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Abstract

This paper demonstrates an M/M/C queuing model with Multiple working vacations and also single
working vacation under encouraged arrival with impatient customers. The queuing model with the
servers adopting multiple working vacation policy and single working vacation are determined separately
and it is observed that the servers during working vacation(s) will be serving the customers at a slower
service rate when compared during regular busy period. In addition to the above conditions, if there is a
rapid increase in the customers’ arrival i.e, if encouraged arrival occurs and due to this sudden growth
of the queue, there may be a impatience in the behaviour of the customer. With these considerations,
an M/M/C Queuing model is analysed with two vacation policies separately by applying PGF method
and thus the performance measures for an M/M/C Queue with Multiple Working Vacations and Single
Working Vacation under Encouraged arrival with impatient customers are evaluated.

Keywords: Multiple Working Vacations(MWYV), Single Working Vacation (SWV),Encouraged
Arriv al, Impatient beha viour ,Perfor mance Measur es

1. INTRODUCTION

In our daily life, we meet up with the scenario of waiting in queues to get our work done, for
example - to make bank deposit, mail a package, obtain food in cafeteria etc. Waiting in queue is
a matter of personal annoyance and it also costs the amount of time that we waste by waiting
in queue s. It may affect the efficienc of the service provided and is a major factor in both the
quality of life and also affecting the efficienc of a nation’s economy. Great inefficiencies also
occur because of waiting.

For example, making machines wait to be repair ed may result in less production, delay in
telecommunication transmission due to saturated lines may cause data glitches etc. In fact, we
have become accustomed to considerable amounts of waiting. Origin of Queuing theory in
resear ch was contributed by Agner Krarup Erlang, who created models to describe the system of
incoming calls at the Copenhagen Telephone Exchange Company .

An M/M/s queuing system in which the servers under going vacation was analysed in [7].
In Queuing vacation policy, an overview of some general decomposition results were attained
and the methodology used to obtain those results for two vacation models were analysed in [3].
Moreover, the literatur e on statistical analysis of queuing systems were briefl discussed in [2].

It can be obser ved that in numer ous industrial sector, the concept of Queuing with servers’
vacation is implemented. An M/G/1 Queue with vacation policy used in the scenarios like
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maintenance of production systems, wher e machines or equipment mainly degrade while being
operated were evaluated and for such queuing model,an explicit expression for the distribution
of the time it takes until the specifie amount of work has been served were derived in [1].

In General, Systems with vacations are usually modeled and analyzed by queuing theory. An
appr oach for modeling and analyzing finite-sou ce multi-ser ver systems with single and multiple
vacations of servers or all stations were presented using the Generalized Stochastic Petri nets
model in [11]. During any service,the servers may under go breakdo wn simultaneously both in
regular busy period and working vacation period due to the failur e of a main control unit. This
scenario was discussed by modeling and analysing a Marko vian multiser ver finite buffer queue
under synchr onous working vacation policy in [5].

A multiser ver queuing system with customers " impatience until the end of service under
single and multiple vacation policies were examined in [6]. Situations like arrival of the customers
following Poisson distribution but the general distribution followed by the administration render -
ing service with various vacations were detailedly discussed in [10].

The concept of impatient behaviours like balking and reneging with the availability of heter o-
geneous servers in an M/M/c queue was analysed in [16]. Moreover, the time-dependent system
size probabilities were derived explicitly using generating function and also the time-dependent
mean, variance, busy period distribution and steady-state probabil ities were also obtained. In
addition to this, perfor mance of an M/M/c/K  Queuing Models applied in Healthcar e Things for
Medical Monitoring were evaluated in [14].

The impatient natur e of the customer during any service may be expressed if there is a delay
in the service and the delay may be due to lack of servers or slow service provided. Queues with
slow servers and impatient customers were consider ed and the the mean queue size were deriv ed.
Also, Several extreme cases were investigated and numerical results are presented in [12].

An M/M/1 queue with single and multiple working vacations with impatient customers
were studied and Closed-for m solutions and various perfor mance measur es like, the mean queue
lengths and the mean waiting times were derived and the stochastic decomposition properties
were verifie for both multiple and single working vacation cases in [13]. Likely, the impa tient
behaviour of the customers with with single and multiple synchr onous working vacations in an
M/M/C queue was analysedin [9]. Perfor mance nature of a Marko vian Queue with Impatient
Customers and Working Vacation were derived in [8].

It is obvious that in the case of any discounts or offers provided during any sale or if any
sudden demand is created for a product or a service, then there will be a rapid growth in the
arrival of the customers, which is termed as encouraged arrival. The concept of encouraged
arrival in an M/M/c/N  queuing systems with reneging, retention and Feedback customers were
discussed in [15]. The stationar y system size probabilities were obtained recursiv ely for the above
model, while the steady state behavior of the M/M/1/N  queuing model with encouraged or
discouraged arrivals and impatient customers are obtained in [4].

With the aid of the above discussed concepts, an M/M/C Queuing model during encouraged
arrival under going single working vacation and multiple working vacations with impatient
behaviour of the customers are analysed separately .

In this paper, betw een the two vacation policies analysed,multiple working vacation is con-
sider ed firs in which if a server returns to an empty queue, then he goes for another vacation
immediately ,thus working vacation occurs multiple times. Whereas, in the later vacation policy,
the server takes only a single vacation each time. Thus for an M/M/C Queue during encouraged
arrival with impatient behaviour under going multiple working vacation is derived with explicit
formulations followed by the same queuing model with single working vacation.

2. METHODS
An M/ M/ ¢ queuing model with encouraged arrival following multiple working vacations with

impatient custome rs is consider ed. Customers arriving to be served follow Poisson process and
the arrival rate is denoted by the parameter Ay. If there is a sudden increase in the arrival of
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the customers,i.e., encouraged arrival occuring in the system follows poisson process with the
encouraged arrival rate Ay (1 +9).

Since the consider ed model denotes ’c’ servers, there may be maximum of °c’ servers available,
to serve the customers according to FCFS rule. When a customer arrives and find all the servers
in the system are busy, then he needs to wait until he gets served and thus the waiting line or the
queue begins.

The time taken for each server to complete the work during regular busy period follows

exponential distribution and denoted with the service rate p. Thus the traffi intensity or the
Aw(149) <1

C

After completion of a service, if there is no customer in the system,then }:ﬁ}l the ’c’ servers will
take vacation promptly and the duration of working vacation for each servers is exponentially
distributed with parameter #’. As all the servers in the system under go vacation, even if a single
customer arrives,then anyone of the server will return from his vacation and start serving the
arrived customer .Thus the concept of working even during vacation for the arrival of customers
is termed as working vacation period, and the service rate following exponential process during
working vacation period is pyp and it is obser ved that the service rate during working vacation is
slower than the regular busy period i.e., pwr < Hw

It is obvious that if the servers return from their vacation and when the system is non empty,
the service rate of the servers changes from pyytop, indicating that the regular busy period
begins. Suppose, if the servers fin no customer waiting in the queue after retur ning from their
vacation, they immediately leave for another vacation. In such cases,if a customer waits in the
queue for a longer time, as all the ’C servers are in working vacation period,he may become
impatient in waiting and the impatient behaviour of the customer at the time T is is exponentially
distributed with parameter <y which is consider ed to be independent of the customers in that
moment.

The customer waiting in the queue may exit the queue and never retur ns if its service has not
been completed before the time T expir es. The inter arrival times, service times, vacation duration
times and impatient time are all taken to be mutually independent. To construct this system, we
defin a two dimensional continuous time discr ete state Markov chain as {(M(t), N(t)),t >0}
with state space s = {(0,0)U{(n,j)},n>1,j=0,1}

Where M(t) denotes the total number of customers in the system at time t and N(t) denotes
the state of the system at time t with

N(t) = {1 when the servers are in non-vacation period at time t} and

N(t) = {0 when the servers are in working vacation period at time t }.

stability of the system during regular busy period is consider ed as p =

2.1. Steady State Equations and its Solutions for Multiple Working Vacations
Model:

The steady state transition probabilities are define by
Pyj=P{M(t) =n,N(t) = j},n>0,j=0,1
Now, the set of balance equations as

Aw(1+0)Poo = (Pwo + Yw)Pro + puwPr1 (1)

A (1+6) + 1"+ n(pwo + Yw))Puo = Aw(1+6)Pu_ro + (1 + 1) ((Hwo + Yw) Pugro.  ifn >1,
(2)
(Aw(1+8) + pa) Py = 1'Pro + 210 Pays (3)
(Aw(1+6) + npw) Py = Aw(1+6)Py_1y + (n+ DpwPugrn +4'Pro, if2<n<c—1, ()
(Aw(1+8) + cpw)Puy = A(1 +68)Py_11 + cpoPri11 +1'Pug ifn >c. (5)

By letting the probability generating functions as

Py(z) = ) 2"Puo,
n=0
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[e)
= Zz” n,1-
n=1
with Py(1) + Py(1) = 1 and Py(z) = ¥, nz" "' P,.

Now, By Multiplying Eq(2) with z" and adding over 'n’ and rearranging the terms, the
differential equation is attained as :

(Mo + o) (1 — Z)Pé(z) = [Aw(1+0)(1 —2) +1'|Po(2) = (' Poo + pawPiy ). (6)
Likely multiplying Eq(4) and Eq(5) by z" and adding over 'n’, the following equation is
obtained,
C
(1—2)(Aw(1+8)z — cpw) Py (z) = 11'2Py(2) — (7' Pop + pwPr1)z + pw(1 — 2 Z n—c)z"Pyy. (7)
n=1

Let us consider,

A =1y'Pog + pwPry- (8)
Then, for z # 1,

o Ae(149) 7 _ A
PO(Z) [(.uwv +')’w) * (,uwv +’)’w)(1 - Z)]PO(Z) - (,‘l/lwv + r)/w)(l o Z)‘

9)

Eq(9) is an ordinar y linear differential equation with constant coefficients To solve the equa-
tion, an integrating factor can be consider ed as

_ I‘[ Aw(149) i }dz _ Aw(1+d)z i
I.F =¢ "/ Ymwotrw) " (hwotrw)(1-2) 77 = o (hwotyw) (1 — z) (nwo+7w)

The General solution to Eq(9) is given by:

d = _ Aw(+d)z i _A _ Aw(1+9)z 7’
—[e (Hwo+yw) (1 — Z) (hwo+yw) ]PO(Z) = [(‘uwv n r)/w)(l — Z) e (nwotrw) (1 — Z) (wo+rw) | (1())

dz
Now, integrating from 0 to z, following equation is attained,

(2) = [elWeerae) (1 — 2) 501 [By(0) — — A [ ¢ erin (1 — x) o )
Py(z) = |ehwvtrw) (1 — z nwo+yw) [P (0 _7/ e (mwotrw) (1 — x) (Hwot+rw x!. (11)
0 ? (,uwz;"")/w)

then,

(1) = et [By(0) — A [* 0RO (1 — ) T ] lim (1 — 2) T

Py(1) = elrwotra) [P, (0 —7/ e wotro) (1 — x) o) dx] lim (1 — z) o tr0) | (12)

’ ’ (Hwo + Yw) 251

!
Since 0 < Py(1 Z z"Pyo < land lim (1 —z) (wetrw) = oo,and thus the existing term is as follows
= z—1
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A
Pyo = Py(0) = ——— (13)
0,0 0( ) (va _|_,)/w)
1 M(1+4)z 7
Where L= / ¢ Travrm) (1 — x) T L. (14)
0
Defin  Z(Aw(1+06),7') = —Aw(1+8) e (I (), ~A(1+8)) +T(y)) (15
wher e I'(z) is the T function which is represented as
[e0]
I(z) = / et ldt (16)
0
[o0]
and I[(y,z) = / etV 14t, (17)
z
some calculations give
Aw(1 !
L=zt 0 (18)
(Hwo + 70)” (Hwo + Yw)
By Eq(8) and Eq (13), it is obser ved that
'P p L
Ppg =T o0 RO Hw _p (19)
(Hwo + T0) Hwo +Yw —1'L
Now, using the value of A from Eq(13) in Eq(11), Py(z) is obtined as
Aw(146)z
e(llzqurWzU) 1 z _ Mw(1+6)z ’7/ —1
Py(z) = —W,[l —7 )¢ (rwotrw) (1 — x) (o tre)—dx| Py g. (20)
(1 — Z) (Hwo+7w) 70
By applying L'Hospital’s rule to Eq(20), we get
(Hwo + Yw)
Py(1) = ——=P, 21
o(1) L 0,0 1)
and now substituting the value ofPy from Eq(19), the following relation is obtained
1'Po(1) = 1’ Pog + pwPy 1. (22)
From Eq(7), P;(z) is attained as,
[U/PO (Z) — A}Z Hw
P, (z) = — F(z), (23)
1(2) Aw(14+0)z—cpw)(1 —2) (Ap(l+9)z — cpw) 2)
wher e,
C
F(z) =) (n—c)z"Py,. (24)
n=1

It is clear from Eq(20) that Py(z) is a function of Pyy and the ratio betw een the time of the
servers on working vacation and the system is empty. Similarly from Eq(23), P;(z) is a function of
Py(z), A and F(z). Hence, if Py and Pj;(j=1,2,..c) are obtained, Py(z)and P;(z) can be deter mined

completely .
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2.2. Perfor mance Measur es

By using L'Hospital’s rule in Eq(23), we get

_ [f'Po(1) — Al + 7'y (1) oo
P =" 049 o teig o) W (25)
wher e .
F(1) =) (c—n)Py,. (26)
n=1

Using Eq(22) and Eq(8) in Eq(25),w e get,
77/

P(1) = Chw — Aw(1+6)

E(Lo) + - M F(1). 27)

Now, by applying Lhospital’s rule to Eq(6), we have

, Aw(1+686)Py(1) +17'Po(1)  —Ap(1+8)Py(1) — E(L o

E(Lo). (29)

_ 77/ + Hwo + Yw
Aw(1+9)

As Py(0) + Py(1) = 1, from Eq(27) and Eq(29),the expected number of customers during
working vacation period is obtained as

Py(1)

Aw(146)(1—p) Au(49)

T+ Hwo(L— ) + YL —p) 7+ Hwo(1— ) + Yw(l —p)

E(Lo) F(1). (30)

On substituting Eq(30) in Eq(29), the probability that the system in working vacation period is
as
1— /+ + 17 +Hwo+vw
P(J=0)=Py(1) = /( O+ pwo +7w) - : F(1) (31
1"+ Hwo(1 = p) + 10 (L =p) '+ pwo(l = p) + Yw(l = p)
and the probability that the system is in busy period is found as

7],+,”wv+7w

(1'p) ¢
P(J=1)=P (1) =1—-Py(1) = + F(1).
U=1=ht T e S Ry ATy { R o ey ((32))
E(Ly) can be obtained by differentiating Eq(23) and using L’'Hospital’s rule,
ie, E(L) = lim P, (z)
_ lim —Aw(L+8)[z(—A+7'Py(z)) —A+1n"Py(z)+ ZU/P(I)(ZH
o1 (1—2)(Aw(1+0)z —cpw)? (1 —2)(Aw(1+6)z — cuy)
z(—A+1'Py(z2) [(cpor — Aw(1 4+ 8)2)F'(2) + Aw(1 + 6)F(z)]
+(1 —2)2(Aw(1+6)z — cpw) the (cHw — Aw(1+6)z)? } (33)
_ Mepo = Aw(1+ O)E(Lo(Lo — 1)) + 2cpwy'E(Lo)  _F'(1) pF(1) (34)
2(cpw — Aw(1+06)z)? c(1=p) = (c(1-p)?
wher e
Fl(1) = dl;(zz)at =1
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C
=) (c— /)Py (35)
i

Now, the value of P(;/(l) is obtained on differentiating Eq(6) twice on both sides as

(7' + o) (1 = 2) Py (2) + 20 (1 + 6)Py(2) = [Aa(1 +6)(1 — 2) + 17" +2(pwo + Y] Py (z)  (36)

wher e

" d3p0(Z)
PO (Z) = dz3
. . " ZAw(].—i-é) /
By letting z=1 in Eq(36),we get P, (1) = P, (1 37
y letting qBopweget Fo(1) = o 5Pl (37)

2Aw(1 +6)ELy
1"+ 2(pwo + Yw)

Now, substituting, Eq(38) into Eq(34),the Mean number of customers, when the system in
regular busy period is obtained as

or it can also be denoted as, E(Lo(Ly—1)) = (38)

ey’ 1 1 1 p
E[L,] = + E[Lo] + F(1)+ ——FQ1
= 0 2 ) T T P = T V(£%
Hence, E[L] = E[Lo] + E[L4]
o : 1 . 1 HM(H&)@-@-MF(U]
(1=p) 7" +2(pwo +70)  Aw(1+8)(1=p)" 7'+ pao(1 = p) + 7w (1 —p)
(- P
MG T o
Substituting Eq(31) in Eq(21) results in Pgq) = (ywz/f'yw)Po(l)
'k (L=p) (' + pwo + 7w) S FO. @

" (two +70) 1 oL —p) F 701 —p) 7'+ pran(L —p) + 70(1— p)

Suppose, the state of the system is (n,1),then the service rates of the servers are npy for n <c
and cpy for n > c respectiv ely.
In this manner, the expected number of customers served per unit of time is given by

C

Ne =) npoPui+ Y, ciwPui = polcPi(1) — F(1)] (42)
n=1 n=c+1

and the proportion of customers served per unit of time is given by

N; 1

Po=—
s Aw(1+6)  cp

[cPy (1) — F(1)] (43)

wher e P;(1)isgivenbyEq(32).
If the state of the system is (n,1), n> 1, the rate of customer abandonment of a customer due to
impatience is n7yy. Thus the mean rate of the customer abandonment due to impatience is given by

[e)

Ry = Z nywPno = ')/wE[LO}- (44)

n=1

Thus an M/M/c Queuing model with Multiple Working Vacations under encouraged arrival
with impatient behaviour is evaluated.
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2.3. Single Working Vacation Model:

A Single working Vacation policy define that the server(s) in the queuing system takes vacation
immediately , when he find no customers waiting in the queue. At the end of the working
vacation, if the server find the system non empty, then he starts his regular busy period by
shifting his service rate from iy to p. If notithe server will remain idle in the system itself than
going for vacation and waits until the customer arrives for the new busy period. To construct
this system, we defin a Markov chain as {(M(¢), N(t)),t > 0} with state space as in Multiple
Working Vacations for Single Working Vacation also. s = {(n,j)},n >0,j=0,1}

Where M(t) denotes the total number of customers in the system at time t and N(t) denotes
the state of the system at time t with

N(t) = {1 when the servers are in non-vacation period at time t} and

N(t) = {0 when the servers are in working vacation period at time t}.

2.4. Steady State Equations and its Solutions for Single Working Vacation

Model:
Now, the set of balance equations as
(Aw(146) 4+ 1")Poo = (Hawo + Yw) Pro + pwPr1s (45)
[)‘W(l + 5) + 77/ + n(,uwv + '7’w)]Pn,O = /\w(l + (S)Pnfl,o + (Tl + 1)((lflwv + ’)/w)pn+1,0a ifn > 1,
(46)
(Aw(1+8))Po1 = 7' Pog, (47)
(Aw(14+68) + npe) Py = Aw(1+6)Py_11 + (n+ VDpwPriry + 7' Pug, ifl<n<c—1, (48)
(Aw(146) + cptw)Puy = Aw(1 4 0)Pyyy + cltwPyy1n +1'Pup  ifn>c. (49)

By letting the probability generating functions as

Ro(z) = ) 2"Puy,
n=0

oY)
Rl(Z) = Z ann,b
n=1

with Ro(1) +R;(1) = 1 and Ry(z) = ¥, nz""1P,.
Now, By Multiplying Eq(46) with z" and adding over 'n’ and rearranging the terms, the
differential equation is attained as :

(Hwo + Yw) (1 — Z>R£)(Z) = [Aw(1+9)(1 —2) + W/}RO(Z> — (HwPr1)- (50)

Likely multiplying Eq(48) and Eq(49) by z" and adding over 'n’, the following equation is
obtained,

C

(1—2)(Aw(146)z — cpw) Ry (z) = 7'2Ro(2) — (17 Pog + pawPr1 )2+ 2% Pog + pw(1 —2) Y (n—c)z" Py ;.

n=1

(51)
Then, for z # 1,
o Aw(146) s ____ MePu
RO(Z) [(,uwv‘f")/w) * (va-f—')/w)(l _Z)}RO(Z) - (“l/lwz;"r")’w)(l _Z)‘ (52)

Solving the differential equation, as in Multiple Working Vacations Model we get,
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Aw(146)z
e (nwo+rw) 1 Z _ Aw(1+d)z i 1
Rofe) = — 1= [ Tl (1 ) T3~ By, (53)
0

(1 _ Z) (rwo+rw)

Thus a similar expression for Rg(z) as in Multiple Working Vacations Model and here we
arrive at,

(,uwpl 1)
Ro(0) =Py = —— -7 T 54
0(0) = Poo (oo & 70) (54)
_|_
Ro(1) = (‘uwzlLr)/w)Po,o (55)
and from Eq(54) and Eq(55), the following relation is obtained
1'Ro(1) = pwPy - (56)
From Eq(51),R;(2) is attained as,
[1'Ro(z) — Az + 229 Pog Huw
Ri(z) = — — F(z), 57
) = i+ 0 — ) (1=2) (17 8)2—cp) ' ) 7
wher e,
C
F(z) =) (n—0c)z"Py,. (58)
n=1

It is clear from Eq(53) that Ry(z) is a function of Py and the ratio betw een the time of the
servers on working vacation and the system is empty. Similarly from Eq(57), R;(z) is a function
of Ro(z), A and F(z). Hence, if Pyg and Pj;(j=12,...c) are obtained, Py(z) and Pi(z) can be
deter mined completely .

2.5. Perfor mance Measur es

By using L'Hospital’s rule in Eq(57), we get

_ [U/E(L)O] +B Hw
(1) = Chaw — Aw(1+9) cyw—/\w(1+5)P<l) (59)
wher e .
B=1n'(2—c)Pyy and F(1)=) (n—c)Py,. (60)
n=1

Using Eq(22) and Eq(8) in Eq(25), the following equation is obtained,
g £q q q g €q

!/

_ 7 Hw
P (1) = T +5)E(Lo) + TR +5)F(1). (61)

Now, applying Lhospital’s rule to Eq(6), we have

, Aw(1+8)Py(1)+74'P,(1) — —
E(Ly) = lim Py(z) = WAL IO £10 = Aw(l+9)Ro(1) E(Lo)which implies
z—1 —(,uwv + ’)/w) Huwo + Yw
(62)

E(Lo). (63)

- 77/+l1wv+')’w
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As Py(0) 4+ Py(1) = 1, from Eq(27) and Eq(29), is the expected number of customers during
working vacation period is obtained as

Ao(146)(1 — p) —o1 (2 — )Py Lol

T+ Heo(L—0) 101 —p) 7+ Hawo(L—p) + 70l —p) 7'+ pan(l —p) + ')’w((l —)p)
64

E(Lo) F(1).

On substituting Eq(30) in Eq(29), the probability that the system in working vacation period is
as

—0) — _ (=)0 +pwotrw) _ on (" pwotyw) (2—¢) Poo
P(J=0) =Ro(1) = 5 =g ralip) ~ Fall+0) 7 (1) Fra(15)]
77/+]4wv+7w
- < F(1
'+ Hawo(1 = 0) + 7w(l —p) @
wher e .
_ o1+ o+ 7w) (2 =€) Poo then
Aw(1+0) [ + pao (1 = p) + 7w (1 — p)’
(1 =) (7' + pwo + 70) e —
P(] =0) = Ry(1) = - X - F(1) (65)
(I=0)="R(1) 1+ pwo(l =) + 70(1 —p) 1+ Hwo(1 = p) + 7w(l = p) @
and the probability that the system is in busy period is as follows
— 1) — 1 _ (1'p) o1 (i’ + o +Yw) (2—¢) Poo
P(] B 1) o Rl(l) =1 Ro(l) T pwn (1—=0) +yw (1—p) + A (140) [ +prwo (1—0) +70 (1—0)]
7]’+P¢wv+'}’w
+ £ F(1).
7 o= p) T ra(i—p)
since we know that,
_ o' (7' + o +7w) (2 — ) Poo
Aw(140)[1 + parn(1 = p) + 7v0(1 —p)’
we get
(”/p) 77,+,llwv+7w
P(J]=1)=Ry(1) =1—Ry(1) = + X+ € F(1).
U=1="R~{1) o) = (1= p) F 70 (1= p) 11’+va(1—p)+vw(1—(p> @
66)

Now, E(L;) can be obtained by differentiating Eq(58) and using L’Hospital’s rule,

E(Ly) = lim R} (z)

~lim { —Aw(1+68)[z(=A+1'Ro(2)) +224'Pyy] —A+14'Ro(z))+ 2217’P(/)(z) + zn’Rg(z)
z—1 (1 =2)(Aw(140)z — cpw)? (1 —-2)(Aw(l+06)z — cpw)
z(—A+1'Ro(z) + 225" Py [(cpor — Aw(1 4+ 8)2)F'(2) + Aw(1 + 6)F(z)]
+(1 —2)2(Aw(1+6)z — cpw) * (cHw — Aw(1+6)z)? } (67)

7' (cppw — Aw(1+8)E(Lo(Lo — 1)) + 2cpan’E(Lo) + 257" [(2(cptwy — Aw (1 + 6) — cAw(1 4+ 6)]Pog
2(cpyw — Aw(1+6)z2)?

F'(1) pF(1)
c1-p) " (c(l-pp

(68)

wher e
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C
=) (c—))Py (69)
j=1

Now, the value of Rg(l) is obtained on differentiating Eq(50) twice on both sides and proceed-
ing similarly as in Multiple Working Vacations, We get

2A0(149)

1"+ 2(pwo + Y

Now, substituting, Eq(70) into Eq(69),the Mean number of customers, when the system in
regular busy period is obtained as

E(Lo(Lo— 1)) =

JE(Lo). (70)

1 1 1 1

T+ 2w+ 70) | A1+ 0)(1 —p)]EM MW Mo (1 —p)]PO’O}

L = 25

1 4
+ F' + F(1). 71
g Tar— W 7

E[L] = E[Lo] + E[Ly]

. o’ [ 1 n 1 ][Aw(1+5)(1—p)—pB—MF(l)”
(1=p) 7" +2(pwo +Yw)  Aw(1+6)(1—p) 1+ pwo(1 =) +Yw(l —p)
1 P
+Y + F)+—F—_FrQ (72)
=) (1) OEE (1)
o’ 1 1
hereY = _ P,
vher ey = i e =)

Substituting Eq(65) in Eq(55) results in Pgq) = (sz;k%)Rol

= n'k [)\w(l +0)(1 =) (7" + pao + V) — (AW(1+§MC+HM+%U) ] (73)

k 12 - ! wo w
(oo +70) ™ pan (1= p) + 0 (1 — p) + ML 1)
Suppose, the state of the system is (n,1),then the service rates of the servers are npy for n <c
and cpy for n > c respectiv ely.
Thus, the expected number of customers served per unit of time is given by

C

Ne= Y npoPui+ Y. cpaPui = pwlcPy (1) — F(1)] (74)

n=1 n=c+1
and the proportion of customers served per unit of time is given by

1
psziNs = —

Ae(110) o [cP;(1) — F(1)] (75)

wher eP; (1) is given by Eq(66).
If the state of the system is (n,1), n > 1, the rate of customer abandonment of a customer due to
impatience is n7yy. Thus the mean rate of the customer abandonment due to impatience is given by

[e9)

R, = Z nYwPpo = ’YwE[LO}- (76)

n=1

Hence, an M/M/c Queuing model with Multiple Working Vacations under encouraged arriv al
with impatient behaviour is evaluated.
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3. RESULTS

In this paper ,an M/M/C Queuing model under Multiple working vacations and single working
vacation with impatient behaviour of the customer during encouraged arrival are analysed. It is
obser ved that for the system of steady state equations, perfor mance measur es like Mean Queue
length (E[L]), Probability that the system is in working vacation period (P[J=0]), Probability that
the system is in regular busy period (P[J=1]) are evaluated for the two different vacation policies
separately .

4. DISCUSSION

On comparing the perfor mance measur es betw een the two vacation policies, from Eq (65) and
Eq(31),it is obser ved that the difference betw een the probability of the system (P[J=0]) in single
working vacation and that during multiple working vacations, we notice that by reducing the term
"X" from the probability of the system in multiple working vacations, we attain the probability
of the system in single working vacation . Likely, from Eq (66) and Eq(32),it is clear that the
probability of the system in regular busy period during single working vacation is obtained by
adding the term "X" to the probability of the system in regular busy period during multiple
working vacation. Moreover, while comparing the mean queue length during the two different
vacation policies, we obser ve that from Eq (72) and Eq(40), E(L) in single working vacation is the
addition of the term "Y" and the term pB to the existing mean queue length of multiple working
vacations.

5. CONCLUSION

As the M/M/c Queuing model with Multiple and single working vacation with impatient
behaviour of the customers during encouraged arrival is analysed, apart from deriving the
explicit formulations, some of the characteristic measur es are also discussed. It can be concluded
that, with the impact of the terms "X","Y" and"B" in multiple working vacations an M/M/C

Queuing model with impatient behaviour of the customer during encouraged arrival can be
shifted to Single working vacatio n.However,for an efficient functioning of the queue a single
working vacation can be suggested. In futur e work, numerical examples may be evaluated to

evident the obtained result.
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