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Abstract

In this paper, a novel three - parameter continuous distribution is introduced. This novel distribution
is an extented version of the Exponenentiated Ailamujia distribution. This extended version called as
Exponentiated Generalized Ailamujia (EGA) distribution. The Exponentiated Generalized class is used to
derive the proposed distribution by considering Ailamujia distribution as a baseline distribution. A special
case of the EGA distribution called Generalized Ailamujia (GA) distribution is also derived. Properties of
the proposed distribution such as moments, mean, variance, harmonic mean, moment generating function,
survival function, hazard function, reverse hazard rate, Mills ratio and order statistics are derived. In
addition, maximum likelihood approach is used to estimate the proposed distribution parameters. Finally,
the proposed distribution is applied to two real datasets and compare with the Exponentiated Ailamujia
and the Ailamujia Inverted Weibull distributions. Results reveal that the proposed distribution provides
better estimate as compared to the said distributions for the given two real datasets.

Keywords: Ailamujia distribution, Exponentiated Generalized - G Class, Exponentiated Ailamujia
distribution.

1. INTRODUCTION

Distributions with support on non-negative real numbers are important in modelling lifetime data.
There are lifetime distributions which are popular in modelling lifetime data such as Weibull, log-
logistic and lognormal distributions. These distributions are widely used in engineering and other
related fields. Lv [8] proposed the Ailamujia distribution as an additional lifetime distribution
and studied its properties such as mean, variance, median and maximum likelihood estimators.
This distribution was studied further its properties such as interval estimation and hypothesis
testing [9] and minimax estimation under non-informative prior using the loss functions [7].

There are different extensions of the Ailamujia distribution were considered in the literature.
For example, Ahmad [1]] introduced the Transmuted Ailamujia distribution and studied its several
properties. Other identified extensions are the weighted analogue of Ailamujia distribution
[14], the area biased distribution [6], the inverse analogue of Ailamujia distribution [2], the size
biased Ailamujia distribution [11], the Power Ailamujia distribution [13] and the Power Ailamujia
distribution [5].

Moreover, Rather [10] introduced the extended version of the Ailamujia distribution called
Exponentiated Ailamujia distribution and explored some of its structural properties such as
moments, reliability analysis and harmonic mean. They used the Exponentiated - G family of
distributions in the derivation of the Exponentiated Ailamujia distribution. In addition, they
fitted the Exponentiated Ailamujia distribution into two real datasets and they found that the
Exponentiated Ailamujia distribution had a better fit compared to the Ailamujia and Lindley

288


mailto:idzhar.lakibul@g.msuiit.edu.ph

Idzhar A. Lakibul RT&A, No 3 (74)
A Novel Three - Parameter Version of the Ailamujia Distribution Volume 18, September 2023

distributions.

In this paper, the main goals are the following: (i) to extend the exponentiated Ailamujia
distribution using the exponentiated generalized class; (ii) to derive some properties of the
proposed distribution such as moments, mean, variance, harmonic mean, moment generating
function, survival function, hazard function, reverse hazard rate, Mills ratio, maximum likelihood
estimates and order statistics; and (iii) to apply the proposed distribution into two real datasets
and compare with the Exponentiated Ailamujia and Ailamujia Inverted Weibull distributions.

The rest of paper is organized as follows: Exponentiated Generalized Ailamujia distribution
is introduced in section 2. In section 3, some statistical properties of the proposed distribution
are derived. Order Statistics of the proposed distribution is presented in section 4 while the
Maximum likelihood estimates of the proposed distribution parameters are discussed in section 5.
In section 6, the application of the proposed distribution is illustrated. Some concluding remarks
is presented in section 7.

2. EXPONENTIATED GENERALIZED AILAMUJIA DISTRIBUTION

This section presents the derivation of the Exponentiated Generalized Ailamujia (EGA) dis-
tribution. Let X be a random variable follows an Ailamujia distribution then the cumulative
distribution function of the Ailamujia distribution is given by

G(x,0) =1— (1+26x)e 2*,x > 0,6 >0 (1)
with corresponding probability density function given by
g(x,0) = 46%xe20%,

Cordeiro [4] introduced the exponentiated generalized class to extend any univariate continu-
ous distribution into generalized distribution with additional two parameters. The cumulative
distribution function of the exponentiated generalized class is given by

F(x) = (1—-(1-G(x))"’,a,b>0, )

where G(x) is any baseline cumulative distribution function. The cumulative distribution function
of the Exponentiated Generaized Ailamujia (EGA) distribution is obtained by inserting (1) into
and is

F(x,0,a,b) = (1—(1+ 29x)”e*2”9x)b,x >0,0,a,b>0 (3)

with corresponding probability density function given by
f(x,0,a,b) = 4abb?x(1 + 20x)"~Le=290% (1 — (1 4 20x)%e210%)b1, 4)

Notethat if 4 = 1 then the EGA distribution reduces to Exponentiated Ailamujia distribution.
Then it is Ailamujia distribution if 2 = b = 1. If b = 1 then the cumulative distribution function
of the EGA distribution reduces to a cumulative distribution function of new special distribution
that is given by

F(x,60,a) =1— (1 +26x)%e 2%~ (5)

with probability density function given by
£(x,0,a) = 4a6x(1 + 20x)* 1200,

We name the cumulative distribution function (5) as the cumulative distribution function of the
Generalized Ailamujia (GA) distribution.
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Figure 2: pdf plots of EGA distribution for 8 = 1.5, a = 1.5 and varying values of b

Figures [1| and [2| show some possible probability density shapes of the EGA distribution. It
reveals that the probability density function of the EGA distribution can model a data with right
tailed unimodal and exponential shapes.

3. STATISTICAL PROPERTIES

In this section, we derive some properties of the EGA distribution such as moments, mean,
variance, moment generating function, harmonic mean, survival fuction, hazard function, reverse
hazard rate and Mills ratio.

3.1. Moments
Theorem 1. The rth raw moment of EGA with density (@) is

0 00 (—1)](”71)0]*1)(&])1"(7,_’_1+l+2)
= (26)" Z Z D ar+l+i+]1(]'_i_1)r+l+i+2 : (6)

2

The mean ) and variance o are respectively, given by

(/T +i+3)
al+it2(j 4 1)1+i+3
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ira—1\/b—1 i .
2=ty §<—1>]<“i YOOI +i+4)
40 iZ0j=0i=0 al+i+3 (] + 1)1+1+4

. (oo = o (-1 +i+3>)2

al+it2(j 4+ 1)I+i3

Proof. The rth raw moment is defined by
pr = E| X’]
= / X" 4ab6%x (1 + 20x)*1e230% (1 — (1 4 20x)%e220%)b=1 gy,
JO

Using the binomial expansion for (1 +26x)~!, we have

(1+20x)"1 = Y (a : 1>2i9ixi.
i=0

—Zan)b—l

Again, using the binomial expansion for (1 — (1 + 260x)“e , we have

(1— (1+20x)% 20)b=1 = Y (—1) (b ; 1) (1 + 26x)Ye 20

_ i (1) (b ; 1>€2g]'9x i <tllf>2191xl

1=0
=53y (U1 (7)ot e

Now, 1, becomes

1, = 4abe? Y'Y Y (_1)jBiBjBlzi+19i+l/(; i =20 )0 g
i=0j=01=0

where B; = (}1), B = (byl) and B; = (“l]) Moreover,
o (~1)iBBBI(r+1+i+2)

7 29 Z Z Z ar+l+z+1 ] + 1)r+l+z+2

i=0;7=01=0

The mean i of EGA is obtained by setting r = 1 in @) and is

0 oo (—=1)/(“ (T +i+3)
; ;) al+z‘+2(/j + ;)l+z‘+3

nMg

o=
1= 20
The p} is derived from (@) by setting » = 2 and is

(=0T +i+4)
al+i+3(j 4 1)1+it+4

~wmLLY

i=0j=01=0

=~
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The variance 02 of EGA is obtained as

(/T +i+4)

alFi3(j 4 1) FiTe

<—1>f<“;1><b;1><“{>r<l+z‘+3>)2

a2 (j 4 1)1+

(/T +i+4)

alFi3(j 4 1)l Fits

» (‘” ; i<—1>f<“ﬂ><bﬂ><f>r<l+i+3>)2

a
I
alF2(j 4 1)IFiTs

3.2. Moment Generating Function

Theorem 2. Let X be a random variable follows EGA distribution then the moment generating

function Mx(t) is given by

@ @ o o (DI ()T +1+i+2)
=b2222 (260)" ar+l+zi—1(]+1)r+l+i+2r! !

r=0i=0;=01=0

where t € R.

Proof. By definition of moment generating function and equation (6), we have

Mx(t) = E(eX) = /0 e F(x,6,a,b)dx.

Recall that e/ = Y ,x then we have

oo ©0 tr 00 t?’ o0 o0 r
Mx(t) :/ Z —'xrf(x,(),a,b)dx = Z —'x’/ f(x,0,a,b)dx = 2 t—'y’,
0o ! = Jo =
Thus,
biiiitr(—l)’( T +1+i+2)
555 29 rar+l+z+1(]+ 1)r+l+z+2r! ’
where t € R.

3.3. Harmonic Mean

@)

Theorem 3. Let X be a random variable follows EGA distribution then the harmonic mean of

EGA is
1)/BB;B T (I +i+1)

H.M = 26b 120]2012(;) al+i(j + 1)Fit
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Proof. The harmonic mean is defined by
1
HM=E [X}
® 1]
= /_Oo ;f(x)dx
= / %4ab92x(1 +20x)* e 209% (1 — (1 4 20x)"e~2%0%)0 =14y
0
— [ a6 (1 4 20x)" e (1 (14 20x)7e ) L.
0
Using the binomial expansion for (1 + 26x)*~!, we have
a1 _ v (0= 1 igii
(14 26x) —Z< ; >29x.
i=0
Again, using the binomial expansion for (1 — (1 + 26x)%~2%%)=1 we have

(1 (1+262)% 200001 = Y~ (1) (b i 1) (1 + 26x)e =2

_ i 1) <b ; 1>62gj9x i <ﬂl]'>2191x1

1=0
o (=1 (a]\ o100 1 —2aj
= — ] ajex
2 ) ( 1)( j )(l)29xe .
Now, H.M becomes

H.M = 4ab? Z Z Z 1)/BB;B2 6! / i+ p—2a(+1)6x g
i=0j=01I= JO

where B; = (";1), B; = (byl) and B, = (al]) Thus,

1)/B;B;BI(I +i+1)

H.M = ng;;)]ZOZZO al+z ]_|_ 1)l+z+l

3.4. Reliability Analysis

Let X be a random variable with cdf @) and pdf @) then the survival S(x,6,4,b) and hazard
h(x,6,a,b) functions of the EGA distribution are respectively, given by

S(x,0,a,b) =1— (1 — (14260x)%e 2% x> 0,0,a,b >0

and
4abf?x(1 + 20x)"~Le=290% (1 — (1 + 20x)%e 2007 )b~1

1— (1 — (1+20x)2e—2a0x)b
In addition, the reverse hazard rate h,(x,6,a,b) and the Mills ratio of the EGA distribution
are respectively, given by

h(x,0,a,b) =

4ab6%x (1 + 20x)*~le—2a0%
1 — (14 26x)7e—2a6x

he(x,0,a,b) =
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and
1— (1+26x)%e 2%

MillsRatio = .
HHsRato 4ab62x (1 + 20x)7—1e—2a0x
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Figure 4: hf plots of EGA distribution for § = 1.5, a = 1.5 and varying values of b

Figures [3| and [4] present some possible shapes of the hazard function of EGA distribution.
It reveals that the hazard function of the EGA distribution can model data with increasing or
decreasing hazard rate behaviors.

4. ORDER STATISTICS

Let X(l), X(z),..., Xn) be the order statistics of a random sample Xj, X»,..., X; drawn from
the continuous population with cumulative distribution function Fx(x) and probability density
function (pdf) fx(x), then the pdf of rth order statistics X, is given by

n!

o) = G X = B ®

The pdf of rth order statistics X, of the EGA distribution is obtained by inserting (3) and (EP into
and is

4ab6*n! a—1,—2a0x o —2a0x\ "1 a —2a6x\ " "
fX(r) (x,97a1b> = mxz e (1 —ze ) |:]_ — (1 —z'e ) :| 7 (9)
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where z = 1+ 26x. The pdf of the 1st or smallest order statistics of the EGA distribution is
derived by setting r = 1 in equation (9) and is

b1 b1t
fX(l) (x,0,a,b) = 4abnf?xz" 1o 200x (1 - z”e_z“g") [1 — (1 — 2“6_2“9") }
If » = n then the pdf of the nth or largest order statistics of EGA distribution is given by

bn—1
fx) (x,60,a,b) = 4abd*nxz"~te~20% (1 - z“e—2ﬂ9x) )

5. MaximuMm LiKELIHOOD ESTIMATION

This section is dedicated to maximum likelihood estimation as an estimation approach for EGA
parameters.

Let Xy, Xp,..., X, be a random sample of size n from EGA distribution then the likelihood
function is given by

n
L = [ 4ab6%x;(1 + 20x;)" e 2%%i(1 — (1 + 20x;)%e~240%i)b—1
i=1

The log-likelihood is

I = nlog(4) + nlog(a) + nlog(b) + 2nlog(6) + Z log(x;) +a Z log(1+ 20x;)
i=1 i=1

n n n
=Y log(1+26x;)) —2a0 ) x;+ (b —1) )_log(1— (1+ 20x;)"e~200%), (10)
i=1 i=1 i=1

Taking the the derivative of with respect to parameters 6, a and b then we have the following
equations:

ol 2n e
%= 5 +2(a— 1)22—1 —ZaIZxZ +4a6(b ; — e—2a€x ’ (1)
o n & " z0e~207%i (20x; — log(z;))
So = b Lloste) 20 Y (b 1) ) S, (2
n
% %+ 2 log(1 — 2% 2a9x1) (13)

where z; = 1 + 20x;. The numerical maximum likelihood estimates of the EGA parameters can be
computed by equating (11), and to 0, respectively.

6. APPLICATION

In this section, the EGA distribution is applied to two real datasets and compare with the follow-
ing distributions:

- Exponentiated Ailamujia distribution (EA) [10]
f(x,0,b) = 4b6%xe™29% (1 — (1 + 20x)e2%)0=1 x > 0,6,b > 0.
- Ailamujia Inverted Weibull distribution (AIW) [12]

F(x,0,0) = 400?x 217257 x> 0,0,a > 0.
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In this application, we use two datasets from Badar[3]]. These sets of data are presented as
follow:

Data Set 1. This dataset is related to failure stresses (in GPa) and it is composed of 65 single
carbon fibers of lengths 50 mm. The observations are given as follow: 1.339, 1.434, 1.549, 1.574,
1.589, 1.613, 1.746, 1.753, 1.764, 1.807, 1.812, 1.84, 1.852, 1.852, 1.862, 1.864, 1.931, 1.952, 1.974, 2.019,
2.051, 2.055, 2.058, 2.088, 2.125, 2.162, 2.171, 2.172, 2.18, 2.194, 2.211, 2.27, 2.272, 2.28, 2.299, 2.308,
2.335, 2.349, 2.356, 2.386, 2.39, 2.41, 2.43, 2.431, 2.458, 2.471, 2.497, 2.514, 2.558, 2.577, 2.593, 2.601,
2.604, 2.62, 2.633, 2.67, 2.682, 2.699, 2.705, 2.735, 2.785, 3.02, 3.042, 3.116 and 3.174.

Data Set 2. This dataset represents the strength data measured in GPa of 69 single carbon fibres
tested under tension at gauge lengths of 20mm. The data is given as follows: 1.312, 1.314, 1.479,
1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997, 2.006, 2.021, 2.027, 2.055, 2.063, 2.098,
2.140, 2.179, 2.224, 2.240, 2.253, 2.270, 2.272, 2.274, 2.301, 2.301, 2.359, 2.382, 2.382, 2.426, 2.434,
2.435, 2.478, 2.490, 2.511, 2.514, 2.535, 2.554, 2.566, 2.570, 2.586, 2.629, 2.633, 2.642, 2.648, 2.684,
2.697, 2.726, 2.770, 2.773, 2.800, 2.809, 2.818, 2.821, 2.848, 2.880, 2.954, 3.012, 3.067, 3.084, 3.090,
3.096, 3.128, 3.233, 3.433, 3.585 and 3.585.

In this analysis, we use the Akaike Information Criterion (AIC), Bayesian Information Criterion
(BIC), Kolmogorov - Smirnov (K-S), Anderson - Darling (A) and Cramer - von Mises (W) statistics
for comparison. In addition, a package "fitdistrplus” in R is used to fit the distributions into given
datasets.

The ML estimates of the fitted models to both sets of data are presented in Tables 1 and 3.
Furthermore, results are given in Table 2 for first set of data and in Table 4 for second set of data.
Tables 2 and 4 indicate that the proposed distribution provides better estimate for two given
datasets as compared to the EA and AIW distributions since it has a smallest values of AIC, BIC,
K-S, A and W*. Moreover, same results are observed from figures [5|and @

Table 1: MLEs of the fitted models for a first set of data.

A ~

Distribution 0 & i b
EGA 0.007532943 5404.596  12.49782
EA 1.473919 58.063764
AIW 12.894223  3.542585

Table 2: Numerical values of AIC, BIC, K-S, A and W* of the fitted models for a first set of data.

Distribution AIC BIC K-S A W
EGA 77.65784 84181  0.08196969 0.43719505 0.07281970
EA 79.85257 84.20135 0.09598235 0.75832969 0.12159989

AIW 85.65023 89.99900 0.1150352  1.2112933  (0.1948092

Table 3: MLEs of the fitted models for a second set of data.

PN ~

Distribution 0 & a b
EGA 0.006973733 4720.681000000 9.017470000
EA 1.204724000 31.814881000
AIW 10.924163000 3.000044000
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Table 4: Numerical values of AIC, BIC, K-S, A and W* of the fitted models for a second set of data.

Distribution AIC BIC K-S A Wk
EGA 107.4429 114.1452 0.06677067 0.45740745 0.06486004
EA 111.7837 116.2520 0.09042448 0.99232483 0.14097939
AIW 122.5224 126.9907 0.1199293  1.9072115  0.2835300
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Figure 5: Estimated pdf of the fitted models for the first set of data
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Figure 6: Estimated pdf of the fitted models for the second set of data

7. CONCLUDING REMARKS

In this paper, a novel generalized version of the Exponentiated Ailamujia distribution called
Exponentiated Generalized Ailamujia distribution has been introduced. Some properties of the
proposed distribution such as moments, mean, variance, harmonic mean, moment generating
function, survival function, hazard function, reverse hazard rate, Mills ratio and order statistics
were derived. Maximum likelihood approach was implemented to estimate the proposed distri-
bution parameters. The applicability of the proposed distribution was evaluated by fitting on two
real datasets and compared with the EA and AIW distributions. It was found that the proposed
distribution provides better estimate for the given datasets compared to the said distributions.
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