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Abstract

In this article, we propose a new attribute np control chart for monitoring the median lifetime of the
products under accelerated life test with hybrid censoring scheme assuming that the lifetime of the
products follows an exponentiated exponential distribution. The optimal parameters for
constructing the proposed control chart are determined so that the average run length for the in-
control process is as closest to the prescribed average run length as possible. The control chart
parameters are estimated for various set of values, and the developed control chart’s performance is
analysed using the average run length. The proposed control chart is illustrated with numerical
examples, and its applicability is demonstrated with simulated data.

Keywords: exponentiated exponential distribution, accelerated life test, hybrid
censoring scheme, control chart, average run length

I. Introduction

A control chart is a graphical description of data collected from manufacturing industries. The
information may apply to the measurement of quality characteristics or the evaluation of quality
characteristics of a sample. It monitors the consistency of the process and raises an alarm if it finds
any deviations from the specified tolerance limit. Control charts are effective tool for monitoring
the behaviour of a production process in order to determine whether it is stable or not. Control
charts visualize the data throughout the order in which it occurred.

In order to monitor the production process in a various circumstances, many new control chart
techniques have been developed. A control chart is a type of graph that can be used to analyse how
a process varies over time. Every control chart has a minimum of two control limits, known as the
lower control limit (LCL) and upper control limit (UCL). It is claimed that the process is in-control
if the control statistic falls within the control limits. There are two different kinds of control charts,
which are referred to as attribute control charts and variable control charts. The attribute control
charts are used to distinguish between conforming and non-conforming items. When the industrial
data collected from the measurement process, the variable control charts are implemented.
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Lifetime is regarded as a quality characteristic for some products. Life tests are used to monitor the
manufacturing process for these products. The product may be classed as conforming or non-
conforming based on the results of the life test. This form of product testing takes a considerable
amount of time because the duration of the test is lengthy. In this circumstance, the censoring
technique is essential and cannot be ignored. Some of the censoring techniques used in life testing
include Type-I censoring, Type-II censoring, and hybrid censoring. According to the hybrid
censoring, the life test terminates at the earliest of the specified test time t or the time at which the
(UCL + 1)* failure is discovered. When the number of failures observed during the life test is
between the UCL and LCL at time £, the production process is in control; otherwise, the production
process is out of control. Accelerated life testing (ALT) is a test and analytical technique for
figuring out how failures will probably happen in the future. As a result of its capacity to "speed
up time," ALT is a widely used testing technique. When we cannot wait for failures to occur at
their regular rate but need to know how failures are expected to occur in the future, we frequently
employ ALT. In an ALT, items are subjected to accelerated conditions including stress, strain,
temperature, pressure, etc.; as a result, the products fail faster compared to their performance in a
conventional life test. Therefore, ALT under hybrid censoring can minimise total time to failure
and inspection cost.

The fraction non-conforming is based on the attribute control chart, such as the np control chart,
which is constructed by assuming that the quality characteristic follows the normal distribution.
The distribution of the quality characteristics may not be normal in reality. Industrial engineers
may be misled and the number of non-conforming products may increase if the current control
chart is used in this scenario. Numerous authors, including [1-9] and [14-24] have contributed to
the literature and worked on attribute control charts for various lifetime distributions. According
to a review of the available literature, no research on control charts with a life test for a non-normal
distribution, such as an exponentiated exponential distribution with hybrid censoring under
accelerated life test, have been attempted.

In reliability and life testing in recent years, exponentiated models have drawn more attention. By
exponentiating the corresponding cumulative distribution function with a parameter, the
probability distributions are constructed. The exponentiated exponential distribution was first
introduced by [13]. It has been revealed that this distribution is more suitable for particular lifetime
data than other commonly used lifetime distributions. It has been noted that lifetime data analysis
has been quite effective when using the exponentiated exponential distribution. The exponentiated
exponential distribution is found to fit data in many cases better than the Weibull, gamma, log-
normal, and generalized Rayleigh distributions (see more information on this distribution from
[10-12].

This work presents an attribute control chart based on an exponentiated exponential distribution
under an accelerated life test with a hybrid censoring scheme. The control chart coefficient was
determined, and the performance of the proposed control chart was discussed in relation to the
average run length (ARL). When the process scale parameter (median) is changed, the proposed
control chart is designed. With the use of simulated data, the proposed control chart's applicability
is described. Simulated data is used to illustrate the proposed chart. Exponentiated exponential
distribution is introduced in Section 2 along with an explanation of the control chart's design. A
simulation study is described in Section 3. The last Section described the overall summary.
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I. Design of proposed control chart based on Exponentiated Exponential
Distribution under Accelerated Life Test

Let “T” be the product's lifetime, which is distributed tothe Exponentiated Exponential
Distribution (EED (A, 0)) with scale parameter “A” and shape parameter “0”. The probability
density function for the variable "T" is given by,

6-1

t t
F(tIA;0) = (%)e_(i) [1 - e‘(i)] 0,0 >0 1)
The underlying distribution's cumulative distribution function is defined by,

F(t|;6) = [1 - e‘@]g 61,6 >0 @)

With this distribution, the product’s mean as well as median lifetime are given as,

u = Mean(T) = A[w(6 + 1) — w(1)]

Here, w(x) = ;—xl“(x) and I'(x) = fooo x¥le *dx
1
M = Median(T) = —1In [1 - (1)(9)]
2

The product's lifetime under ordinary conditions is represented by the symbol fu, and it follows an
exponentiated exponential distribution with specified shape (0) and scale (Au) parameters. As a
result, the following equation may be used to determine the product's lifetime under ordinary
conditions.

ty

[
Fy(ty|Ay; 0) = [1 - e_(’lu>] 3)

Similar to this, the lifetime of the product under accelerated conditions is denoted by t4, and it is
assumed that ta follows an exponentiated exponential distribution with specified shape (0) and
scale (Aa) parameters. As a result, the product's lifetime under accelerated conditions is stated as
follows.

ta 0
Fu(ts|A0;0) = [1 - e'(ﬂ)] 4

The product's mean and median lifetime under accelerated conditions as

1
ta = Aa[w (0 + 1) — w(1)] and M, = =2, In [1 _ G)(e)] 5
By using the Acceleration Factor (AF) definition, we can write
=t
M=

Therefore, Equation (4) becomes
_(tAxAF) 0
Fy(ty) = [1 —e \ ]

The failure probability of the product, denoted by po while its process is under control, is

characterized by the probability that the product will fail before the censoring time ta.
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_(tAxAF) 6
po=[1—e Ay ] 6)
We express the censoring time as a constant multiple of the product's median lifetime, such as

ta = a*Ma, where 'a’ is referred to as a test termination ratio. Equation (6) may be rewritten by
substituting values for ta and Ma.

po=|1- e(%anAFXln[l_@)(;)D

)
It is assumed that there is no change in scale parameter when the process is in-control. i.e., 1, = 4.
Hence, Equation (7) becomes

1
(axAFxln[l—(%)(g)D
Po=|1-e ®)
We can determine the failure probability of the product under accelerated life test using the above
equation. The process is considered as out-of-control if there is a change in scale parameter, under
this situation the scale parameter shifts from 4, to 4,. The ratio between the actual scale parameter

and the shifted scale parameter as accelerated life test is denoted by ‘f and is called as shift

constant. That is, % = f. Therefore, the failure probability of the product under accelerated life test
A

when the process is out-of-control is denoted by p: and determined by

@@
L in|1-(5
py = 1_e(f [ © D ©9)
Based on the number of products in each subgroup, we propose the following np control chart for
EED (A, 0) under accelerated life test with hybrid censoring;:

Step 1: Select a set of n products randomly from the production process.

Step 2: Conduct the life test on the selected products considering t4 as the test termination
time under the fixed acceleration factor. Observe the number of failed items (D,
say)

Step 3: Terminate the life test either after reached at time fa or D > UCL before reaching

time ta, whichever is earlier.
Step 4: Declare the process as out of control if D>UCL or D<LCL. Declare the process as in
control if LCL <D < UCL.

The above is considered to as a np control chart since it shows the number of failures (D) instead of
the proportion nonconforming (p). While the process is in control, the random variable D follows a
binomial distribution with parameters n and po, where po is the probability that an item fails before
time fa. As a result, the control limits for the control process are as follows:

UCL = npy + k/npy(1 — py) (10a)

LCL = max[0,np, — kv/np,(1 — po)] (10b)
Where, k is the control limit coefficient. The fraction nonconforming in the control process (po) can
be determined using equation (8).

(axAFxln[l—(%)(%)D

6

po=|1—e
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The control limits for the practical application are provided as, because in practise, probability po is

generally unknown.

UCL=D+k /5(1—2)
LCL=max[O,5—k /5(1—2)]

Here, Dis the average number of failures over the subgroups.
The following is the probability of declaring as in control for the proposed control chart:

po, = P(LCL < D < UCL|p,)
n -
ph = I () P (1 = po)™e (11)
The control chart's performance is measured by the ARL. The ARL for the process of in control as

follows:

1

ARL, =
° - Z‘[;LCU%]CL]+1(Z)pg(1_p0)n—d]

(12)

I. ARL when the scale parameter is shifted:

Assume the process median has been changed from Mo to M1. The probability in (9) now becomes
1
(%ﬁxm[l_@)(?)b

The probability that the process is declared to be in control after shifting to M1 is now determined
by

[

pr=|1-e

pi = P(LCL <D < UCL|py)
n -
Pl = Do () (L = py)ne (13)

The ARL for the shifted process is given as follows:

1

AR = e et 9
To construct the tables for the proposed control chart, we applied the following algorithm.
Step 1: Specify the values of ARL, say roand sample size n.
Step 2: Determine the control chart parameters and truncated time constant a values for
which the ARL from equation (8) approach ro.
Step 3: By using the values of the control chart parameters obtained in step 2, determine

the ARL:1 in accordance with shift constant f by using equation (14).

For various values of ro and n, we determine the control chart parameters and ARL1, which are
shown in Tables 1 & 2. Table 1 & Table 2 shows that the ARLs tend to get smaller when the shift
constant f gets less.
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Table 1: ARLs when the process average (median) shifted when the sample size fixed

n=25
AF=1 AF=15 AF=2

ro=300 1r0=350 10=450 10=300 10=350 10=450 1r0=300 10=350 ro0=450
UCL 14 16 18 14 16 18 14 16 18
LCL 1 2 3 1 2 3 1 2 3
a 0.6444 0.7689 0.8298 04296 05126 0.5532 0.3222 0.3844 0.4149
k 2.6331 2.8254 29472 2.6331 2.8254 29668 2.6331 2.8249 2.9668
Shift (f) ARL
0.10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.30 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.40 1.04 1.03 1.08 1.04 1.03 1.08 1.04 1.03 1.08
0.50 1.42 1.33 1.69 1.42 1.33 1.69 1.42 1.33 1.69
0.60 2.99 2.64 4.46 2.99 2.64 4.46 2.99 2.64 4.46
0.70 8.97 7.68 17.28 8.97 7.68 17.21 8.97 7.68 17.21
0.80 33.01 28.40 82.95 33.01 28.40 82.95 33.01 28.39 82.95
0.90 12899 117.81 391.28 12899 117.81 391.28 12899 117.81 391.28
1.00 300.01 350.01 450.01 300.01 350.01 450.01 300.01 350.01 450.01

Table 2: ARLs when the process average (median) shifted when ro fixed
n=>500
AF=1 AF=15 AF=2

n=20 n=25 n=30 n=20 n=25 n=230 n=20 n=25 n=30
UCL 12 15 19 12 15 19 12 15 19
LCL 0 1 3 0 1 3 0 1 3
a 0.6161 0.6926 0.7439 0.4258 0.46176 0.4959 0.3081 0.3463 0.3890
k 29166 2.8550 2.9467 27402  2.8547 29471 29158 2.8550 2.9581
Shift (f) ARL
0.10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.30 1.01 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
0.40 1.20 1.04 1.02 1.14 1.04 1.02 1.20 1.04 1.01
0.50 225 1.43 1.34 1.94 1.43 1.34 225 1.43 1.21
0.60 6.28 3.08 297 4.92 3.08 2.98 6.27 3.08 2.29
0.70 22.20 9.56 10.51 16.00 9.57 10.51 22.17 9.56 6.86
0.80 87.50 36.94 49.86 59.10 36.97 49.90 87.35 36.93 28.19
0.90 31792  157.16  261.95 218.69 15730 262.19 31742 15716 137.85
1.00 500.05 500.13 500.34 500.06 500.35 500.16 500.24 500.13 500.08

II. Mlustration 1:

Suppose that the lifetimes of the products follow an exponentiated exponential distribution with
parameters A, 0 =2 and AF = 1. Consider the following values for the products: Mo = 1000 hours,
ro =300 and # = 25. Table 1 provided the following control chart parameters: k = 2.6331, a = 0.6444,
LCL =1 and UCL = 14. As a consequence, the control chart was established in the following
manner:
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Step 1: Select a sample of 25 products from each subgroup and submit them to the life test
for 644 hours. During the testing, count the number of failed items (D).

Step 2: Declare that the process is in control if the value of D is between 1 and 14;
otherwise, declare that it is out of control.

III. IMustration 2:

Assume that the product lifetimes follow an exponentiated exponential distribution with
parameters A, 0 =2 and AF = 2. Consider the following product values: Mo is 1000 hours, 1o is 500,
and n is 25. The following control chart parameters were presented in
Table 2: k =2.8550, a = 0.3463, LCL =1 and UCL = 15. As a result, the control chart was established
in the following manner:

From each subgroup, choose a sample of 25 products, and put them through a life test that lasted
at least 346 hours while being accelerated. Count the number of failed items during testing (D). If
the value of D is between 1 and 15, the process is in control; otherwise, it is out of control.

III. Simulation Study

This section discusses the application of the produced control chart with simulated data.
The data was generated and shown in Table 3, using an exponentiated exponential distribution
with an average (median) lifetime (Mo) of 1000 hours, the value of acceleration factor (AF) is 1, and
the value of the shape parameter (0) is 2. Assuming that the sample size (n) is 20 and the specified
ARL (ro) is 500. At Mo = 1000 hours and f =1, the process is considered to be in control. In-control
parameters are employed to construct the first 15 observations of subgroup size 20. Let's now
assume that since the median of the exponentiated exponential distribution has shifted, the process
has shifted as well. The value of the shift constant fis 0.5. When fis set to 0.5, the shifted median is
used to produce the next 15 observations (shown in Table 4).

Take into account that the experiment was conducted at t = 616 hours. Table 3 and Table 4
shows the number of failures, indicated by the letter D, for each subgroup. Figure 1 shows the
calculated LCL = 0 and UCL = 12 for simulated data.

20
18

e ol =
o N M O
1 1 1 1

No. of Defects (D)

O N b O @
1

LCL
1234567 8 9101112131415161718192021222324252627282930

Sample Number (n)

Figure 1: Control Chart for Simulated Data
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Table 4: Simulated Data when Mo = 1000 hours, AF =1, =2, ARLo=500, n =20 and f=0.5
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The constructed control chart, as shown in Figure 1, reveals a shift at the 17% (2nd observation

following the shift) observation, with a calculated ARL of 2.25. As a consequence, the developed
control chart efficiently identifies the shift in the production process.

IV. Conclusion

In this article, a new attribute control chart based on exponentiated exponential distribution under
accelerated life test with hybrid censoring scheme is proposed to ensure the median lifetime of the
product as the quality criterion. The newly established control chart is highly adaptable and may
be used to monitor the lifetime of quality products. The tables are provided for industrial usage
and are explicated with the use of simulated data. It is generated using R software from an
exponentiated exponential distribution. The performance of the proposed control chart is
expressed in terms of ARLs for various shift constants (f). It should be noted that if the hybrid
censoring scheme is used to carry out the life test, executing the sampling inspection will reduce
the time and cost of conducting the life test. The developed attribute control chart has the potential
to be extended for use with various other statistical distributions as part of a continuing research
study.
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