Rachna Srivastava, Pramendra Singh Pundir RT&A, No 4 (76)
DISCRETE IGD BASED LOAD-SHARE MODEL Volume 18, December 2023

DISCRETE INVERSE GAMMA DISTRIBUTION BASED
LOAD-SHARE MODEL WITH APPLICATION

RACHNA SRIVASTAVA, PRAMENDRA SINGH PUNDIR
[ J
Department of Statistics, University of Allahabad, Prayagraj, 211002,
U.P, India

srivastava.rachna0607@gmail.com, pspundir@allduniv.ac.in

Abstract

In reliability engineering, the multi-component load-sharing models are being used to amplify
system’s reliability. This study consists of the k-component load-sharing parallel system
model considering each component’s failure time distribution as discrete inverse gamma. The
classical and Bayesian analysis for this model is performed. The maximum likelihood estimates
along with their standard errors for the parameters, system’s reliability function, hazard rate
function and reversed second rate of failure function are obtained. The asymptotic confidence
intervals as well as two bootstrap intervals like bootstrap-p and bootstrap-t confidence in-
tervals are constructed. Further, Bayes estimates along with their posterior standard errors
and highest posterior density credible intervals for the parameters and system’s reliability
characteristics are obtained by using Markov Chain Monte Carlo techniques. A detailed
simulation table is formed to demonstrate the effectiveness of the theory developed. Finally, a
real data set is used to illustrate the applicability of the model.

Keywords: Load-share system model, Discrete inverse gamma distribution, Bootstrap-
ping, Bayesian estimation, MCMC technique

1. INTRODUCTION

In today’s engineering world, the products with high reliability are in demand. It can
be accomplished with planned maintenance, improving components’ reliabilities, re-
assignment of components etc. In this regard, manufacturers usually use redundancy
techniques. While using redundancy techniques, it is assumed that the components
within the system are performing independently. However, in practice, many multi-
component systems work as load-sharing model which leads the independence assump-
tion to be not valid any more. In load-sharing model (or dynamic system model), on
a component’s failure, the workload will be redistributed to the other working compo-
nents, which imparts increased load on them. Originally, Daniels [1] developed the first
load-sharing design to study textile strength.

In last two decades, various authors have discussed load-share modeling and esti-
mated its parameters in different contextual aspects. Kim and Kvam [3] considered equal
load-share rule for estimating the load-share parameters of multi-component system
in parametric setup with failure time distribution as exponential. Singh et al. [12]

453


mailto:srivastava.rachna0607@gmail.com
pspundir@allduniv.ac.in

Rachna Srivastava, Pramendra Singh Pundir RT&A, No 4 (76)
DISCRETE IGD BASED LOAD-SHARE MODEL Volume 18, December 2023

performed the classical and Bayesian inference for multi-component load-share system
by assuming that the components have a combination of constant and linear failure rates.
Park [5, 6] performed the classical and Bayesian inference for such models by assuming
the underlying lifetime distribution as exponential or Weibull.

There are various real examples where load-share modeling can be used such as
in mechanical and civil engineering for welded joints (enhances the stress on other
joints), in textile engineering and materials science for crack growth induced by fatigue
or material degradation (bigger cracks will grow faster than smaller cracks), in a power
plant for electric generators (electrical load is shared), in a human body for two kidneys
(simultaneously work together) and so forth.

There are some basic continuous lifetime distributions such as exponential, Weibull,
Lindley and log-normal, which have been explored for analyzing load-share models.
Some distributions are recently been used for this purpose like Chen, modified Weibull,
and exponentiated Pareto distributions which are discussed by Pundir and Gupta [7],
Singh and Goel [11] and Zhang et al. [16], respectively. However, there are various
situations in which discrete distributions can perform well like number of shocks, number
of patients in a ward, etc. Singh et al. [13] have dealt with discrete load-share modeling
situation using geometric distribution.

Considering this, a load-share system model is developed and analyzed with discrete
inverse gamma distribution (DIGD) in the present work. Hussain and Ahmad [2]
obtained DIGD by discretizing the inverse gamma distribution (IGD). Its cumulative
distribution function (CDF), reliability function, probability mass function (PMF), hazard
rate function (HRF) and reversed second rate of failure (RSRF) are, respectively,
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where, « and B are shape and scale parameters.

Pundir et al. [8] obtained its reversed second rate of failure (RSRF) function and
discussed its usefulness. They also discussed the classical and Bayesian inference methods
for DIGD. DIGD can be applied to various applications where IGD is being used like in
radar detection by Shang and Song [10], Stinco et al. [14] and in fading modeling by Yoo
et al. [15], Ramirez-Epi‘nosa and Lopez-Martinez [9], etc.

The current study deals with constructing a load-share parallel system model where
the lifetime distribution of each component is considered as DIGD. In section 2, model
description is presented. The reliability characteristics of the system are derived under
section 3. In section 4, maximum likelihood (ML) estimation, bootstrapping and Bayesian
estimation techniques are applied to obtain the estimates along with standard errors
(SEs)/ posterior standard errors (PSEs) and confidence intervals (CIs)/ highest posterior
density (HPD) credible intervals of the parameters and reliability characteristics of the
load-share system model. Bayesian estimation is applied under informative as well
as non-informative priors by using Markov Chain Monte Carlo (MCMC) techniques
such as Gibbs sampler and Metropolis-Hastings (MH) algorithm. A simulation study
is performed to compare the discussed estimation techniques and the results are given
under section 5. Section 6 demonstrates the applicability of the proposed model to real
data set. Finally, the article is concluded exhibiting some concluding remarks in section
7.

2. MobpEL DESCRIPTION

A load-sharing system is modeled and analyzed under the following assumptions:

* A load-sharing system containing k-components is bearing a constant load which is
equally shared by all its components.

* A test is prepared to record the failure times of n such i.i.d. parallel systems.

e LetT;; (i=1,2,...,m;,j=1,2,...,k) be the failure time spacing between (j — 1)”1
and j* components in the i parallel system.

* On the successive failures of the components within the system, the load imposed
on other remaining surviving components increases.

* The hazard rate of a remaining surviving component varies when the sharing load
changes.

* The failure time distribution of each component in the system is independent.

e Initially, the hazard rate of each of the k-components is denoted by h(t; «, B1). When
the first component fails, the hazard rate of the remaining (k — 1) components
changes to h(t; &, B2) and so on. After the (k — 1) component failure, the hazard
rate of the last surviving component changes to h(t; a, By).
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¢ Each component is pertaining a failure time PMF and HRF given in equations
and (@), respectively.

Taking these assumptions into consideration, the hazard rate of the j" component when
(j — 1) components have already failed is

h(fi]') = (k—]—l—l)h(tl],oc,/:%]) ;= 1,2,...,7’1;j =1,2,...,k

7% g )

=(k—j+1)
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and the conditional failure time PMF for the j component in the i*" system is given by
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Thus, the likelihood function for the i*" system is

L) =0 [t (o g ) (o)) ]

where, A = (B1,B2,---, Bk)-

3. SysTEM RELIABILITY CHARACTERISTICS MEASURES

The reliability function of the 1-out-of-k load-share system is obtained by considering
its mechanism i.e., the system works till its last component is functioning. Thus, the
reliability of the system is given as

Rs(t)=P|at least one of k components is in operation]

=P[all k components are in operable state]
+P[any one component fails and remaining (k — 1) components survive]+...
+P[lany (k — 1) components fail and last component is in operation]

(st )] - rie o) [ ()]
1 1 1 1 1 1 1 1
(w1 e (e )l e ()

The CDF, PMF, HRF and RSRF function of the system’s failure time T are respectively,
given by

and
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4. CrassicAL AND BAYESIAN INFERENCE

The likelihood function for 7 ii.d. systems is obtained by using equation ) as

L(Tla, A) = (k) rLHl[ =0 ( ﬁ]lz, ﬁ](tljl_'_l))(’y(a,[;tlj))kj] 5)

and the corresponding log-likelihood function is

n k ) 1 1
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4.1. Maximum Likelihood Estimation

The ML estimates (&, A) of («, A) can be obtained on solving the following (k+1) normal
equations:
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where ¢(a) = 21log(T(a)) is the digamma function and %7(&,%) = [ o Ve log(v)do.
0

Since closed form solutions cannot be obtained from the equations (7) and (8). Therefore,
any numerical iterative procedure such as Newton-Raphson method can be used here. By
considering the invariance property of ML estimation, one can obtain the ML estimates of
the reliability characteristics R (t), hs(t) and hys(t). The asymptotic sampling distribution
of (& —a, A — A)"is Nj41(0,&!) with & representing the Fisher’s information matrix
whose elements are given as

0%logL
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Using equation (6), one can obtain the second-order derivatives of the log-likelihood
function as
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where, %ﬁ(%ﬁ) = Of 0@ De=?(log(v))?dv.

The asymptotic 100 x (1 — 9")% joint confidence ellipsoid for («, A) is (& — a, A —
1A A . h .

A)¢ 1(0‘ —a,A—A) < X%kﬂ),w where X%kﬂ),v’ is the 100 x 'y/t percentile of x>2-

distribution with (k+1) degrees of freedom. Moreover, the asymptotic distributions

of the reliability characteristics Rs(t), hs(t) and hos(t) are N(0, R’'¢"'R), N(0, /&~ 1h) and

N(0, h5&~hy), respectively, where,

R, (1) AR, (1) hs(t) Ohs(t) ha, () 9o, (1)
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4.2. Bootstrap Method

The bootstrap method is a general resampling procedure for obtaining bootstrap Cls
which are an alternative to the asymptotic ClIs. Two types of CIs are being used here, i.e.,
percentile bootstrap (boot-p) and bootstrap-t (boot-t). The procedure given in the two
algorithms for boot-p and boot-t methods will be employed for obtaining the bootstrap
estimates and confidence intervals for the parameters, reliability, hazard rate and RSRF
functions. The algorithms for both the methods are provided in appendix A.
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4.3. Bayesian Estimation Using MCMC Approach

Bayesian estimation setup usually involves generating samples from the posterior distri-
bution and using them to summarize the knowledge about the parameters. This makes
the use of prior knowledge and the available data. When the prior knowledge is not
available, one can make use of the non-informative prior. Here, both the informative and
non-informative priors are considered. The prior distributions regarding the load-share
parameters « and B, are taken as gamma priors as

Q(a) o el Ly a b >0 )

and :
h(B;) ,3;]'7 e Fild ;B cidi>0,j=1,2,...k (10)

Using the priors given in equations (9) and and the likelihood function given in
equation (), the joint distribution of the parameters and the dataset is

K(T,a, A) = L(T|a, A).g(a).h(A)
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Here, to obtain Bayes estimates of the parameters, the marginal posterior densities of
the parameters are required which are difficult to obtain. Therefore, the use of MCMC
techniques like MH algorithm and Gibbs sampler (given in appendix B) will be followed.
For that, the full conditional densities of the parameters are obtained as:

(k=j)
(] T, A) o< a8~ —zx/bHH G ;+1 ( /3]11] ,B](t1]1+1))|:7<lx,,8j1tij>:| (11)

11]1
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(12)
Note that, sampling from equations and is not easy to be done directly
because of its complexity. Therefore, samples are generated by using the MH algorithm.

5. SIMULATION STUDY

In this section, a simulation study is conducted for analyzing the estimates of the param-
eters of the proposed model by using classical as well as Bayesian approach. Sample data
of size n = 30, 50, 100 and 200 are generated for k = 3,a = 10, B; = 0.001, B> = 0.005
and B3 = 0.01. In classical approach, the ML estimates of the parameters along with
their SEs and asymptotic Cls are obtained. Two bootstrapping techniques are applied
and bootstrap confidence intervals based on B = 2000 bootstrap replications are also
computed. Using Bayesian approach, Bayes estimates of the parameters and reliability
characteristics along with their PSEs and HPD intervals are obtained with informative as
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well as non-informative priors. For this, MCMC technique is employed using MH and
Gibbs algorithms and 10, 000 realizations are generated from each posterior density given
in (1I) and (12). The burn-in period of 500 realizations are removed. From the generated
chains, every 5t value is taken for removing the autocorrelation among the values. The
trace plots for the parameters are plotted in Figs. - (4) to ensure the fine mixing
of the chains. For informative prior, gamma prior is considered for all the parameters
«, B1, B2 and B3 setting the hyperparameters as « = a x b, f1 = c1 X dq, B2 = ¢ X dp and
B3 = c3 x d3. The values of all the hyperparameters are taken as approximately 0 under
non-informative or Jeffrey’s prior. All the discussed estimates along with their SEs/PSEs
and CIs/HPD intervals are summarized in Table (1.

After performing the simulation study, the following results are observed:

¢ All the obtained estimates of the parameters and reliability characteristics become
more precise (closer to true values) with an increase in the sample size.

¢ The SEs/PSEs magnitude of the estimates and the widths of all the intervals
decreases on increasing the sample size.

* Bayes estimation with gamma priors is more precise in terms of true values and
SEs than the Bayes estimation with Jeffrey’s prior as well as ML estimation and
bootstrapping methods for different sample sizes.

* Boot-p and boot-t confidence intervals are more precise than the asymptotic Cls as
they contain the parameters in smaller width for all the sample sizes.

* Boot-p CIs are providing slightly shorter widths than boot-t CIs for all the samples
sizes.

6. REeAL DATA APPLICATION

In this section, the applicability of the model is discussed through a real dataset of plasma
display devices (PDPs) which is supposed to be a load-sharing model by Kvam and Pena
[4]. For PDPs, the degradation is measured in luminosity and a PDP is considered as
failed when the luminosity goes below a threshold. A test is conducted with 20 items
and 3 sensors spaced evenly across the test device. The dataset contains the failure times
for 3 sensors on each of 20 test items.

For fitting a discrete distribution , the integer parts of the data values are taken
into consideration. Now, to check whether these failure times can be modeled using
load-sharing models, we setup the following hypothesis:

Hp: Load-sharing behavior exists in the dataset i.e., B1 = B2 = B3
H;: Load sharing behavior does not exist in the dataset i.e., B1 # B2 # Bs.
The hypothesis can be tested using the following criteria:

¢ Akaike information criterion (AIC): —2logL + 2p
* Bayesian information criterion (BIC): —2logL + plogn

e Deviance test statistic: d,, = —2[logLy,(T|&, B) — logLn, (T|&, B1, B2, B3)]

460



RT&A, No 4 (76)

Volume 18, December 2023

Rachna Srivastava, Pramendra Singh Pundir
DISCRETE IGD BASED LOAD-SHARE MODEL

78000 €200°0 1I%C0 90100 6£00°0 SI¥T0  89%0°0 86%0°0 ce10’0 ZSHT0  F6¥0°0 9210°0 9z 0 (09)¥SY
10000 -0 X €T 9€000 10000 0L X 8T §E000 £0000 8000°0 20000 GE00'0 80000 2000°0 G000 (0s)u
6£00°0 ¢100°0 69860 62000 80000 89860 7900 L¥€0°0 16000 69660  T9£0°0 260070 69660 (09)¥
$000°0 10000 10100 £000°0 20000 20100 Z£00°0 £€00°0 01000 PII00  6€00°0 0100°0 8110°0 2
p-0IX ST $-0IX0T 68000 5-0IX9T 5 O0LXIT 6V000 91000 8100°0 5—0L X €F  $S000  S100°0 5-0I X 6'€  §500°0 22}

¢ 0IXTT ¢-0IX9G 60000 ¢ 0IXGT o O0LXE6 60000 5 0IXST 3 0[X9CT ¢ O0LXEL T1000 3 0LX8T ¢ 0IXTZ 11000 Ig
1€10°0 #7100 vL86'6  LTE0°0 LET0°0 ¥106'6  I8LI'T L61€'T T€SE°0 76£9'8  ¥97S°1 768€°0 618¢'8 v 00T
€€20°0 $900°0 YIFT0 89200 16000 THTO  ¥8TI0 1921°0 €5€0°0 ISVT0  TEST0 16€0°0 9%Fz0  (08)44SY
20000 0L X TZ S€000 T0000 0L X €S  F€000 01000 Z100°0 €000°0 TEO0'0  TI000 €000°0 1€00°0 (09)y
9800°0 €200°0 €/86'0  S010°0 ¢e00°0 S/86'0 /070 I¥€0°0 1800°0 €866'0  S€90°0 2910°0 68660 (09)¥
11000 €000°0 96000  TI000 €000°0 76000 6¥00°0 €700°0 Z100°0 ZEI00 15000 €100°0 ZE10°0 g
p—0LX 66 $-0LX0T 68000 3-0LX6F 5 0LX9T 8F000 12000 6100°0 5—0L X 0'S  £S000 12000 5—01 X TS £500°0 2}
c0IXF9 ¢ 0IXTT 60000 ¢ O0IXLS ¢ OLXGST 60000 - 0lXFE 3 0[XTE ¢ OLXT8 TII000 3 0LXGE ¢ O0LXI6 11000 I
£S€0°0 Z120°0 L0T6'6  £TS00 9%20°0 11066  8//9°T $02S'T 8219°0 9/87'8  S619T 80290 €60T°'8 v 00T
€950°0 S610°0 62FT0 92500 Z810°0 eeFT0  8SST°0 LLET0 8GH0°0 LLLTO  TE8TO L9V0°0 ¥8/20  (0S)44SY
S000°0 2000°0 €€00°0  S000°0 20000 7€00°0 91000 8100°0 S000°0 1€000  ST00°0 $000°0 62000 (09)y
¥€20°0 S200°0 L9860 LET00 8000 12860  TS60°0 17600 6220°0 19660 T0Z0'0 6L10°0 98660 (09)¥
¥100°0 $000°0 €6000  €100°0 #0000 16000 78000 #800°0 72000 €F100 98000 220070 SrI0°0 g
p-0LXFL - 01XST 6W000 5 0LX16 5 O0LXTE 9¥000 T€00°0 7€00°0 5—0L X T'8  T9000  TEO00 5—01 X 08  €900°0 22}
p-0LXTT ¢ 0LX/F 60000 3 0LXET o OLX¥FF 60000 5-0LX8S 5 0[X9S 4 0LX¥FI TI000 5-0LX8S 5 0LXGT TI000 I
98500 88200 87166 1FV00 1920°0 €006'6  8£06'C L018°C 69%8°0 10ST'8  1910°€ ¥692°0 $091'8 v 05
¥€L0°0 THe00 YEFT0 19600 ¥520°0 LEVTO  €6T€0 092€°0 20600 €60€0  TZSE0 11600 0s620 (08)44SY
80000 €000°0 T€000 60000 €000°0 T€00°0 12000 72000 90000 0€000 61000 S000°0 £T00°0 (09)y
Q0€0°0 $010°0 S/86'0 €700 £010°0 9/86'0  THS00 1€50°0 I110°0 16660  SPIT0 £620°0 76660 (09)¥
60000 €000°0 16000 60000 €000°0 16000 690070 9900°0 81000 $SI00 8000 12000 85100 2
91000 5 0L X 6%  6V000 <C100°0 p—0L X L€ 6V000 F€000 1€00°0 5—01 X 98  £S000  8€00°0 5—0L X 86 65000 22}
p—0IX 9T ¢ 0IX8SG 60000 5 0LXLT ¢ O0IXT9 60000 5 O0LXLS 5 0[XTS 3 0[XETL TI000 5 0LX8S 5 0LXGT TI000 I
12110 €5€0°0 1€06'6 16210 ¥S€0°0 20066 T8IV'E yESC'e €266°0 8€70'8  /¥06°E 19660 €710'8 v 0g
npm m ypmm 0] ypIm oW IzIs
adH qSd sokeg  QdH qSd sofeg  3yIpmm d-ppm gs dooq 1D s TN -ered  ordures

2215 a1dwivs Surhiva 10f 18¢7°0 = (0S)FASA Puv 8€00°0 = (0S)Y
puv 1686'0 = (09)¥ ‘100 = €d ‘000 = ¢d ‘1000 = 'd ‘01 = ¥ Jo sana iof yypim qQdH/ID PUv STSA/SAS 41y} yim sidzouvivd Jo sapuiys <1 d[qeL

461



Rachna Srivastava, Pramendra Singh Pundir
DISCRETE IGD BASED LOAD-SHARE MODEL

RT&A, No 4 (76)
Volume 18, December 2023

o
e
o
5 24
&
@ T T T T T
0 1000 2000 3000 4000
lterations
Figure 1: Trace plot of «.
o
S
z A
o
=
o
[=)
o
B 5
=)
o
e
D
S -
2 T T T T T
o 0 1000 2000 3000 4000
Iterations
Figure 2: Trace plot of B1.
o
n
w
o
o
o
o
o w
(=8 L= B
C’.
o
[=)
(=]
e
=) T T T T T
°© 0 1000 2000 3000 4000
Iterations
Figure 3: Trace plot of B,.
o
=y
o
o
o
& F
o
o
S
g T T T T T
0 1000 2000 3000 4000
lterations

Figure 4: Trace plot of B3.
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The fitting summary of the dataset under both the models is provided in Table 2| The
observed value of deviance test statistic d,, is 9.0385 with corresponding p-value 0.0108
(< 0.05) which suggests that Hy cannot be accepted at 5% level of significance. The same
is suggested by comparing AIC and BIC under Hy and H;. Hence, it is concluded that
load-sharing behavior exists in the considered dataset.

Table 2: Fitting summary of PDP dataset

Model | -LogL AIC BIC dy
Hy | 472.8236 949.6473 951.6388 9.0385
Hy | 468.3044 944.6087 948.5917

7. CONCLUDING REMARKS

In this research, a multi-component load-share parallel system is analyzed by assuming
that the underlying failure time distribution of each component is DIGD. The classical as
well as Bayesian estimation techniques are applied for estimating the parameters of the
system. It is assumed that on a component’s failure, the total workload imposed on the
system will be redistributed to the other working components and this will affect their
performance. Such systems exist in many engineering applications like fiber composites,
power plants, manufacturing and many more. However, the study can be extended by
considering non-identical components where each component is having different loads.
Also, generalized IGD can be adopted instead of DIGD in future researches.
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APPENDIX A
Boot-p Method
1. Generate a sample Tij(i =1,2,...,m,j=1,2,...,k) of size n by using equation .

2. Now, regenerate B bootstrap samples T;;(l =1,2,...,mj=1,2,...,k) of size n

from the original sample T;; to compute B bootstrap estimates (&%, A*) = ©* of
(o, \) = O.

3. Let @2‘1), e, @Z“B) be the ordered statistics of the estimates @1‘, el @E. Then, 100 x
(1 — )% boot-p Clis: (@*[yB/2],©*[1 — yB/2])

4. Finally, the bootstrap estimates and their corresponding variances are obtained.
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Boot-t Method

L. On the basis of the genereted sample T}, compute the following pivots as:

& — & . A=A
K = —F—— and Ky = ————

2. Now, repeat the step 1, B-times.

3. Consider Si(x) = P(x] < x) and Sy(x) = P(x; < x) as the CDFs of «] and «3,
respectively. Let for a given value x,

A A

&bootft(x) = &* + \/ V(&*)Sfl(x) and Abootft(x) = A + V( )551 (x)
4. The 100 x (1 — )% boot-t CIs for « and A are
&bootft('y/z)/&bootft(l - 7/2) and Abootft(’)’/z)/Abootft(l - 7/2)

APPENDIX B

Gibbs Algorithm

1. Generate & and B; (j = 1,2,...,k) from 7t1(«|T,A) and 72(B;|T,«) as given in
equations and (12), respectively.

2. Repeat the above step, M times. To remove the effect of starting values, record the
generated sequence of the parameters after some N(< M) burn-in draws.

3. Bayes estimates and their corresponding posterior variances of the parameters as
well as system reliability function, hazard rate function and RSRF function are
computed by considering the means and variances of the generated values of the
parameters and these three reliability characteristics.

4. Now, considering the ordered sequence of the parameters and reliability character-
istics, the 100 x (1 — )% HPD intervals are constructed.
Metropolis-Hastings Algorithm

1. Start with an initial value xg from the support of the prior distribution and consider
i=1.

2. Now, generate a proposal X0, by using the proposal density q(x;|x;_1).
3. Calculate the acceptance probability as

q(xi—1|xprop) f (Xprop)
q(Xprop|xi—1) f(xi-1)

Pa(xprop|xiz1) = min |1,

4. Generate a random variable U from uniform distribution on (0, 1).

5. The proposal point will be accepted if u < P, by considering x; = xp,op, otherwise,
reject it and set x; = x;_1.

6. Seti =i+ 1 and return to step 2.
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