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Abstract

Utilizing the auxiliary information in stratified population, in the current study, we have discussed two
classes for the regression type of estimators to estimate the ratio of two population means in the presence
of non-response with the unknown population mean of the auxiliary variable. To estimate the unknown
value of the population mean of auxiliary variable, we have used two-phase sampling method. For the
suggested classes of estimators, we have considered two situations for the use of auxiliary information
along with the non-response in the study variable such as incomplete information on the study variable
and incomplete information on the corresponding units of the auxiliary variable and in another situation
we have considered incomplete information on the study variable and complete information on the
auxiliary variable. To estimate the non-response in study variable and auxiliary variables, we have used
the Hansen and Hurwitz method of sub-sampling from the non-respondents. For the suggested classes
of estimators, some members have been recognized. Using large sample approximation, the expressions
for bias and mean square error have been derived for the suggested classes. The optimum values of the
constants involving in the expression of mean square error have also been calculated. Mean square errors
of the Suggested classes are found to be equal in theoretical study and real data study. An empirical study
has been conducted with the help of a real data set (The Primary Census Abstract-2011 published by
the Office of the Registrar General & Census Commissioner, India.) in order to compare the proposed
classes of estimators with the conventional estimator for the different rates of non-response and different
choices of sub-sampling fraction. The Suggested classes are found to be most efficient with respect to
the conventional estimator for the different rates of non-response and different choices of sub-sampling
fraction in empirical study.

Keywords: Ratio of two population means, Regression type estimator, Two-phase sampling,
Auxiliary variable, Non-response, Mean square error

1. INTRODUCTION

In the literature of sample surveys, the ratio of two population means plays a crucial role. In this
context to have a better understanding, we have several examples in the field of scientific and
Socio-economic studies such as:

e Agricultural surveys: The crop production per acre in a crop survey, agriculture labor per
cultivator and the ratio of production of corn acres to wheat acres, etc.

* Industrial surveys: the outlay of total expenses per employee, Proportion of liquid to total
asset, etc.
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* Medical surveys: In the estimation of growth index, the estimate of ratio using the measure-
ments on weight to height. The skull or chest circumference may be used as an auxiliary
variable.

In the case of finite population, the estimate for the ratio of two population means by using
known and unknown population mean of the auxiliary variable have been studied by several
authors such as Singh [13], Tripathi [17], Khare [3], Upadhyaya et al. [18], Singh and Naqvi
[14]and Kumar and Srivastava [10]. In a recent study, Ahuja et al.[16] have suggested a generalized
two-phase sampling estimator for ratio of two population means.

The occurrence of non-response is very common in the field of sample surveys. Hansen and
Hurwitz [2] have suggested a technique of sub-sampling from the non-respondents to treat the
problem of non-response. Further, El-Badry [1] has made some improvements to reduce the effect
of non-response. In case of finite population in the presence of non-response, the estimation of
ratio of two population means using known and unknown population mean of auxiliary variable
have been studied by Khare and Pandey [4], Khare and Sinha [[5],[6]], Khare and Sinha [7] and
Khare et al. [§].

For the stratified population in the presence of non-response, Khare and Jha [9] and Singh
et al. [12] have suggested the classes of estimators for estimating the population mean utilizing
auxiliary information with known and unknown population mean of auxiliary variable.

Following the research work of Singh et al. [12], we have made an effort by suggesting two
classes of regression type of estimators for the ratio of two population means utilizing two-phase
sampling method for the estimation of unknown population mean of auxiliary variable in the
presence of non-response for the stratified population. Some members of the suggested classes
of estimators have been recognized. The properties of the suggested classes have been obtained.
To support the effectiveness of the proposed classes of estimators with respect to the relevant
estimator, an empirical study is conducted with the help of a real data set.

2. NOTATIONS AND SAMPLING PROCEDURE

We have a heterogeneous population of size 1 : [171, 72, 3...7n] study variables (y1,y2) and
auxiliary variable x with respective population means Y1,Y; and population mean (X) of
auxiliary variable is unknown, which is divided into L homogeneous strata. The population
parameters used in this study are denoted as follows:

we have,

?—lﬁ -?—li -Y—leandR— (1)
1—Ni:1]/11, 2—Ni:1]/21, =N i _Yz

In this present study, we are dealing with the stratified population with unknown X in the
presence of non-response. In such a situation, to estimate the unknown population mean of an
auxiliary variable, we use the technique of two-phase sampling which is described as follows:

In the very first step, we have the population of size N divided in L homogeneous strata
of sizes N1, Np, N3...Np. In the first-phase, using simple random sampling without replacement
(SRSWOR), we draw a larger preliminary sample of size n; from i stratum of size N;.

Further, in the second-phase, we draw a relatively small sample of size n;(nl- < n;) using
SRSWOR from 7; units of i stratum.

For the study (y1, y2)variables and auxiliary variable (x), a sample of size n;, we draw from i*
stratum of size N;. Due to the non-response in the population, we observe that in the sample of
size n; there are n;; responding and n;, non-responding units such that [n; = n;; + nj].

In the next step, to get the estimate of these njnon-responding units, we draw a sub-sample
of size r;[= 72,1; > 1].

h

Hence, we have responding 7;; and r; sub-sampled units for the i stratum which we use in
defining the Hansen and Hurwitz [2] estimators. The population means of the i stratum for
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(y1,y2) and x are given by Y1i, Yo and X; and their estimators in the presence of non-response
using Hansen and Hurwitz [2]] sub-sampling method from non-respondents are given as follows:

n; Nip 1 —x nip_ I’ll Njp 1

s 1 1 Ry X
T = S Vi + 5 Vi Ve = 5 Baiy + 5 Vi) A E =5 )+ Ry @)

where, yli(l), Yaiq) and Xj(1) are the sample means for the variable (y1,y,) and x for the n;;

" stratum. The sample means based on r; units sub-sampled from 7, units in the i

units in i
stratum are denoted by y’l i) y’z i) and 7;(2) for study variables (y1,y2) and the auxiliary variable
x.

In the presence of non-response, the stratified sample means for Y;,Y; and X for the if"

stratum are given as follows:

Vist = Z Wil1i Yost = Z Wiy5; and x5y = Z Wix ®)
i=1 i=1 i=1

For the auxiliary variable x,the stratified sample mean for estimating X based on first-phase
sample of size n; is given as follows:

Wix,. @)

mk‘\
I

Il
MR

where,fi- is the sample mean based on first-phase sample of size n;,(n;» > n;) drawn from N;
units of the i stratum is given as follows:

1 U
X= ) X 5)
n;i=1

The stratified sample mean based on 7; units in i*" stratum for auxiliary variable x is given as
follows:

L
Tt = ) Wi (6)

i=1

The population variance and co-variance for i stratum and non-responding part of the i*"
stratum used in this study are given as follows:

2 1 2

Sy = N, —1) ]:1(Y11] Y1i)?,
2 1 al

SyZz = (N; — 1) ];(YZZ] Y2i)?,
2 1 al Bvd

5% = (N; —1) j:l(X - X1)%,

612



Manish Mishra, B.B. Khare, Sachin Singh RT&A, No.3 (74)

TWO-CLASSES FOR REGRESSION TYPE OF ESTIMATORS Volume 18, September 2023

2 1 X - -

Sytiy2i = mNi=1) Zl(le] Y1) (Yaij — Yai),

]:

2 1 & v -

Sytixi = mj;(ylu Y1) (X — Xi),
2 1 M - _

Sypixi = m];(yzu Yoi) (X — Xi),

2 1 N — =
Siv2i2) = (Np = 1) Z(Yw 2) ~ V1i2)) Vaiji2) = Yai2))s

1 Nip o .
2 _
Syixi2) = (Na—1) ];(Yli,j(Z) —Y1i2)) (Xij2) = Xi(2)),

1 Nip 7 .
2 _
Sixi(2) = Na—1) ];(YZi,jQ) = Yai2)) (Xijji2) = Xi(2))- @)

where, 3; j: j value of y; in the i stratum, y; ;2 j* value of y, in the i stratum, x;j: j"
value of x in the i*" stratum, Y1ij(2): j value of y; for non-responding units in the i stratum,
Y2ij(2)" j" value of y, for non-responding units in the i stratum and Xij(2): j" value of x for
non-responding units in the i*" stratum.

We denote,W;; = %,Wiz = % such that [N; = Ny + Np] V, i = 1,2,3..L. Where, N;; and

N, are the size of the responding and non-responding units in i stratum.

3. ProroseD CLASSES OF REGRESSION TYPE OF ESTIMATORS FOR R IN TWO-PHASE
SAMPLING

In the case of unknown population mean of the auxiliary variable, we are considering two
different situations of non-response i.e. incomplete information on y1,y> and corresponding
information on the auxiliary variable x and also we use complete information on auxiliary variable
x. Here, we propose two classes of two-phase sampling regression type of estimators which are
given as follows:

Rygr = [Ret + oy (12 — Dl (u1) ®)
Rost = [Rt + aoay (ug — Dlg) (u2) ©)
where, Ry = ﬁs’, Uy = f—;f and uy = 5t.
Yost X Xt
Such that,
1)
1) =101 = Loyn(1) = (5o00) and i) = (5o02(0), (0)

¢1)(u1) and @) (u2) are the function of u; and u; satisfy the regularity conditions given as
follows:

¢ The functions of u; and u; assume values in a bounded closed convex subset U* of the
two-dimensional real line containing the point (1).

e In U*, the function of #; and u; are continuous and bounded.

¢ The first-order and second-order partial derivatives of the given function of 1 and u; exist
and are continuous and bounded U*.
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The first and second-order partial derivatives of the function ¢;)(u1) w.r.to uy and @(,) (u2)

(u
w.r.to uy are denoted by [¢y(1)(u1), $11¢1)(11)] and [ (2) (12), P11(2) (12)] respectively.
Now, using Taylor’s series expansion we expand the function ¢ (u1) and ¢ ) (u2) upto the
second-order partial derivative about the point (1), we have

N N ' 1
Rist = [Ret + a1Xg (12 — 1)1y (1) + (w1 — 1)) (1) + E(”l —1)%P111)(1)] (11)

N N ' 1
Rost = [Rot + 2%t (ur = D][p(2) (1) + (12 = 1)pr(2) (1) + 5 (u2 — 1)2¢11(2)(1)] (12)

Using the condition given in equation (10) and regularity conditions, the expression (11) and
(12) can be written as:

N N o, 1
Rist = [Rst + a1Xg (2 — D1+ (ug — D)gpy 1y (1) + 5(”1 —1)%¢111)(1)]
N A ~ 1 /
= Rt + Rt (1 = L)1) (1) + Rt (1 — 12¢11(1) (1) + a1 (2 — 1)

Ty — 1) (2 Dury (1) + Tl — 1206 — Dy (1) 13)

N A s 1
Rost = [Rst + anXg (1 — 1)J[1+ (u2 — 1)y 2) (1) + E(uz —1)%¢11(1)(2)]
A A ~ 1 ’
= Rt + Rat (u2 — 1)y 2) (1) + Rsti(uz = 1)%¢p112) (1) + a%gy (11 — 1)

+ g (1 — 1) (up — D12y (1) + %wzf;t(uz —1)*(u1 = Dpy10(1) (14)

4. PROPERTIES OF THE PROPOSED CLASSES OF REGRESSION TYPE OF ESTIMATORS

To obtain the expression for bias and MSE of the suggested classes of estimators, we define:

!

Vi =Yi(l+e) Ty = Yo(l+er), Tt = X(1+€2), Xy = X(1 + €3)
Ty = X1(1+ey) (15)

such that, |¢;| <1and E(¢;) =0Vi=1,2,3,4.
Here, we ignore the finite population correction term because the population size is large
enough under consideration. i.e. by using large sample approximation, we have

V) _ 1y =1
E(e(z)) = —;St -2 Z[W?A,S;l + L )WQS;U@)}’
1 Y] i=1 !
Vi, 1 & -1
E(e%) = —%St ) Z[WIZA’S§2 + & )Wl 5521(2)}f
2 YZ i=1
V(% 1 &
E(e}) = E(ezes) = ) = L waas ),
X X i=1
1% f/ 1 & /
E(3) = E(exes) = Eeses) = L) = 1y w2ais2 ),
X X i=1
V(z* 1 & !
E(Gi) — ( zst) — ? Z {sz/\lsgzc + ( 1 ' )WZZSJ2€,'(2)}’
i=1 l

(16)
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Eeoer) COZ)g/l%:/ikst) _ Y11YZ iéw}{msym + (lin_ll)wgsy”yz,.(z)},
E(epes) Covg/yj;x:t) _ Yllx Zé W}{AisyhXZ n (; il)WZZSyux,-@)}/
E(eres) = Cov%éx;) - y;x é 4 {Afsyzm + 1)Wf25yzlx,<2>}'
E(eoe2) = Covgj;;xﬁ) = YllX Zé Wz‘z{)‘isyixi}'
E(coes) — Coviyf‘;xgt) _ yllx lé WiZ{A;Sy1iXi}r
. cOv%;;éx;t> _ YiX é wg{A;syZ,,x,}
E(erer) = Covgz%éxs» = Yixiéwiz{)\isyzixi} (17)

_ (1 _ 1 f_ (1 _ 1
Where, A; = (n, — M) and A; = (nf — M)
Now, using the condition given in equations (15) and (16) on equations (13) and (14), The
expressions for bias and MSE of suggested classes of estimators are given as follows:

Bias(R1s;) = Bias(Rst) + R[E(eges) — E(epes) — E(ezes) + E(e1€4) + E(€1€3)
+ E(&3)]¢p1(1) (1) + X[E(e2€4) — E(e2€3) — E(eses) — E(€3)]a1py1y(1) (18)

MSE(Rys) = MSE(Rg) + A¢§(1) (1) + Ba? + 2C1(1)(1) +2Day + 2Eay ¢y (1(1) (19)
Bias(Rys;) = Bias(Rst) + R[E(egen) — E(epes) — E(ezen) + E(e1€2) + E(€q€3)
+ E(€3)]¢p1(2) (1) + X[E(e2€4) — E(ese3) — E(eze3) — E(€3)]aagpy (o) (1) (20)

MSE (Rast) = MSE(Rst) + A1997 5 (1) + B1a3 + 2C1y(2) (1) +2D12 + 2E1aady (1) (21)

The optimum values of ¢;(1)(1), ¢1(2)(1), #1 and a, are obtained to get the minimum value of
mean square error. These are given as follows:

_ (CE—AD) _ (DE-BC)
4)1(1)(1) - (AB — E2> ; X1 = (AB — Ez) (22)
_ (CiE; = A1Dy) ~ (D1E; — Bi(Gy)
P =" 5 ) 2 B B) )

The expressions for the minimum MSEs after substituting the optimum values of ¢;(1)(1), a1,
P1(2) (1) and a; from equations (21) and (22) in equations (18) and (20). we get,

. . BC? + AD? — 2CDE
MSE(Rist) = MSE(Ry) — . ] (24
. . B,C? + A{D? — 2C1D1E;
MSE(R5s) = MSE(Ry) — 1 1 25
( 251‘) ( st) AlBl — E% :| ( )
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where,

A =R?|E(e}) + E(eF) — 2E(€3€4)],

B =X |E(e3)+ E(3) — ZE(ezeg)] ,

C = R*| E(eoes) — E(e1€4) — E(epes) + E(€1€3)1 ,

D = RX

E(€0€2) — E(€1€2) — E(€0€3) + E(€1€3)‘| ,

E=RX

E(ezey) — E(epe3) — E(ezeq) + E(Gg)] ,

Ay = R*|E(e3) + E(e3) — ZE(e2e3)],

By = X |E(e3) + E(e2) — 2E(e3e4)] )

C1 = R? | E(ege2) — E(e162) — E(epes) + E(€1€3)] ,

D1 = RX | E(eoes) — E(€1€4) — E(eoes) + E(€1€3)] ,
Ei = RX E(€2€4) - E(€2€3) — E(€3€4> + E(e%)] and
MSE(Rst) = R*[E(€5) + E(€7) — E(eoen)] (26)

Here, we observe that A} = Rz%, By = Y2%, C = R%, D; = X$ and E; = E.

After substituting these values in equation (24), we find that MSE(Rlst) and MSE(RZSt) are
equal. i.e. MSE(Rys) =MSE(Rys) The optimum MSE of Rys; and Ry are the same because they
are utilizing the same information on ¥4, ¥, and x in both cases.

5. MEMBERS OF THE SUGGESTED CLASSES

All the members of the suggested classes satisfy the conditions given in equation (10). Hence
if the optimum values of the constants presented in suggested members are calculated by the
expression given in equations (21) and (22) then all the members shown in table 1 will attain
the minimum mean square error equal to the expression of MSE given in equation (23) and
(24). The optimum values of constants are sometimes in the form of some unknown parameters
and sometimes in the form of value of unknown constants. The optimum values of constants,
in this situation, may be obtained from past data on the value (Reddy [11]), or by estimating
the parameters included in the optimum value of the constant based on sample values. The
minimum values of mean square error of the estimator up to the term of order % are unchanged
if we estimate the optimum values of the constants by using the sample values [Srivastava and
Jhajj [15]]. If the condition given in equation (10) is satisfied by any parametric function ¢ 1) (u1)
and () (u2) then they can generate a class of asymptotic estimators. Such classes have a large
number of members. Some of them are given as follows:
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Table 1: Members of the classes

Member of class Ry Member of class Ryt

Riret = [ + an¥ey (w2 = 1) | (ur)7

~ ¥ i
Voot Roise = [%ls; + “2xst(u1 - 1)] (u2)7

Y2s

R]Zst = [% + alf;t(uz _ 1)] (exp(m*l))

o - 7/ »
exp(uy+1) Ropst = [m + o (ug — 1)] (EXP(“Z ))

Voot exp(uy+1)

=% ) N 7* .
Risg = [ +anwy (- D)] @ = wf) | Ros = [J + ¥ = 1)] 2~ o)

Here, v and B are the constants.

6. AN EMPIRICAL STUDY

Table 2: Population parameters for each stratum

Parameters (i) (i1) (iii) (iv) (v) (vi)
N; 152 112 85 82 109 96
n; 108 79 60 58 77 68
n; 42 31 24 23 30 27
Ox;y1; -0.3075 | -0.0559 | -0.0514 | -0.2213 | -0.6455 | -0.5745
Ox;yo; 0.0739 0.6171 0.6025 0.1958 -0.245 0.5606
04111 02427 | 01695 | 04927 | -0.0041 | 0.3483 | -0.4074
Yqi 107.96 68.95 74.19 161.05 68.98 120.38
Yo, 203.1 190.41 282.74 222.39 251.98 250.28
X; 581.75 575.71 651.97 631.26 692.6 643.72
Syy; 52.07 37.79 61.75 80.31 50.22 57.27
Sy, 34.01 40.19 71.51 29.3 27.97 39.47
Sy, 83.32 107.88 97.21 99.47 100.12 96.2
10% Non-resposne Oxy1:(2) -0.6188 | 0.3031 0.535 -0.6709 | -0.8781 | -0.5204
Ox15:(2) 0.3532 -0.2579 | 0.8087 -0.228 -0.3799 | 0.1083
Pyiv2) | 03266 | 0.0073 | 0.6923 | 03547 | 04499 | -0.2732
S,z | 617 | 2209 | 7944 | 6524 | 6836 | 29.71
S,.2) | 186 | 905 | 2663 | 6541 | 387 | 2543
le_(z) 13.06 12.36 90.48 62.8 12.52 21.67
20 % Non-response | py, 2 | -04829 | -0.2723 | 0.0952 | -0.7095 | 0.8498 | -0.263
Prn) | 01189 | 0.653 | 07614 | 0.0035 | 0.0355 | 0.1717
Oyypi2) | -0-0311 | -0.3092 | 0.3305 -0.0823 | -0.1392 | -0.118
Sy]i 2) 67.53 52.33 69.71 77.85 59.14 60.05
Syzi(z) 30.65 9.76 29.04 63.53 33.07 34.87
5x,2) 15.18 22.89 64.53 53.64 15.05 18.7
30% Non-response | py, 2 | -04373 | -0.1605 | 02785 | 02861 | 05 | -0.3592
Prn(z) | 00884 | 0428 | 0605 | 0.0022 | 0.2985 | 0.2831
Pyivn(2) | 01563 | 02582 | 0.7877 | 0.0932 | -0.092 | 0.2379
S, | 6488 | 6192 | 9794 | 10566 | 6433 | 58.05
Syzz’(z) 31.78 10.76 72.99 76.89 32.25 46.2
S5x,(2) 20.39 20.51 88.09 43.81 15.46 26.26
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The data used in the study has been taken from the Primary Census Abstract-2011 published by
the Office of the Registrar General & Census Commissioner, India.

The number of cultivators=y; (Study variable)

The number of main workers=y, (Study variable)

The number of literate persons= x (auxiliary variable)

Here, we are considering the number of cultivators, main workers and literate persons per
thousand population.
In the given population, we have six strata which are given as: Strata (i) = Central states, Strata
(ii)= Eastern states, Strata (iii) = Northern states, Strata (iv)=North- East states, Strata (v) =
Southern states, and Strata (vi) = Western states. And their parameters are given in table 2.

For the different choices of sub-sampling fraction i.e. % =1 % = 1 and % = 1 and for the
different non-response rates 10%, 20% and 30% the optimum values of ¢;()(1),¢1(2)(1), ¢1 and

ny are given in table 3.

Table 3: Optimum values of ¢(1)(1),¢1(2)(1), a1 and az

Non-response rate(%) | Constants | 1/l =5 | 1/l=3 |1/l = %

10 P11) (1) 1.1023 1.1985 1.2786
aq 0.00063 | 0.00059 | 0.00056

P1(2) (1) 0.92 0.8672 0.8233
& 0.00075 | 0.00082 | 0.00087

20 P11) (1) 1.1784 1.3019 1.3875
aq 0.0006 0.00055 | 0.00052

P112) (1) 0.8783 0.8105 0.7636
& 0.00081 | 0.00089 | 0.00095

30 P11) (1) 1.0054 1.0144 1.0204
aq 0.00067 | 0.00066 | 0.00066

P112) (1) 0.9732 0.9679 0.9649

an 0.00069 | 0.00069 | 0.0007

Table 4: The percentage relative efficiency (PRE) of Ryst and Rqg with Ry

Non-response | Estimators (N=636)
rates(%)
1/1
1/2 1/3 1/4
10 Rt 100(124.85) 100(134.11) 100(143.37)
Rist = Rogt 122.20(102.16) | 122.53(109.45) | 122.91(116.64)
20 Rst 100(134.73) 100(153.88) 100(173.02)
Rist = Rogt 122.54(109.94) | 123.26(124.83) | 123.97(139.56)
30 Rt 100(155.29) 100(194.99) 100(234.69)
Rist = Rog 118.21(131.36) | 116.08(167.97) | 114.72(204.57)

Note:Figures in parenthesis show MSE of the estimators in 10°.

7. Discussion
Table 4 shows the PREs and MSEs (Figures in parenthesis) of the estimators Ry, Rig and Ry for

the different rates of non-response and choices of the sub-sampling fraction. We can see that in
table 4, as we increase the non-response rates the MSE increases for each sub-sampling fractions.
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The PRE for the 10% and 20% non-response rates shows almost same value. However, for 30%
non-response rate the PRE decreases for each sub-sampling fraction.

By increasing the value of I the MSE increases and PRE for 10% and 20% non-response rates
are almost same and PRE decreases slightly for 30% non-response rate.

The MSE and PRE of the suggested classes of estimators are found to be equal for different
rates of non-response and different choices of sub-sampling fraction.

8. CoONCLUSION

Hence, the findings on the basis of empirical study are justified that the proposed classes of
estimators for estimating the ratio of two population means with unknown population mean of
auxiliary variable in the presence of non-response for stratified population performed better than
the usual estimator Ry. So, we recommend the suggested classes of estimators for the use in
practice.
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