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Abstract

A multi-warehouse shortage model has been developed where demand is assumed to be deterministic.

In reality, machines run for long periods during production and random failures may occur as the
system transitions from a controlled to an uncontrolled state. During this time the production system
produces defective products. Demand is assumed to be deterministic. Retailers offer a quantity
discount per unit on the selling price of an item and in return receive a quantity- based discount on
the purchase price of the item. A retailer has limited storage capacity and therefore requires additional
space with unlimited storage capacity. This additional space is called a rented warehouse and its
storage cost is higher than accompany- owned warehouse. The objective of this model is to study a
multiple inventory model of defective items under quantity- based discounts, where defective items
can be sorted and sold in a single batch with decision variables set to the optimal order quantity and
optimal inventory and shipment quantity to increase overall profits to maximize the value for the
retailer. A solution procedure for determining the optimal solution is presented and a numerical
example is given to illustrate this study. A sensitivity analysis is also performed to examine the effect
of changing parameter values on the optimal solution.

Keywords: Warehouse, Multi-warehouse; Demand, Imperfect items; Shortages; Quantity Discount

L. Introduction and Literature Survey

The essential part of business is Inventory management, as it constitutes a major part of capital
expenditure. Hence, inventory management plays a vital role in running a business flexibly. There
are several features that affect a business such as customer demand, deterioration of goods,
manufacturing defects, stock shortages, quantity based discounts offered by suppliers etc. Managing
these features can directly affect a retailer's overall profits. Inventory consists of raw materials,
partially finished goods and finished goods. This type of inventory involves ordering costs, carrying
costs, and stock out costs. Purchasing costs may also include carrying costs, but most models assume
these costs are constant unless volume discounts are involved. The quantity and timing of orders
are the most important decisions in inventory management. These decisions help increase a
company's overall profits. It is common for suppliers to offer discounts for larger batch sizes. There
are several reasons why suppliers offer discounts to retailers. These reasons include increasing cash
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flow, reducing product inventory, increasing market share, or simply retaining the retailer. For
retailers, inventory costs increase while bulk-ordering costs can be reduced.

These costs can be controlled through mathematical models, allowing retailers to make more
profits. It is assumed that products are perfectly manufactured during the manufacturing stage, but
in reality, this is not possible due to machine breakdowns after long hours of operation. Therefore,
retailers need to inspect defective products and separate defective from good products. In addition,
retailers have limited space to store inventory. In this situation, retailers need a separate space to
store their inventory, the so-called rental warehouses. Rental warehouses offer unlimited storage
space and better preservation options. That is why the storage costs in rental warehouses are higher
than in their own warehouses. When demand increases, bottlenecks can occur. Product
imperfections can also cause stock outs.

This paper describes a company that sells goods in a deterministic demand environment across
multiple warehouses. It assumes discounts on every unit, defects, and shortages. The goal of this
study is to optimize quantities and reorders to maximize profits across the inventory. The model
becomes more realistic when considering volume discounts, a feature that is important for small
retailers. Here, the procedure to obtain the optimal solution is used and a numerical example is
provided to verify the results. A sensitivity analysis is also performed to study the effect of the
parameters on the optimal solution. This article start with assumptions and notations and end with
the conclusion of the article The model is based on a multiple warehouse environment with
markdowns and shortages of incomplete items. S. Papachristos, K. Skouri [1] which ensures that the
rate of backlogged demand increases as the waiting time to the following replenishment point
decreases. Seto et al. [2] described a two-camp model with deterioration and demand growth over
time. Jaggi et al. [3] developed a two-camp model with deterioration and inflation, where demand
is based on the selling price. Jaggi et al. [4] proposed a two-camp model for deteriorating items with
credit financing policy. Furthermore, the model assumes incomplete items. Assuming inventory-
dependent demand, Jaggi et al. [5] developed a model with defects and damaged goods in two
warehouse environments. This model was based on maximizing retailer profits with deterministic
demand. Mandal & Giri [6] proposed a two-inventory model with incomplete items, where demand
is based on inventory. An EOQ model was developed by Shah & Naik [7] with price-sensitive
demand and discount policy. Volume discounts were offered in this model. Shaikh et al. [8] use a
two-camp model under inflationary conditions. . Dhaka et al. [9] developed an inventory model with
defects. They assumed inventory-dependent demand due to credit lending policy. By accepting
incomplete articles, another two-camp model is proposed by Mashud et al. [10] assuming
discountability and non-instantaneous deterioration rates. There were also some bottlenecks in the
credit lending policy. Mandeep et al. [11] developed a two-warehouse model that considered the
impact of human error on inventory levels and stockouts. Priyanka & Pareek [12] developed a two-
inventory model by incorporating non-instantaneous deterioration and stochastic demand. The
model also assumes credit financing Gilotra et al. [13] developed another model.

Additionally, we added carbon emissions and human error to the model. The impact of defective
items is accounted for in an inventory model developed by Aastha et al. [14]. They assumed
shortages in two warehouse environments. Another inventory model was developed by Aastha et
al. [15] which is based on volume discounts under credit financing policies. In this model, the authors
assumed that non-instantaneous deterioration in demand depends on advertising and selling prices.
Mishra et al. [16] studied green technologies and developed a supply chain inventory model in the
context of shortage and surplus payment systems. For fresh food products, Jayaswal et al. also
developed an EOQ model. [17]. They developed it with a two-stage credit and lending policy under
the learning effect and illustrated it with a numerical example. Shah et al. [18] formulated an EPQ
model for perishables with reliability and inflation under a two-stage credit policy.
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The total cost function was also minimized. Alamri et al. [19] developed an EOQ model that
includes learning effect and carbon emissions, taking into account several aspects of naturally
spoiled products. The Authors also discussed the implications for various related fields. Kumar et
al. [20] Slack inventory ordering policy with pre-pay and post-pay strategies. Mittal et. al. [21] gave
amodel of the retailer’s ordering policy for deteriorating imperfect quality items when demand and
price are time-dependent under inflationary conditions and permissible delay in payments Masae
et. al. [22] developed a model of order picker routing in warehouse. Ibrahim Hassan [23] gave a
model on the role of warehouse layout and operations in warehouse efficiency: a review on it. Here,
a mathematical model is develop with the warehouse environment. This include the analysis as well
as the sensitivity analysis of the parameters. The given tables discuss the account of the article.

II. Assumptions and Notation

Assumptions

1. A known, and constant demand rate is considered.

2. Replenishment rate is instantaneous.

3. Inventory to be sold in single batch only.

4. Proportion of defective items p follows a uniform distribution[a, f]where [0 < a < § < 1] (Wee
et al., 2007)

5. A fully backlogged shortage are allowed.

6. The purchase price is offered under the following, all-units quantity discount scheme:

(Papachristos & Skouri, 2003)
u, form; <q<m,
u, form, <q< my

w(w) =
k U, for.mn <q

Notation: The notation is used in the present study is describe in Table 1.

Table 1: Notation and description of the inventory life cycle mode

Notation Description
V1 Lot size units/cycle
W limited space of OW units/cycle
yi—W unlimited space in RW units/cycle
D demand rate unit / year
J,A variable cost/ unit and ordering cost / order
p proportion of imperfect items in y,
f(p) p.dfofp
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s selling price of items with good quality
v selling price of defective items,v < j
b backordering cost per unit

h, holding cost for the items in RW

h, holding cost for the items in OW
m; ith price breaking point, i=1,2,3, ..., n

u; = u; (W) per unit material cost

x rate of screening

d cost for screening

tr screening rate in RW

ty screening rate in OW

t time for RW when all the units used
t time for OW when all the units used
ts time period of shortages

B backorder quantity in units

T length of a cycle

Yiopt optimal lot size
TR(B, ) sale revenue
III. ~ Model Description
L Problem Definition

Initially, at time t = 0, y; units come in the system. As the system has rent-warehouse too, W
units are stored in own-warehouse and rest of the units are stored in rent-warehouse. But due to
high holding costs in rent-warehouse, first units are consumed from rent-warehouse and then from
own-warehouse. Generally, it is assumed that all the units come perfectly in the system but
practically this is not possible due to improper transport, low quality of raw material. In this case,
retailer must apply the screening process with the rate of x units per unit time. This paper assumes
the p percent of imperfect items found in y; units, where pa random variable is whose p.d.f. is, f (p),
and its mean is E(p) = p. Thus, py,; defective items and (1 — p)y, non-defective items found in y,
units. These imperfect items sold at v per unit salvage value, where v < j. After this screening
process, the demand is fulfilled from rent warehouse by time t; and then upcoming demand is
fulfilled from own warehouse. After t;, shortages occur when both the warehouse is exhausted.

(Figure. 1)

1L Mathematical Model

The time horizon of total inventory is given by,

T=01-p)% (1)
Sale revenue (TR(p,y,)) is the sum of sales of imperfect and the perfect items.
TR(p,y1) = sy:(1 = p) +vpy, @

And Total cost (TC(B,y;)) = ordering cost + purchase cost + holding cost + backordering cost +
screening cost

t —WH(1 -
TC(B,y,) = wy, +A +jy, +dy, + h, [(( 101 1 -p)

)trp(yl - W)]
(W(l—p)—B(tz—H)] +% (3)

+h, [Wtw +W(t, —t,)A—-p)+ > .
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Figure 1: Multi warehouse Modelling of Inventory
. (y1-W)(a- p) y1i-w w w(1-p)-B B
Since t; = —— p .t 1x tw == =
Then Eq (3) is

—w)2 _ —_\2
TC(B,y:) = wys+A+ jyy +dy+h, (5 (= W21 — p)? +2220) 4, <W(“ R

2
=455 (WA =p) = BY? =Wy, —~W)(A ~p)* + BA =PI ~ W))) +5 O]
The total profit per unit of time (TPU(B, y,)) is calculated with the help of total revenue per unit of

time and total cost per unit of time. Hence,
TR(p,y1)-TC(B,y1)

TPU(p, y1) = T 5)
=D(s v+ h P+ hy ) + () (v w— g = d = b P )
e = WY (TF) =, (MO0 2R () 2000) - () (32-52) @

Since p is a random variable that follows a uniform distribution with known p.d.f. f (p) then the
expected value of total profit (ETPU(B, y;)) is

ETPU(B,y1)=D(s—v+h %4‘1’1 E)
1 1
1 S S € Tl L0l W_Z)
+E(1—P>D(v L
B oz 1—E(p)>
h,.(y; = W) ( 2
L (W(y1 w)(1-E®)) Wz(l—E(p))_(@> +B(y1—W)>
’ 2y, 2y, V1 2y,

1

- () (5

B b)
Y1

@)
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B2p pW?2 B2 3WB(1-p)
“L+A+T+h0(T E‘T)

1-p) ,p
hr( 2D +§)

Optimal lot size is y;* = \/ w2+ ®)

I1I. Solution Procedure

The objective of this model is to optimize order quantity (y,") for both the warehouses and optimal
shortages B*, from these we get expected total profit ETPU(B, y,), therefore the necessary condition
OETPU(B,y1) OETPU(B,y1)
and
dyq 0B

for expected profit to be optimal are which can be evaluated by the eq. (7)

and equating the result to zero

6ETPU(B,y1)=_ho<ﬂ+1y1—W>_E< 1 ><h03_@)=0 ©)
0B yio 2 »n 1-p/\y; Dy,
JETPU(B,y,) _ D (Zhr(yl -W) h(yi— wW)? B hy W?
dy, . x3’12 xy,? xy,? ,
+E ( ﬁ ) D ( % _ ZhTS; 20 hr(z; 2W) }:lcoymllz) _heOn Wy)l(l E() 4 vzvilgl E(p)
(WA -E®) W -W(A-E@) 1w (1-E®) L WB_ B BOi- W))
’\2 V1 2 yi? 2 yi? yit o 2y 2y,?
-E (L) <_ hoB” + B_Zb)
1-p/\ 2y »?
=0 (10)

Egs. (9) and (10) can be solved simultaneously for B* and y;* using Maple. Here, the sufficient
condition for expected total profit to be concave. First taking the second derivative.

O?ETPUBY) _ f 1 \(ho _2b
dB2 __E(l—p) (y1 yl) (11)
0%ETPU(B,y,) _ D (Zhr 4h,.(y, — W) N 2h,(y, — W)? ZhOWZ)
dy,* XY1 xy,? xy,3 xy,3
1 24 2h,. 4h —-W) 2h —W)?2 2h W?
+E<—)D<——3——r+ r(yl _ )_ r(yl . ) _ 0 - )
1-p yi® xn XY xy1 xXy1
_h(-E@) 200 = WA -E@) hG =W (1-E@)
(1-£)) M iose) . wiicse) 7 2 o2
. (WO-E@) | Wi -W(1-E(®) | WX(1-E®) 2wB B | Boy-W)\ _ . ( 1) (hoB? 2B%
ho ( y12 + y13 + y13 yi3  yi? + y13 ) E (1—p) ( yi3 v ) (12)
0*ETPU(B,v,) _ (K N 1 1y, - W) B ( 1 )(—hoB 4 2b B) (13)
dy,0B C\yi? 21 2y, 1-p/\ yi2  y?
(GZETPU(B,y1)> (62ETPU(B,y1)> _ (62ETPU(B, yl))2 . s
0B2 6y12 dy,0B -
d2ETPU(B,y1) d2ETPU(B,y1)
And (ZE2E20) < 0, (FEE) <0 (15)

By necessary and sufficient condition, the above equations show that the function ETPU (B,y,) is
strictly concave with a negative-definite Hessian matrix with optimal (B*, y;*) values. With the
optimal B* and y,* values known, the net profit can be derived from Eq. (7).

IV. Results & Discussion

L Numerical Example
In order to assess the mention inventory system, a few parameters are required, and these
parameters are acquired from (Aastha. et al., 2020)
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D = 50,000 unit / year; W = 800 units/cycle; A = $100 /cycle;
j = $20 /unit; h, = $7 Junit/year; hy = $5/unit/year; x = 1unit/min; d = 0.5/unit; u;

= 5/unit; s

$ 50 /unit; v

rate per year,x = 1 * 60 * 8 * 365 = 175200 units/year.
The proportion of imperfect random variable, p, follows uniformly distribution with p.d.f. as

From this £(p) = 0.02 andE (=) = 1.02055.

1
1-p

ro) ={

25,
0,

0<p<0.04
otherwise

The optimal solution is obtained by solving equations (15) and (16).

Table 2: Optimum values of the model

$ 20 /unit; b = 10/units
In this example, the inventory model works on a 8 hours/day for whole year, Hence, the screening

i

B*

ETPU(B*,y,*)$

t,"(Yr.)

ts"(Yr.)

T*(Yr.)

1,373.892

167.651

12130.342

0.012

0.001

0.027

IL.

Sensitivity Analysis

A sensitivity analysis is conducted for the aforementioned case. The effects of fraction defective

items ([p]), ordering cost, selling price of defective items and discount on the expected total profit

(ETPU(B",y,")) are shown in Figure 1, Figure 2, Figure 3 and Figure 4, respectively.

Table 3: Sensitivity analysis with different parameters of the inventory system

Parameter Value T t1 t2 Vi B TP ($)
(years) | (years) | (years) | (units/cycle) | (units/cycle)

Y1 0.02 0.027 | 0.0112 | 0.012 1,373.80 167.7 12130.4
0.03 0.026 | 0.0113 | 0.0122 1,383.60 164.5 12101.3

0.04 0.0267 | 0.0114 | 0.0121 1,393.50 161.1 12071.4

0.05 0.0267 | 0.0115 | 0.0120 1,403.40 157.8 12040.6

A 100 0.027 | 0.0112 | 0.012 1,373.80 167.7 12130.5
125 0.026 | 0.0113 | 0.0122 1,383.60 164.5 12121.6

150 0.0267 | 0.0114 | 0.0121 1,393.50 161.1 12113.5

175 0.0267 | 0.0115 | 0.0120 1,403.40 157.70 12105.6

v 20 0.027 | 0.0112 | 0.012 1,373.89 167.7 12130.5
25 0.026 | 0.0113 | 0.0122 1,383.67 164.4 12181.5

30 0.0267 | 0.0114 | 0.0121 1,393.52 161.1 12232.6

35 0.0267 | 0.0115 | 0.0120 1,403.46 157.70 12283.4

u 6 0.027 | 0.0112 | 0.012 1,373.89 167.7 11624.5
5 0.026 | 0.0113 | 0.0122 1,383.67 164.4 12130.2

4 0.0267 | 0.0114 | 0.0121 1,393.52 161.1 12640.6

3 0.0267 | 0.0115 | 0.0120 1,403.46 157.70 13150.8
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Figure 2: Plotting of total profit with defective items
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Figure 3: Plotting of total profit with the ordering cost
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Figure 4: Plotting of total profit with its selling price of defective items
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Figure 5: Plotting of total profit with the offered discounts

The graph above (see Figure 2) shows that as the percentage of defective goods increases, the
expected total profit decreases significantly. (See Figure 3) As the acquisition cost of goods increases,
the expected total profit also increases. In this scenario, buyers need to be careful when ordering and
sellers need to make their systems more efficient to enhance the quality of goods produced. (See
Figure 4) As the selling price of defective goods increases, the expected total profit increases
significantly. (See Figure 5) As the discount offered decreases, the total expected profit increases. So,
in this scenario, if the buyer receives a defective product, the buyer should pay attention to the sale
price of the defective product as well as the discount offered.

V Conclusion

In this article, an EOQ model for defective items with stock outs in a multiple warehouse
environment and determine the total expected profit if a discount is offered. It is presented as if the
buyer has stock of defective items and can make a profit even with the defective items. To make
more profit, a volume discount can also be offered. In this model, businesspersons need to look at
the cost of purchasing the goods and the discount offered as these directly affect the overall expected
profit. This paper is very useful for retail and manufacturing industries. This is also useful in the
business world. The model can be extended in several ways. It can be extended to specify demand
types through credit policies under CO2 emission limit.
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