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Abstract 

 

The general classification of curves widely used in constructing surfaces for rapid movements along 

curved surfaces in engineering is presented. Key parameters ensuring the smoothness of curved lines 

are analyzed. The potential positive or negative effects of the curvature of these lines on moving 

objects, profiled surfaces, and similar applications are examined. The study considers the fields of 

application of curved lines and surfaces in engineering. Surfaces obtained using the formula 

representing the curved line, resolved as an inverse problem based on curvature, are investigated. 

The formula derived from curvature and its modified version are applied in analyzing the relationship 

between smoothness and potential energy, further confirming the accuracy of this connection. Types 

of surfaces are shown, and examples are provided of surfaces generated based on guiding curves and 

frames. The efficiency of surface modeling using computer technologies is also examined. 

 

Keywords: curvature, torsion, centrifugal force, speed, main road, transition 

curve, circle, tangent, transcendental. 

 

 

I. Introduction 
 

In descriptive geometry, a line can be understood as the trajectory of a moving point's 

successive positions. If the moving point changes direction during its motion, the resulting trajectory 

forms a curved line. Curved lines can also be derived by other methods. Curved lines whose points 

lie on the same plane are called plane curves, while those that do not belong to a single plane are 

known as space curves. Curves are divided into two groups: algebraic and transcendental. The 

maximum degree of an algebraic equation defines the order of a curve. For plane curves, the 

geometric order is determined by its maximum intersections with a straight line, while for space 

curves, it is defined by the maximum intersections with a plane. The direction at any point on a 

curve is defined by its tangent. Curved surfaces are primarily obtained from the trajectory traced by 

a line, known as the generating line, as it moves along another line, called the guiding line. 

Reference [1] examined the general application areas of functional curves and surfaces used in 

engineering, highlighting the importance of smoothness and curvature of curves on profiled 

surfaces. Information was provided on the application of computer technologies in 2D and 3D 

modeling of curves, surfaces, aerodynamic surfaces, and technical design. In [2], the research 

generalized curves with monotonically varying curvature, known as super spirals. In [3], an expert 

evaluation was conducted on the aesthetic quality of curves with varying smoothness parameters. 

However, these studies did not explore the application of curvature as an inverse problem in 

deriving mathematical expressions for curves. Taking this into account, the presented article 
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extensively addresses the application of curvature as an inverse problem in the formation of curves 

and surfaces commonly used in engineering. 

Nikolaos Eliou et al. [4] constructed the transition section of roads using a Symmetrically 

Projected Transition Curve (SPTC), derived from comparing clothoid and cubic curves. In the 

formulation of the SPTC, trigonometric expressions were approximated by polynomials. Esveld C. 

[5] applied cubic curves to railway tracks, while Kasper H. et al. [6] used clothoid curves for 

designing transition lines in highways. In [7], the application of various types of curves (clothoid, 

cubic curves, and Bernoulli lemniscate) to transition curves was discussed, with an attempt to justify 

their use. E.A. Gavrilenko et al. [8] proposed a classification of curves based on the dynamics of 

changes in their differential-geometric properties. 

As is known, the movement of a point changing position along a curved line is related to the 

variation of two quantities: 

• ds represents the displacement, which is the distance traveled from the initial position; 

• dφ, the angle of rotation of the tangent relative to the initial position (Figure 1). 
One of the key parameters of a curved line is the curvature coefficient (or simply curvature). 

Curvature is defined as the inverse of the radius of curvature at a given point on the curve and 

represents the ratio of the angle of rotation of the tangent to the distance traveled by the point. It is 

expressed by the differential equation as follows: 

 𝑘 = 𝑑𝜑𝑑𝑠                                                                      (1) 

 

For example, the curvature of a straight line is zero at all points. 

 

 
Figure 1: Key Parameters of a Curved Line 

 

Application Areas of Curved Lines in Engineering. Curved lines used in engineering, whether 

in a plane or in space, express the functional characteristics of any object. Curved lines have found 

extensive applications during the design phase in engineering. Examples include:The profiling of 

blades’ surfaces in turbo engines to enhance quality performance indicators. 

● The design of transition curves that ensure comfortable and safe passageways on main 

roads, with the condition of providing maximum smoothness. 

● The profiling of surfaces of pushers in distributors that ensure a gentle and impact-free 

motion of the valves that open and close timely in internal combustion engines. 

● The profiling of surfaces of the stator to ensure that the plates located on the rotor of 

sliding (shutter) pumps move in contact with and without separation from the stator, among 

others. 

Such curved lines can generally be classified as local convex (with negative curvature), local 
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concave (with positive curvature), and transition points (where the curvature changes). In space 

curves, torsion can also be added. Without considering the specific characteristics of the designed 

surfaces, the primary requirement imposed on all engineering curves is their smoothness. 

Smoothness refers to the differentiability of a function or geometric figure (curved line, surface, etc.) 

at all points in a given section. Different projects utilize curved lines with varying degrees of 

smoothness. For example: 

• In classical design on main roads, clothoid curves are most commonly used for constructing 

transition curves, as their smoothness is ensured by a second-order derivative. 

• In the profiling of the surfaces of pushers in distributors in internal combustion engines, the 

smoothness is generally maintained at a level not lower than three, which is why smooth curves that 

allow for derivatives of the third order are utilized. 

• In the design of space curves, the smoothness of the curve must be of third order to ensure 

the continuity of the function's torsion. 

• Regardless of the application area of the curved lines, higher-order smooth curves, such as 

transcendental curves, are also used for their superior smoothness. 

 

 One of the key parameters that ensures the smoothness of curved lines is the minimal number 

or complete absence of extremum points in the curvature graph over a given interval. For example: 

 𝑦(𝑡) = 𝐶2𝑝 ⋅ ℓ𝑛(𝑠𝑖𝑛( 𝑝 ⋅ 𝑡) + √𝐵2 − 𝑐𝑜𝑠2(𝑝 ⋅ 𝑡)) + 𝐶1                           (2) 

 

Here 𝐶1, 𝐶2, 𝐵, 𝑝, 𝑎 -is constant and 𝐵 = 𝑝𝑎. Expression (2) is derived from the specific solution of 

the differential equation of curvature in Cartesian coordinates, with an additional constant included 

[9]. Expression (2) is a transcendental equation, and the smoothness is considered high. This 

equation can be used in the construction of all the planar engineering curves mentioned above. 

When the boundary conditions used to determine the constants in expression (2) are chosen 

correctly, there are no extremum points in the curvature graph, or at worst, there may be only one. 

The presence of excessive extremum points in curvature, for instance, in profiled technical surfaces 

and the design of objects, can lead to the following negative consequences: 

• In a cam mechanism, it can cause premature wear of the cam and pusher due to the impact of 

the pusher. 

• In aerodynamically profiled surfaces (e.g., blades), the flow of working fluids can become 

turbulent due to non-smooth surface irregularities, increasing the drag on the blade and 

causing undesirable local separations in the working fluid. 

• On main roads, it can lead to hazardous movements and unnecessary braking or acceleration, 

increasing energy consumption during transition curves (10). 

• It may cause premature wear of the stators and plates in sliding pumps. 

• In computer graphics and CAD systems, it can result in incorrect visual perception of objects. 

One of the main conditions imposed on profiled aerodynamic surfaces is that the maximum 

curvature should be minimized. If the substitution from 𝐶2 = 1 [10,11] is applied in expression (2), 

then the curvature is defined by a sinusoidal curve. This ensures that the curvature is considered as 

a boundary condition in advance. That is, the minimum of the maximum value of curvature is 

directly used in determining the constants in the equation. For example, when a transition curve is 

connected to a circular road with a given radius on main roads, the radius of curvature at the 

endpoint of the transition curve must equal the radius of the circular road; otherwise, there will be 

an undesirable jump in the centripetal force.  

Figure 2 (dimensions are given in meters), expression of 𝑘2 curvation (2), 𝑘1 is a curvation which is 

defined for the expression 𝐶2 = 1. A seen from curve𝑘2, to ensure safe movement, the rate of change 
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of curvature is low at the entrance of the road (at the beginning) and increases as it approaches the 

exit. 

 
Figure 2:  Dependence of Curvature on the x Coordinate 

 

As is known, the smoothness of a curved line is directly related to its potential energy. The goal of 

selecting curves with low potential energy in high-speed curved trajectories is to ensure that the 

moving object behaves like an elastic body. It is well understood that less work is required to deform 

an elastic medium along a flow line with lower potential energy. The motion of an object along a 

convex curved trajectory with low potential energy will require relatively less work when taking 

friction into account. 

The curved line with minimum potential energy from the given lines is referred to as elastic. 

The elasticity of the curved line defined by expression (2) can be expressed as follows: 

 𝐸𝑒𝑦𝑥 = ∫ 𝑘2(𝑠)𝑙2𝑙1 𝑑𝑠 = ∫ 𝑘2(𝑥)𝑥2𝑥1 ⋅ √1 + 𝐶22 𝑐𝑜𝑠2(𝑝𝑥)(𝑝𝑎)2−𝑐𝑜𝑠2(𝑝𝑥)𝑑𝑥                                  (3) 

 

where, 𝐸𝑒𝑦𝑥-is the potential energy of the curved line., 𝑥1, 𝑥2, ℓ2, ℓ2 beginning of the curve and its 

endpoints (interval), 𝑘 - the curvature coefficient, defined by (4): 

 𝑘(𝑥) = −𝐶2(𝑝𝑎)2⋅𝑝 𝑠𝑖𝑛(𝑝𝑥)√((𝑝𝑎)2+𝑐𝑜𝑠2(𝑝𝑥)(𝐶22−1))3                                           (4) 

 

(3) the potential energy of the curved line obtained by the expression. 

In expression (3) 𝐶2 = 1 (then from (4) 𝑘(𝑥) = −𝑎 𝑠𝑖𝑛( 𝑝𝑥)) is approximately 10% greater than the 

energy of the curved line obtained for the condition. 

In addition to the properties that govern the quality of the smoothness of the aforementioned 

curve, there are also parameters that determine its technical aesthetics. When the surfaces present in 

real life are expressed mathematically, they tend to be more aesthetically pleasing (for example, the 

contour of a bird's wing). When modeling aesthetically pleasing surfaces, curves known as - 

aesthetic curves, which have a constant curvature represented as a straight line on a logarithmic 

scale, are widely used. As it can be seen from figure (2)  𝐶2 = 1variant and  in an expression (2) 

can be considered a special case of aesthetic curves. 
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II. Application of Curves in Engineering. 
 

In descriptive geometry, there are various methods for generating surfaces using curved lines. 

Surfaces can be formed through the continuous motion of a guiding line, referred to as a generating 

line, or they can be created as a framework formed by multiple lines. Both methods are widely used 

in computer technologies. 

For example, consider the modeling of a cam. In the kinematic analysis of cam mechanisms, it 

is essential to determine the motion law of the follower, which corresponds to the cam profile. Since 

the profile curve of the cam is complex, constructing it graphically in several positions can pose 

challenges, leading to inaccuracies in calculations. 

Utilizing computational tools and advanced modeling techniques allows for more precise 

generation of these curves, enabling engineers to achieve higher accuracy and efficiency in the 

design and analysis of mechanical systems. 

The application of modern computer technologies has made kinematic analyses more accurate 

and easier to perform. For this purpose, various software solutions in the fields of CAD (Computer-

Aided Design) and CAE (Computer-Aided Engineering) are widely used around the world. For 

example, SolidWorks, produced by Dassault Systèmes, holds a leading position globally. 

The profile of the cam is drawn in the SolidWorks program based on the displacement-rotation 

angle dependency graph obtained from (2) and using circles in the polar coordinate system (Figure 

3). For example, the phase angles used as boundary conditions in the construction of the profile are 

as follows; 𝜑𝑢 = 60∘ - divergence angle, 𝜑𝑢𝑑 = 40∘ - distant stopping angle, 𝜑𝑦 = 60∘- approaching 

angle, 𝜑𝑦𝑑 = 200∘- the angle of stopping near has been accepted.[12].  

 

 
Figure 3: The profile of the cam construction in SolidWORKS software. 

In Figure 3, other dimensions are taken arbitrarily and do not affect the intended calculations. 

The diameter of the cam's roller is assumed to be 25 mm. When constructing the contour in 

SolidWORKS, (2) is used directly. That is, the departure and approach lines are obtained using the 

mathematical expression (2) within the given interval. After the contour is established, it is extruded 

to obtain a 3D model. 

To demonstrate the practical application of the cam, let's consider the assembly sequence of the 

designed cam mechanism. Just like the 3D model of the cam, 3D models of all parts related to the 

cam mechanism are also created. The 3D model of the parts included in the assembly is created and 

each is saved in a separate file. The 3D modeling is carried out based on the "bottom-up" principle. 

In Assembly mode, the 3D assembly of the cam mechanism is developed based on the 3D model of 

the parts (Figure 4). 
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Figure 4: 3D model of the cam mechanism (1 - cam, 2 - pusher, 3 - shaft, 4 - roller, 5 - spring, 6 - support). 

 

Another example of a framework-type surface is blades. Aerodynamic blades are created in the 

form of a framework by twisting two-dimensional profiles located at varying distances along the 

height. The blade shown in Figure 5 is created based on three cross-sections (two-dimensional 

profiles). Using the expression (2) (𝐶2 = 1) he belly and back parts of the profile in SolidWorks are 

joined with the entry and exit circles to form a complete closed contour. In the height direction of 

the frame, the exit lines are assumed to be straight. In SolidWorks, using the Boundary Boss/Base 

command, the 3D model of the blade is created based on three profiles and the side straight lines 

(Figure 5). 

For practical application, for example, to perform CFD (Computational Fluid Dynamics) 

analyses based on the 3D model of the blade, either SolidWorks is used, or the 3D model is converted 

into Parasolid (.x_t) format and transferred to the ANSYS program. 

 

 

Figure 5: 3D Model of the Blade. 

 

III. Conclusion. 
 

The conclusions and recommendations derived from the article are as follows: 

• The smoothness of curves should be considered, and the appropriate selection should be 
made based on the application field of the curve; 

• Smoothness should be ensured in torsion, which is one of the key properties of space curves; 
• It is advisable to keep the minimum of the maximum curvature value and the rate of change of 
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curvature within a certain limit; 

• Efforts should be made to minimize the potential energy of curvature; 
• The design of aerodynamic surfaces should be based on intersecting lines, and the optimal 

variant should be selected; 

• To ensure the effective use of surfaces in engineering and design, their 3D models should be 
created using computer technologies; 

• Based on the presented data and methodology, it will be possible to select the appropriate 
applications of curves in engineering in the future. 
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