk)1'[] —na1 Maji—A4jik]
Nmn |( _A])Ln["-'l(aﬂ,,AJL)]n_,.l,pi _
Pilizzyr (bj'Bj)l,m[ri(bj'Bji)]m+1,qi
A .0)(@j.47), ,l7i(@ji 4]y, 52
Pidi;Tyr (bj'Bj)l,m[ri(bj'Bji)]m+1,qi

This completes proof of theorem.

4.3 Fractional Sumudu transform of order «

In this section, we derived the fractional Sumudu transform of order a in relationship with the
known function of fractional calculus known as ML-function.

Theorem 4.3.1: Let SF[f(x)], 0 < a <1, be the fractional Sumudu transform of order a
associated with Aleph-function . Then there holds the following relationship
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|(a]- _Aj)l_n[‘ri(ajz_Aji)]nﬂlpi 1 gl u 33
pl ‘h‘r i (bj'Bj)l,m[ri(bj'Bji)]m+1,qi s (S) ( )

Provided the function f (t) € R%.
Proof: By using the definition of the generalized function of fractional Aleph -function and
fractional Sumudu transform of order @ we get
5t {N [Zl(aj Aj), plrilaji ,Aji)]nﬂ,pi]} _
PidizTyr (bj'Bj)Lm[Ti(bj_Bji)]m_'_l'qi
;if 1'14 1 r(bj=Bjk) M}~y r(1- a]+A]k)
2mi”L 3T rlnj mar M2 b]L+Bﬂk)Hj na Flaji=4jik]
st {N [Zl(aj,AJ)l_n[rl(aﬂ. ”)]n+1'm]}=
Pidiz;r (b]-'B]-)Lm[‘ri(bj_Bji)]m+1lqi
1 1'[] 1 r(bj—- B]k)]'[j L (- a]+A]k)
2mi fL Soanll ] Lmaq T bJL+Bﬂk)]'[j L rlaji—4jik]
(aj ,Aj)l_n[f (aji, jl)]n_,_l,pi
{ Pi q” T[ |(bj,Bj)Lm[Ti(bj,Bji)]m+1’qi:|} -
Ly WOl (et ) gy (36)
2mi”L 3T lnl'[] Lmaq T bjL+B]lk)H] L Tlaji—Ajik]
By making use of lemma -3.3 in above equation, we get
{ [ |(aj'Aj)lln[fi(aji'Aji)]n_'_l‘pi:|} _
pl ‘hr ;T (bj'Bj)llm[Ti(bj'Bji)]m_'.l‘qi -
1 1‘[]=1 r(bj-Bjk) 1‘[]-=1 r(1-aj+4jk)
2mi 2y Srea willfL g rO=bji4BR TIHL, L rlaji=Ajik]

(a j,Aj)Ln[Ti(aji .Aji)]n+1,pi _
Pl ‘hrl |(b]-_Bj)llm[fi(bj.Bji)]m+1,qi B

1 117~ r(bj-Bjk) 1‘[7 L r(1- a]+A]k)F(1 0+k)

z¢dk; Re(a)>0 (34)

dk S*{z*} (35)

dku® T(k+1) (37)

or

ukdk (38)

53 Al A T)
P; (hrl (bj, ])1m[ft(b1 B]L)]m+1q
mn+1 u ©, 1)(11] vAJ)l,n[TL(aﬂ’A]l)]n“'l'pi
Pildizy;r (bj,Bj)llm[fi(bj,Bﬁ)]m+1,qi

(39)

This completes proof of theorem.

5. Special Cases

In this section, we discuss some of the important special cases of the main results established
discussed above, If we take « =7;=1 in the theorems (4.1.1), (4.2.1) and (4.3.1) we get well known
results of ordinary calculus like Natural transform of Saxen’s i-function, Laplace transform of
Saxen’s i-function and finally ordinary Sumudu transform of Saxen’s i-function as reported in

[9].
6. Conclusion

This paper introduces a novel type of fractional integral transform called the N-transform of
fractional order. This transform is proposed as a new addition to the theory of fractional order
transforms. The paper emphasizes that the contributions made by this new transform are
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believed to be significant and offer valuable insights to the field. Furthermore, the paper
suggests that the N-transform of fractional order has potential applications in solving fractional
differential and integral equations. By utilizing this model, it may be possible to find solutions
or approaches for various equations involving fractional derivatives or integrals.
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