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Abstract

We consider a two server production inventory model with positive service time. Customers arrive to
the system according to a Markovian Arrival Process. Service time of customers follow identical but
independent phase type distribution. The production of inventory follows (s, S) policy. Production
of inventory is by one unit at a time and the production time follows Erlang distribution. While in
production shocks occur and consequently breakdown of the production machinery takes place. The
shock/damage process occurs according to a Poisson process. After repair, the production process restarts,
discarding the item in production. The repair time follows phase type distribution. In order to minimize
the product loss due to shock, protection is given to the last k stages of production. Protection of the
production process involves additional cost. As a result of this protection, the item, while in the last k
stages of production, will not be affected by shocks. Steady state analysis of the model is performed. Some
performance measures and distributions of certain important performance characteristics are evaluated.
We formulate an optimization problem related to the number of stages of the production process to be
protected.

Keywords: production inventory, protection, phase type distribution, Erlang distribution,
Markovian Arrival Process

1. INTRODUCTION

Inventory with positive service time was first introduced by Melikov and Molchanov[1] and
Sigman and Simchi Levi[2], independently of each other. After that a lot of works have been
carried out in this area. A survey of inventory with positive service time is given in Krish-
namoorthy et al.[3]. Attached to production inventory, positive service time was introduced in
Krishnamoorthy et al. [4]. They considered a production inventory system with a single server
and server vacation. In that the customer arrival process was assumed to follow a Markovian
arrival process(MAP), and the time for producing each item was assumed to have Markovian
production scheme. The service process and vacation durations follow independent phase type
distributions. Krishnamoorthy et al. in [5] considered two (s, S) production inventory systems
with positive service time. Here arrival of customers was according to a Poisson process and
service and production time follow independent exponential distributions. In both models, the
steady state distributions were obtained in product form. In [6], Baek et al. studied an M/M/1
queue with an attached production inventory system. Along with an internal production process
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following a Poisson process, they considered the (r, Q) inventory control policy. In [6], the
customers arriving during stock out period are considered as lost. In [7], Krishnamoorthy et al.
introduced the idea of protection in a queueing system where the service process is subject to
interruptions. Here the last m — n phases of the Erlang service process were given protection from
interruption. Krishnamoorthy et al. in [8] considered (s, S) production inventory system with
positive service time and interruptions. Here the customers arrive according to a Poisson process,
time for producing each item and service time to each customer follow independent Erlang
distributions. Both service process and the production process were subjected to interruptions
and certain number of phases in both these processes were given protection from interruption.
Anoop and Jacob in [9] considered a queueing system where arrival of customers follows Poisson
process. They considered the (s, S) production inventory as servers of the queueing system and
the service time follows an exponential distribution. In [10] Yue and Qin considered a production
inventory system with positive service times and vacations to the production facility. Customers
arrive to the system according to a Poisson process, the service times are exponentially distributed,
and has a single production facility that produces one type of product, whose production times
are exponentially distributed. Baek et al. in [11] considered an (s, S) production inventory system
with an attached Markovian service queue with ¢ servers. In [11], customers leave the system
with exactly one item at the service completion epochs and the customers arriving during stock
out period are considered as lost. Yue and Qin in [12] considered a production inventory system
with service time and product returns, dependent on the characteristics of online shopping
behaviors. Here the customers arrive according to a Poisson process, and the service time is
exponentially distributed. Jose et al. in [13] considered a single server perishable inventory
system in which customers arrive according to a Poisson process. In [13], when a customer arrives
if the server is available with a positive level of inventory, that customer enters service. Otherwise,
the customer goes to a orbit of infinite capacity with pre determined probability or exits the
system with complementary probability. Each customer in the orbit tries to access the server in an
exponentially distributed time interval and after every unsuccessful retrial, the customer returns
to the orbit with a pre allotted probability or is lost forever with complementary probability.

The highlights of our model are:

¢ In this model, the production process is subject to shocks which interrupts the production.
When the production process is interrupted due to shock, the item in production is lost.

* In order to reduce the effect of loss due to shock, protection is given to the last k stages of
production

¢ The item which is lost due to interruption is sold at scrap value, which is much lower than
the selling price of finished goods.

* The cost function is dependent on the number of phases of protection.

In real life, there are many situations in which the production process is subjected to some
shock or damage. In such cases, in order to reduce the loss, protection may be given to the
production process. For example, suppose the production requires uninterrupted power supply.
In case of a power failure, the item in production will be lost. So in order to reduce such loss
due to power supply, a protection is provided in the form of a backup power like generator,
battery etc. But providing protection requires extra cost. Since economic viability is not feasible
for a full time protection, it is provided only in last few stages where major loss is incurred. Our
model gains its motivation from such production processes. We encounter many situations in
manufacturing which can be modeled as multi server models. Here we consider a two server
queueing inventory model, as all the works related considered so far in literature are related to
single server models.

The remaining sections of the paper are organized as follows: in Section 2, the model is
described. Mathematical formulation of the model is done in Section 3. Steady-state analysis
of the model is done in section 4. In section 5 some performance measures are evaluated. In
section 6, we derive the expected length of a production period. In section 7, some numerical
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and graphical illustrations are done. Cost analysis is done in section 8. We conclude the paper in
section 9.

2. MobpEL DESCRIPTION

We consider a two server queueing inventory system with production of items to be given to
customers at the end of service. Customers arrive to the system according to a Markovian Arrival
Process(MAP) with representation (Dy, D) of order m. When a customer arrives, if both the
servers are idle and there is at least one item in inventory, that customer is served by the first
server. When a customer arrives, if only one server is idle and there is at least one item in
inventory, that customer is served by the idle server. Otherwise they wait in queue. Backlog is
allowed regardless of the inventory/production state. The customers are served one by one on a
first come first served(FCFS) basis. The service time of customers by both the servers follow phase
type distribution with representation PH(, T) with m; phases, where T is such that Te + T° = 0.
When a customer leaves the system after service completion, the inventory level drops by one
unit.

The production of inventory follows (s, S) policy and production is by one unit at a time. The
production process is turned on when the inventory level falls to s and it is turned off only when
the inventory level reaches S. Production time of each item follows Erlang (B, W) distribution of
order my and parameter 6. Here 8 is the initial probability vector corresponding to this Erlang
distribution. Production process is subject to shocks which interrupts the process. Shock/damage
process strikes the production machinery only while the production process is on. The arrival
of shock process is Poisson with parameter v. The production machinery fails with the arrival
of shock/damage process. When shock/damage occurs, the item being produced is lost. After
repair, the production restarts. The repair time of the production machine follows phase type
distribution with representation PH(+y, U) with m3 phases,where U° is such that Ue + U° = 0.

When the production process is interrupted due to shock, the item in production is lost and
so sold at scrap value, which is lower than the selling price of finished goods. So to reduce the
effect of loss due to shock, protection is given to the last k stages of production. This means that
if the production process is in the last k stages, protection is provided to the machine against
shocks. Thus in the last k stages, it is protected from being interrupted. The first my — k phases
of production are unprotected. The protection is given at extra cost. The optimal value of k is
investigated for an appropriate cost function.

3. MATHEMATICAL FORMULATION

We introduce the following notations:
e N(t): the number of customers in the system at time ¢.

e I(t): the number of items in the inventory at time .
e P(t): the status of production at time .

0 production process is off
P(t) = < 1 production process is on

2 production machine is under repair

e C(t): the protection status at time ¢.

c(t) = 0, production process is not protected
1, production process is protected

* J;(t): the phase of the service process of server-1 at time .
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* J»(t): the phase of the service process of server-2 at time ¢.
* J3(t): the phase of the production process at time .
* R(t): the phase of the repair process at time ¢.

e A(t): the phase of the arrival process at time .

Then {(N(t), I(t), P(t),C(t), J1(t), J2(t), J3(t), R(¥), A(t));t > 0} is a continuous time Markov
chain on the state space Q) = (J;_(n), where I(n) denotes the collection of states in level n
and are defined by considering the first three states as [(0) = (0,7),/(1) = (1,i) and for n > 2,
I(n) = (n,i). Let the ordering of the elements of () be lexiographical.

(0,i) ={(0,4 1)U
(1

(0,4,2)/0 <i <s}U{(0,i,0)U(0,7,1)) U(0,7,2) /s+1 < i < S—1}J(0,S,0).
i) =(1,0,1)U(1,
1,1,

0,2) U{(1,4,1)U(1,7,2)/1 <i < s}
U{(1,4,0)U(1,4,1)U(1,7,2) /s +1 <i< S—1}U(1,S,0).
(n,i) = (n,0,1)U(n,0,2) U(n,1,1)U(n,1,2) U{(n,i,1)U(n,i,2)/2<i<s}U
{(n,i,0)U(n,i,)U(n,i,2)/s+1<i<S—-1}U(n,S,0).

The transitions, by considering the first three states, are given in the tables 1,2,3,4,5,6 and 7.

The infinitesimal generator Q of the LIQBD (Level Independent Quasi Birth Death) process
describing the above two server queueing inventory system is of the form

Bo Bon O .

By Bi1 Bpp O ...

O By A Ay O .

O O Ay, A Ay O

O O 0O A A Ay O

As there are two servers, the behaviour of the system is different for levels 0 and 1. Level 0
corresponds to no customer in the system and level 1 corresponds to 1 customer in the system
and hence in service. At level 0, both servers are idle and at level 1, one of the servers is idle.
But from level 2 onwards, there are always two or more customers in the system, the two of
them are in service. So from level 2 onwards, both servers will be busy, provided there are at
least two inventory in the system. So the first three levels are boundary levels and after that
the structure gets repeated resulting in a quasi-Toeplitz matrix. The structure of the matrices
Boo, Bo1, B1o, B11, B12, B21, Ao, A1 and Ajp are given in Appendix A.

4. STEADY-STATE ANALYSIS

For the steady state analysis, we use the Matrix Geometric method by Neuts [14].

4.1. Stability Condition

Theorem-1: The Markov chain with generator Q is stable if and only if

S—1
[IK4 ®D1]e < 7T1H1€+7T2H5e+ Z?T]H98+7T5+1H106+ Z 7T]H11€+7T5H128. (1)
j=3 j=s+2

10
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Proof. Let A = Ap + A1 + Az. Then A is an irreducible matrix and the stationary vector 7t of
A is obtained by solving
TA =0;me = 1.

The Markov chain with generator Q is stable if and only if
TAge < TAze,

i.e, the system is stable if and only if

s S—1
71'[11(4 ® Dl]e < mt1Hyje + mpHse + Z 7T]‘H98 + s 1Hige + Z n’]-Hlle + mtgHype.
=3 j=s+2

4.2. Stationary Distribution

The stationary distribution of the Markov process under consideration is obtained by solving the
set of equations

xQ=0;xe =1. (2)
Let x be decomposed in conformity with Q. Then
x = (xg,X1,X2, - .. ), where x; = (Xjo, Xj1,-- - - - - xjs), fori=0,1,2,....
Xij = (Xiil,xijz), fOI‘j =0,12,...,s,
Xjj = (xijo, Xijl,Xijz), fOI‘j =s+12,...,5—1 and
xis = (Xiso)-
Forj=0,1,2,...,5—1,

Xij1 = (xijIOrXij11)~

From xQ = 0, we get the following equations:

xoBoo +x1B1p =0, 3)

xoBo1 +x1B11 +x2By1 =0, 4)

x1B12 +x2A1 +x343 =0, )
Xi,1A0 + xiAl + Xi+1A2 = 0,1 =3,4,.... (6)

It may be shown that there exists a constant matrix R such that

xi = xj—1R,i =3,4,.... (7)
The sub vectors x; are geometrically related by the equation

x;i =xR1,i=34,.... (8)
R is the minimal non negative solution to the matrix quadratic equation

R2A, + RA; + Ap = O. 9)

5. PERFORMANCE MEASURES

In this section we evaluate a few performance characteristics of the system that are essential for
computation of optimal value of k.

1. Expected number of customers in the system:

E[N] = i ix;e. (10)
i=1

11
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2.

10.

11.

12.

Expected inventory level:
o S
E[I] = Z iji]'e.
i=0 j=1
Expected number of customers waiting in the system due to lack of inventory:

[e9) [e9)

E[W] =) (i—1)xpe + Y ixjpe.

i=2 i=1

. Probability that both servers are idle:

0 S
by = Z Xjoe + 2 Xpje.
i=1 =0

. Probability that one of the server is busy and the other idle:

0 S
b = 2 Xj1e + 2 xjje.
i=1 i—2

. Probability that both servers are busy:

o S
bz = Z inje.

i=2j=2

. Probability that production process is off:

o S
Po=17)_ ). Xioe.

i=0j=s+1
. Probability that production process is on:
o S—1
p1= 2 2 Xjj1€.
i=0 j=0

Probability that production machine is under repair:

o S5—1
p2 = 2 2 Xjj2€.
i=0 j=0
Probability that production process is on and is protected:

o S5—1
pr =L X Xije.
i=0 j=0
Probability that production process is on and is not protected:
o S5—1
Pu = 2 2 Xjj10€-
i=0 j=0

Probability that production process is on, is not protected and is in the r!

production:

co S—1 my my
pr = Z Z Z Z xileslszre'
i=0 j=0

S1 =0 52:0

12

11

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
" phase of

21
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13. Expected rate of interruptions of the production process in unit time:

o S—1
E[RI] =V Z Z Xjj10€- (22)
i=0 j=0
14. Probability that inventory level is zero:
o0
IO = Z Xjp€. (23)
i=0

15. The probability that the inventory level is less than or equal to s:

ps =YY xje. (24)

i=0j=0

16. The probability that the maximum storage capacity S is utilized:

ps =) xise. (25)
i=0

6. EXPECTED LENGTH OF A PRODUCTION PERIOD

Here, we derive the expected length of a production period. The expected length of a production
period is the time starting from the production switch on time when inventory falls to s, to the
time production is switched off for the first time when inventory reaches S. For this, we consider
the Markov process

{I(t),N(t),P(t),C(t), J1(t), (1), J3(t), R(t), A(t);t > 0}. All variables have the same definition
as in section 3, except that P(t) takes the values 1 and 2 only and does not take the value 0. Here
we consider the number of inventories as levels and the number of customers in the system is
truncated to N. The truncation level N is taken such that, the probability of number of customers
in the system going above the truncated size is of the order less than €. Here the inventory level
varies from 0 to S and level S is an absorbing state, denoting that production is switched off. The
infinitesimal generator of this process is of the form

0
a-(3 ), 26)

where U is a sub matrix of Q; corresponding to transition among the transient states and U
corresponding to transition rates to the absorbing state. The structure of U; and UY are as follows:

Ew En
Eip En El/z ,
Ex A/l A9 )
U — A A A
1= A, A A !
P
A, A A
Ay A
and
O
0 O
ul = :
4

13



Nisha Mathew, V.C Joshua, A Krishnamoorthy, Ambily P. Mathew RT&A, Special Issue, No 8 (85)
A PRODUCTION INVENTORY MODEL WITH PROTECTION... Volume 20, July 2025

The structure of the matrices Egg, Ey1, E10, E11, E12, E21, Az), All, A/2 and Ag are given in Appendix B.

The expected period length is the time until absorption of the Markov chain Uy (). The period
length follows PH distributions with representation PH (a1, U;), where a7 = (Ol><51 1,01« 5,5,1).
Thus we arrive at the following theorem.

Theorem-2: The expected value of the length of the period is approximately given by

E[Uy(t)] = —aqU; e (27)

7. NUMERICAL EXAMPLES
In this section, we give some numerical illustrations of variation in performance measures with
regard to variation in values of the parameters. Here the MAP describing the arrival is represented

by (Do, D). The following values are kept fixed:

m=2m; =3,my=5m3=4k=3,s=4,5=9,0=20,

32 1 13 09
Do = < 1.5 —4.6>’D1 B <1.4 1.7)’

0
’ 0 1.8
TO =13]1: WO — 0 . uO — 2
7 7 2'5 7
4 0 3
20
-75 3. 2.5

n = (0.2 0.4 0.4) ;T=1 48 =12 42 |;

y=(03 02 02 03);u=| o 07 oo 4%

1.2 3 1.5 =87

Effect of production interruption rate v on various performance measures

Tables 8 and 9 shows the variation in various measures of performance for different values of v

¢ From table 8 and figures 1 and 2 it is clear that the expected number of customers in the
system and the expected number of customers waiting in the system due to lack of inventory
increases as v increases. But the expected inventory level decreases as v increases. This is
because as the production interruption rate v increases, the production gets interrupted
more frequently. This reduces the production rate. As a result, the inventory level decreases
and so the expected number of customers in the system and the expected number of
customers waiting in the system due to lack of inventory increases.

e As the production interruption rate v increases, we see from table 8 and figure 3 that
probability that both servers are idle decreases slightly, probability that one of the server
is busy and the other idle increases and probability that both servers are busy decreases.

14
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Effect of v on probability of servers being idle and busy

0.4
Yoo e e e s e ek I v Tt - TRl -
— - bo
— - [:.1
— :_.b3
0.35% — —=F— B T i A o v LA Y
e
3
1]
o
2
o
031 b
0.25 1 1 1 1 1 1 1 1
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
15
Figure 3
07 Effect of - on production being off, on and under repair
Yoo o e - Atk o T T -V
06 TPy A
_._v_. p1
05 b
=
%
© 04 1
g
o
0.3 b
W -
- T
0.2r V- e e = 7
- = - AR
_ Vo
1 ~g-ed
0.1 1 1 1 1 1 1 1 1
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
g
Figure 4

16

RT&A, Special Issue, No 8 (85)
Volume 20, July 2025



Nisha Mathew, V.C Joshua, A Krishnamoorthy, Ambily P. Mathew RT&A, Special Issue, No 8 (85)
A PRODUCTION INVENTORY MODEL WITH PROTECTION... Volume 20, July 2025

oﬂf“t of » on expected rate of interruption of the production process
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This is because as v increases, the inventory level decreases and both servers are busy only
if there is at least two inventory. So the probability that both servers are busy decreases
slightly as v increases. Thus probability that one of the server is busy and the other idle
increases slightly as it happens if there is at least one inventory.

It is clear from table 8 and figure 4 that as v increases, the probability that production is
off decreases and the probability that production is on and under repair increases. This
is due to the fact that as the production interruption rate v increases, the production gets
interrupted more frequently and the probability that the production process is under repair
increases. This reduces the inventory level and so the probability that production is on
increases and the probability that production is off decreases.

Also it is clear from table 9 and figure 5 that as the production interruption rate v increases,
the expected rate of interruption also increases.

From table 9 and figure 6, we see that as v increases, the probability that the inventory level
is 0 increases, the probability that the inventory level is less than or equal to s increases and
the probability that the maximum storage capacity S is used decreases. This is because as v
increases, the inventory level decreases.

8. Cost ANALYSIS

For determining the optimal number of production phases to be protected, we construct a cost
function. For the cost analysis we define the following costs:

C1: Holding cost per customer per unit time.

Cy: Holding cost per item per unit time.

C3: Unit time cost for running the production machinery.

Cy4: Unit time cost incurred due to protection of the production machinery.
Cs: Unit time cost incurred due to repair of the production machinery.

Ce: Fixed cost for a production period.

a: Cost incurred if the item is lost at the first phase of production.

b: Cost incurred if the item is lost after the first phase of production.

The expected total cost is

mek

ETC = Cy * E[N] + Gy  E[I] + C3 % p1 + Ca # pp + Cs % po + Ce/E[X(1)] + Y vxaxbTxp.
=1

We fix the following values:
v=1,C; =100,C, =110,C3 = 240,C4 = 300,Cs = 250, C¢ = 450,a = 50,b = 2.
The values of s, S, m, mq, my, m3, Dy, D1, T, T°, W, WO, U, U°, «, B,y are same as in section 7.

From table 10 and figure 7, we see that the optimal value of the cost function is at k = 3.
Thus it is optimal to give protection to the last 3 phases of production. The total cost is
maximum when k = 1. This means that if we give protection only to the last phase, the
total cost is high.

18
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Effect of k on expected total cost
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Figure 7

9. CONCLUSION

In this paper, we considered a production inventory model with two servers and positive service
time. Production process is subject to shocks which interrupts the process and so to reduce
the effect of loss due to shock, protection is given to the last k stages of production. Steady
state analysis of the model is performed and some performance measures are evaluated. The
expected length of a production period is calculated. We investigated numerically the variation in
performance measures with regard to variation in values of the parameters. We formulated an
optimization problem related to the number of stages of the production process to be protected.

APPENDIX A

Let B1 = BRI, Vo = (V ®(I)m2_k 8), B is a 1 x my matrix with one in the first column and

zero elsewhere.

0 -6 6 0 0 0

0 0 -6 6 0 O
Wo=|ol;w=|l0 0 -6 6 0]|;

0 0 0 0 -6 o

0 o 0 0 0 -6

19
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V= g , V is a column matrix with first m, — k rows entries as v and zero for the last k rows.
0
Ly 4my) ® D1 (@) 0] (0]
(0] Is ® Ej 0] (@)
By = , 28
o1 0 O Iss1)®E O (28)
(@) O 0] F3
Boo = Eq + Ea, (29)
By1 = Eg + Eo, (30)
(@) (@) (@) O O
I;®H; O (@) O O
Bip = 0] H, (@) O 0], (31)
(@) O ls—s—®H; O O
0] (@) (@) H, O
L2my +1)(my+m3) © D1 o 0 O
@) Is_1) ®Eg 0] (@)
By — (s—1) 32
12 o) o) s s 1)®E O (32)
0] 0] 0] Fg
@) 0] (@) (@] O O
H; 0] (0] 0] O O
O L1®Hs O 0] O O
Ba=1o @) He o) o o’ (33)
@) 0] O [ss2®H;, O O
O 0] 0] 0] Hg O
O O 0] @] (@) O O
H, O 0] 0] (0] O O
O Hs 0] 0] (0] O O
Ap=10 O IL,®Hy O (@) O O (34)
O O 0] Hiyp (0] O O
O O 0] O Isso2®H;p O O
O O 0] (@) (@) Hyp, O
Ay = IK4 ® Dy, (35)
Ay = A + An, (36)
L1 ®C O O
E1 = O Is  1®C4 O |,
0] @] Dy
O LG O 0] (0]
0] (0] Cs 0] (0]
E,=|0O O O Is s ,2C O],
0] (0] 0] 0] Cq
0] 0] 0] (0] (0]
FF O O
B=(g o) E=lon o
2 O O h
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hyy O
=|h1 O],
O hp

_(h;1 O
Hl - < 0] hlz)/ H2

h;3y O O
H; = (O h11 O),H4 = (k1 0O),
O O hp
G O 6] 6]
Ee (o I, ® Cg o o
8~ 1o O Is_s1®Cyy O
O O @) Ci4
FE O O
b (" )( f )
> O O F
e 6] 6] 6] 6]
O O LL1®Cy O 6] 6]
_|0 O 6] Cio 6] 0]
710 o 6] O Is s ,®%Cp O
O O o 6] 8] Ci3
0O O 6] 0] 6] 6]

he1 O
= ("8 ) Ha= (h51 0 )
52 O hs
hn O O
( O  hs )/ Hg = (hy; 0O),

O O bhyp
Ky = (mp+ m3)[1+2my + (S — 2)m3] + (S — s)m3,

c O O @) O

O Cg O @] O
Ap=10 O L18®G ) o |,

O O O IS—S—l [ G3 (@)

O O O @] Gy

O C O O O O O

O 0 & O O O O

O O O L,®Gs O %) 0
Ap=10 O O O Ge O o1,

0O 0 O 0 O Is.>®%G O

O O O O O O Gg

O O O O O O O

hig O
Hy = (hgl hO ), Hy = <h91 @) ) ,
92 O I

kB O O
an(O I’l91 O),H12=(h O O),
O O hy
=0 a®(In,®D1)), b=(0 a® (In; ®D1)),
— “®(Im1m2®D1)
F=(0 a®Dy), E <Im1®(1x®1m2)®D1>’
( [y Im1m3®D1) ) E _(DC@(Iml@Dl))
Iy ® (€@ Iny,) ®D1 )" "® ~ \ L, ® (e @ Dy) )’
W@Do—Vo (YRV)® Ly
( U’ ® By U ® Dy )
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_(W'®B; O (0O W'®B; O
CZ_( o) 0)%=\o o} 0)’

_(Dy O e
(3 2)o-(2)

C6 — (WO% Im) ,Cy = ((0 (lX ®(I;VO) ®181) 8)/

C
o (12® T& (W& Do)] = L, ® Vo 12m1®[(7®V)®Im]>
Lo, © (U° © B1) L®[T® (U Dy)] )’
o (12m1®(w0®51) o)
9 — e} 0 ’
Cro = (O Loy ® (W0 ® 1) O>
10 — 0 0 0 ’
Cii= (e c2),
L ® [T @ Dy o)
11 = ( 0] Iz®[T@(W@D0)]_12m1®VO>’
O Lo, © (U° © B1)
O
c12 = (Izm1 R(OV)® 1m> ,
L® [T@(U@DO)]

o O
C12 = (C )/ C13 = 121111 ® WO ® Im 7
10 8

O
Cu=hL&[T® Dy, G = (gl >,

O O
G, — ( 821 1m§®((7®V)®1m)>
Im% Y (UO ® B1) 8 g
831 O O
Gy=1|0 821 Im%®((')’®v)®1m)
O Lp® (U ®p) 82
Gs=T@& [T Dy, Gs = (Im%‘@(go@ﬁ” 8>,

G6<o L2 ® (W0 ® By) o)/

O o O
o O 0
Gr=|0 LgaW'ep) O],
o O 0
o
Gs=|Le®(W@1Ly) |,
o

_ <(“®(Im1 ®W°))®ﬁ1>
87 @ (oW e p))
gn=T&[T&(We Do) - Lz, @V,
g0 =T&[T& (U D),
831 = T® [T@Do],

_ TO ® Imzm _ TO ® ITI’I3m
hyy = <T0 & Ly )’ hip = ™ L )’

b — T° ® Bl It — T ® Ly
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= (T° ® Lnymym Im1®(T°®Im2m)),

( ® Im1m3m Iml ® ( ® Im3m))’
=((T°®Inm) @ B1 Iy @ (T°® 1)),

= (T°® Lum, Iy @ (T° @ L),

(TO @ “) ® Imlmzm + Iml ® ((TO by 0‘) & Imzm)/
(TO o2 0() & Inymam + Iy @ ((TO & Oé) & Im3m)r
th = (T°®a) ® Iny) @ P1 + Iy @ (T° @ &) ® By),
h=(T'®a) ® Lyym + In, @ (T° @ &) @ Ly).

APPENDIX B

G G
G C
Eg = : . ,
G C
q
e - (C 6] . o 6]
N=\o Ivoc ) P \IyeH O0)
C, E3
Cs E
Cs E,
Enn = . ,
Cs E;
Cs
C O 6] o 6] 0]
Epn=({0 G @ , Ex1 = | Hi @ O],
O O INg®G O Iy.1®Hs O
Ci Es
Cs Ee
/ G, E,
Alz ° . 7
G, Eg
G,
O O 6] e
A _|H © 6] 0
27| 0 H;s 6] K
O O INo,®Hy O
C, O 0 C, O 0
Ay=10 G 0 JAg=|0 O ,
O O Iy 1®Gs O O IN1®Gy
;: my+mz ® D1,
o (W& Do+D1)=Vo (y@V)@ Ly
“ U’ @ By U® (Dy+ D))’
/_< ® [T ( W@(DO—FDl))]—Izm]@Vo L, @ [(7® V) @ Iy )
8 I2m1 (LI ®ﬁ1) Iz®[T69(U®(D0+D1))]

(5 D5 9
e3 O ep)

23



Nisha Mathew, V.C Joshua, A Krishnamoorthy, Ambily P. Mathew RT&A, Special Issue, No 8 (85)
A PRODUCTION INVENTORY MODEL WITH PROTECTION... Volume 20, July 2025

E3 = Ly (my+my) @ D1, Eg = Im%(mzﬂns) ® Dy,

g Lz ®[(y©V)® L]
Lp ® (U° @ B1) §'» '

0 , 0
c — <w <>z>1m>,c13 _ (IZml ® (W ®1m)),

O
_ (Im% ® (WO b2y Im)>

O

O

e31=(0 a®(Iy,®Dq)),e30=(0 a® (Iy, ®Dy)),

61 = (Im & @ (Loym, ® D1) ), e = <1m & @ (Lnym, ® D1) > ,
1 1

®(“®(Iﬂl2®Dl)) ®(“®(Im3®Dl))

g1 =T&[T& (W (Do+D1)] — Lz ® Vo,

Sp =T&[T& (U (Dg+ Di))].
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TABLES

Table 1: Transition table corresponding to arrivals

From To Rate Description
(n,0,1) (n+1,0,1) I, ® Dy arrival when both servers are idle
and no inventory in the system,
production is on, n > 0
(n,0,2) (n+1,0,2) Iy @ Dy arrival when both servers are idle
and no inventory in the system,
production process is under repair,
n>0
(0,7,1) (1,4,1) (0 a® (I, ® Dl)) 1 <i<S—1,arrival when
both servers are idle, at least
one inventory in the system, and
production is on
(0,7,2) (1,1,2) (0 a® (I, ® Dl)) 1 <i<S—1,arrival when
both servers are idle, at least
one inventory in the system, and
production process is under repair
(0,1,0) (1,1,0) (0 a®Dy) s+1<i<8§,arrival when
both servers are idle and
production is off
(n,1,1) (n+1,1,1) Lyymy @ Dy arrival when one server is busy,
the other server is idle, only one
inventory in system, production
ison,n>1
(n,1,2) (n+1,1,2) Iyyms @ Dy arrival when one server is busy,
the other server is idle, only one
inventory in system, production
process is under repair, n > 1
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Table 2: Transition table corresponding to arrivals

From To Rate Description

) ) & ® (Iyym, @ D1) > . .
1,i,1 2,i,1 1772 2 < i< §—1, arrival when one
i i (e Dby

server is busy, the other server
is idle, at least two inventory in the
system, and production is on

1,i,2 2,i,2 17 2 < i< §—1, arrival when one
( ) ( ) (Iml ® ("‘ ® (Ims ® Dl))

server is busy, the other server
is idle, at least two inventory in the
system, and production process
is under repair

(1,i,0)  (2,i,0) (f}éf g’& g 53> s+1<i<S§, arrival when one

server is busy, the other server
is idle, and production is off
(n,i,1) (n+1,i,1) Im%mz ® Dy n>2,2<i<8§—1,arrival when
both servers are busy and
production is on
(n,i,2) (n+1,i,2) I, ®&Dy n>2,2<i<§-—1,arrival when

myms

both servers are busy and
production process is under repair
(n,i,0) (n+1,i,0) Im% ® Dy n>2,s+1<i<§,arrival when
both servers are busy and
production is off

Table 3: Transition table corresponding to no change

(0,i,0)  (0,1,0) Dy s+1<i<S$
(0,i,1) (0,4,1) W ® Dy — Vp 0<i<S—1
0,i,2) (0,1,2) U & Dy 0<i<S-1
(n,0,1) (n,0,1) W@ Dy —Vy n>1
(n,0,2) (n,0,2) U @ Dy n>1
(Li,1) (1,i1) L®[T®(Wo Do) — by, ® Vo 1<i<S-1
(1,4,2)  (1,i,2) L®[To (U D) 1<i<S—1
(1,1,0)  (1,i,0) L ® [T ® Do) s+1<i<S§
(n,1,0)  (n,1,0) T @ [T @ Dy n>2s5+1<i<8§
(n,1,1) (n,1,1) Iz@[T@(WEBDQ)]—Iz,m@VO n>21<i<S§-1
(n,1,2) (n,1,2) L®[Te (U Dy)] n>21<i<S-1
(n,i,1) (ni1) TOTOWOD) L@V n=21<i<S-1
(n,i,2) (n,i,2) T [Te (U D)) n>21<i<S-1
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Table 4: Transition table corresponding to service completions

From To Rate Description
(1,i,1) (0,i—1,1) (TE © I’"Z’”) 1<i<S—1
T0®Im2m
(1,i,2) (0,i—1,2) G(’g;:;}:) 1<i<§-1
T ® By
(1,s+1,0) (0,s,1) <T0®ﬁ1)
(1,i,0) (0,i —1,0) (?ﬁgﬁ:) s42<i<S$
TO @ Lyym
(n,1,1) (n—1,0,1) <T0 2 Imzm) n>2
T°® Luym
(n,1,2) (n—1,0,2) <T0 b ImZm) n>2
(2,i,1) (1,i—1,1) (T°® Liymgm Iy @ (T° @ Lyym))  2<i<S—1
(2,1,2) (1,i —1,2) (T°® Liymgm Iy @ (T° @ Lym)) 2<i<S—1
(2,5+1,0) (1,5,1) (T°® In,) ®B1 Ly @ (T° @ By))
(2,i,0) (1,i —1,0) (T° @ Lyym Iy @ (T°® Iy)) s+2<i<S
(n,2,1) (n—1,1,1) (T° @ Lymom Iy @ (T° @ Lyuym)) n>2
(n,2,2) (n—1,1,2) (T° @ Lymsm LIy @ (T° @ Lyuym)) n>2
(n,i,1)  (n—1,i—1,1) (T°® a) @ Lyymym+ n>3,
Ly, ® (T°® &) @ Lynym) 3<i<S—1
(n,i,2) (n—1,i—1,2) (T°® &) @ Ly mym+ n>3,
L, ® (T°® &) @ Iyuym) 3<i<S-1
(n,s4+1,0) (n—1,s1) (T'® a) @ Iy,) @ B1+ n>3
Iml & ((TO ® "‘) ®.Bl)
(n,i,0) (n—1,i—1,0) (T°®a) @ Lym+ n>3,
Ly, ® ((T°®@a) @ L) s+2<i<S§

Table 5: Transition table corresponding to interruptions

(0,i,1)  (0,i,2) (YRV)® Iy 0<i<S—1
(n,0,1) (n,0,2) (Yy@V)® Ly n>1
(L,i,1)  (1,i,2) DLy, @(y®V)® Iy) 1<i<S-1
(1’1,1,1) (11,1,2) 12m1 ® (('7® V) o Im) n=2
(n,i,1) (n,i,2) L,2@((y®@V)®Iy) n>22<i<S-1

Table 6: Transition table corresponding to production completions

(0,i,1) (0,i+1,1) WY ® By 0<i<S-2
(0,s—1,1)  (0,5,0) WO ® Iy,

(n,0,1) (n,1,1) (0 (a@ W% ®p) n>1

(1,i,1) (L,i+1,1) Dy, @ (WO ® By) 1<i<S-2
(1,5-1,1) (1,5,0) Ly, ® WO ® L)

(@@ (Im, ® W°)) @ B

(n,1,1) (n,2,1) <Im1 2 ((a ® WO) ®51)) n>2

(n,i,1) (n,i+1,1) L2 @ (W' @ By) n>22<i<S-2
(n,S—1,1)  (n,S,0) L2 @ (W @ L) n>2
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Table 7: Transition table corresponding to repair completion

0,i,2) (0,i,1) U’ ® By 0<i<S—1
(n,0,2) (n,0,1) U’ By n>1
(1,i,2)  (Li1) by ®(U®pB) 1<i<S-1
(n,1,2) (n,1,1) Dby, @ (U’ @ p) n=2
(n,i,2) (n,i1) L,,@U°®B) n>22<i<S5-1

Table 8: Effect of v on some measures of performance

v E[N] E[I] E[W] bo b ) Po P1 p2
11 17417 4.5946 04866 0.3882 0.3500 0.2618 0.2287 0.6461 0.1252
1.2 1.8794 4.4632 0.5888 0.3878 0.3506 0.2615 0.2163 0.6467 0.1370
1.3 20449 43256 0.7117 0.3875 0.3512 0.2612 0.2039 0.6474 0.1487
14 22451 4.1814 0.8602 0.3872 0.3519 0.2609 0.1914 0.648 0.1606
1.5 24883 4.0305 1.0406 0.3869 0.3524 0.2606 0.1789 0.6486 0.1724
1.6 27861 3.8723 12613 0.3867 0.3530 0.2603 0.1663 0.6493 0.1844
1.7 3.1537 3.7066 15338 0.3864 0.3535 0.2601 0.1537 0.6499 0.1964
1.8 3.6123 3.5330 1.8736 0.3862 0.3540 0.2598 0.1410 0.6506 0.2084
1.9 4.1915 33510 23028 0.3859 0.3545 0.2596 0.1283 0.6512 0.2205
20 49349 3.1602 2.8535 0.3857 0.3549 0.2594 0.1155 0.6518 0.2327
Table 9: Effect of v on some measures of performance

% Pu E[RI] Iy Ps ps

1.1 04271 0.2190 0.2409 0.0574 0.4552 0.0463

12 04283 02184 0.2621 0.0655 0.4772 0.0438

1.3 0429 02178 0.2831 0.0744 0.5000 0.0413

14 04310 0.2170 0.3038 0.0842 0.5236 0.0388

1.5 04324 02162 0.3244 0.0949 0.5481 0.0362

1.6 04339 0.2154 0.3446 0.1066 0.5734 0.0337

1.7 04355 0.2145 03646 0.1193 0.599% 0.0311

1.8 04371 02135 0.3842 0.1333 0.6267 0.0286

1.9 04388 02124 04035 0.1484 0.6547 0.0260

20 04406 0.2112 04224 0.1649 0.6837 0.0234

Table 10: Effect of k on expected total cost

ETC
1479.7
2 10450
10125
1040.3
1086.1

Q= | QI N~ | =
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