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Abstract

The paper is devoted to the information spreading (propagation) on random graphs evolving by a linear
preferential attachment (PA) model. The PA is proposed to play a double role, namely, as the evolution
model, i.e. the tool to add new edges and nodes to the network and (or) to remove existing nodes and
edges, and as the spreading tool. We assume that a single message is to be propagated within a fixed
time interval. In practice, a message may become old and not relevant. A node having a message
instantaneously passes on information to one of its neighbour nodes which does not have the message yet.
This neighbour may be either a node newly appended to the graph or an existing node. By probabilities
of α−, β− and γ−schemes of the used PA model a new directed edge is drawn between a new node
appended to the graph and an existing node or a new edge is drawn between a pair of existing nodes. By
convention the propagation is provided if the new node (or one of the existing nodes) without the message
has an incoming edge to an existing node having the information. Distributions of the number of nodes
that received the message and the total number of nodes as well as the ratio of the latter random numbers
in a fixed time interval with regard to parameters of the PA are obtained.

Keywords: information spreading, directed random graphs, evolution, linear preferential attach-
ment

1. Introduction

Spreading information attracts interest due to many applications like multi-agent systems, internet
traffic, parallel computation [1], [2], social networks and spreading of infections [3], [4], percolation
[5] and gossip algorithms [6]. We consider the problem of spreading a single message through the
directed network evolving by the preferential attachment (PA) model within a fixed time interval.
A somewhat similar idea is propagated in [7] where the contact process that is evolving on graphs
that are themselves evolving is studied. The PA plays a double role, namely, as the evolution
model, i.e. the tool to add new edges and nodes to the network and (or) to remove existing nodes
and edges, and as the spreading tool. In [8]-[9] the spreading of a unique message among a
fixed number of nodes given beforehand has been considered. In [10] and [9] the PA evolution
respectively without and with node and edge deletion was considered. However, a reasonable
spreading time may be limited because the information may be outdated. Our objective is to
obtain distributions of the number of nodes that received a single message and the total number
of nodes in the graph as well as the ratio of the latter random variables (r.v.s) in the fixed time
interval [0, T∗] with regard to the parameters of the PA.
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Let us denote the graph at evolution step k as G(k) = (V(k), E(k)), where V(k) and E(k) are
sets of vertices (nodes) and edges, respectively. Let N(k) = ∥V(k)∥ be the number of nodes in
the network at the evolution step k, and let ∥A∥ denote a cardinality of the set A. The evolution
begins with an arbitrary initial directed graph G(0) with at least one node and ∥E(0)∥ edges.
N(0) and ∥E(0)∥ are assumed to be fixed. We use the linear PA evolution model described in
Section 2. Then N(k) is a r.v. since a new node is appended to the graph with some probability.

Let S(k) denote a set of nodes which have the message at the evolution step k. Indeed,
S(k) ⊆ V(k) holds. The spreading starts from an initial set of nodes S(0) in which at least one
node has the message. The spreading is unsuccesfull at step k + 1 if a new node j ∈ N(k + 1)
joins to node i /∈ S(k) by a new edge (j→ i). Hence, ∥S(k)∥ is a r.v. and ∥S(k)∥ ≤ N(k) holds.

Clocks of nodes are assumed to be asynchronized. As in [1], [2], we assume that new nodes
arrive by Poisson time ticks of a global clock, see Fig. 1 (top).

Let {τi}, i = 0, 1, 2, ..., τ0 = 0, be independent identically distributed (i.i.d.) exponential r.v.s
with parameter λ. The sequence {τi} means the inter-arrival times of appended new nodes. The
message may be propagated not at each tick of the global clock.

Since clock ticks build a Poissonian sequence, then the probability that the number of ticks
ν(t) in time t is equal to k = 0, 1, 2, ... is the following

Pk(t) = P{ν(t) = k} = (λt)ke−λt

k!
, (1)

and the mean number of ticks in time t (or the renewal function) is E(ν(t)) = λt. By (1) we get
Pk(T∗) and E(ν(T∗)) for a fixed time T∗ ≥ 0.

We aim to find the distributions of the number of nodes which have obtained the information
by K∗ = ν(T∗) evolution steps, i.e. ∥S(K∗)∥, as well as of N(K∗) and of the proportion of
such nodes ∥S(K∗)∥/N(K∗). The information may be delivered to all nodes at some step k, i.e.
∥S(k)∥ = N(k), but the propagation will be continued until the time T∗ which cannot be exceeded.
We suppose the evolution is without deletion of nodes and edges. Therefore, the propagated
message cannot be lost since the number of nodes with the message does not decrease.

The paper is organized as follows. In Section 2, the PA model for the evolution of directed
graphs is recalled. Section 3 contains our main results, namely, probability mass functions
(pmfs) of ∥S(K∗)∥ and N(K∗) as well as the distribution of ∥S(K∗)∥/N(K∗). We finalize with
conclusions. Proofs are presented in the Appendix.

2. Preferential attachment for directed graphs

By the PA model, networks are built recursively by adding nodes and edges in such a way that
new nodes prefer to be connected to existing nodes if they have high node degrees. The PA
networks are called scale-free [11]-[12]. It means that the node degree distribution is a power law.
A discrete r.v. X exhibits a power-law distribution if

P (X = i) ∼ Ci−(1+ι), i→ ∞,

holds for some positive constants C and ι.
We will use the so-called α−, β− and γ−schemes of the linear PA proposed in [11], [13] to

model the evolution and information spreading. The latter PA model allows to build evolving
random graphs with self-loops and multiple edges generated by the β-scheme. Examples of such
evolution and spreading are shown in Fig. 1 (bottom).

Let us recall α−, β− and γ−schemes of the PA given in [13]. A type of the new edge is
selected by flipping a 3-sided coin with probabilities α, β and γ such that α + β + γ = 1. To this
end, the iid trinomial r.v.s with values 1, 2 and 3 and the corresponding probabilities α, β and
γ are generated. The parameters δin, δout > 0 allow us to determine the probabilities to select
existing nodes when their in- or out-degrees are zero-valued. Let Ik(w) and Ok(w) denote the
in- and out-degrees of node w at evolution step k. We assume I0(w) and O0(w), the in- and
out-degrees in the initial graph G(0), to be fixed.
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Let us denote a complement as A \ B. The graph Gk is obtained from the existing graph Gk−1
by the following α−, β− and γ−schemes.

• By the α-scheme, one appends a new node v ∈ V(k) \ V(k− 1) to G(k− 1), k ≥ 1, and a
new edge (v → w) to an existing node w ∈ V(k− 1) with probability α. The node w is
chosen with a probability depending on its in-degree in G(k− 1)

Pα(k, w) =
Ik−1(w) + δin

k− 1 + δinN(k− 1)
.

• By the β-scheme, one adds a new edge (v → w) to E(k − 1), k ≥ 1, with probability β,
where the existing nodes v, w ∈ V(k− 1) = V(k) are chosen independently from the nodes
of G(k− 1) with probabilities

Pβ(k, w, v) =
Ok−1(v) + δout

k− 1 + δoutN(k− 1)
· Ik−1(w) + δin

k− 1 + δinN(k− 1)
.

• By the γ-scheme, one adds a new node v ∈ V(k) \V(k− 1) to G(k− 1), k ≥ 1, and an edge
(w→ v) with probability γ. The existing node w ∈ V(k− 1) is chosen with probability

Pγ(k, w) =
Ok−1(w) + δout

k− 1 + δoutN(k− 1)
.

Here, α, β, γ, δin and δout are parameters of the PA model. By convention, the information can
be spread at step k + 1 to a new node v /∈ S(k) having no information if a new edge is created by
the α−scheme or if a new edge is created by the β−scheme between two existing nodes v, w and
one of them has the information (i.e. v ∈ S(k) or w ∈ S(k)). In both cases, the new edge is to be
directed to an existing node having the information.

3. Probability mass functions of ∥S(K∗)∥ and N(K∗)

We assume that the nodes and edges are not removed from the graph. Then both ∥S(k)∥ and
N(k) are non-decreasing functions in time. We prove that the success probability depends on the
PA parameters α, β, δin, δout, and N(K∗) has a Poisson distribution given a graph GK∗−1.

Let the initial graph G(0) contain a unique isolated node that has a message to be spread,
i.e. ∥S(0)∥ = ∥V(0)∥ = 1, ∥E(0)∥ = 0 hold. We denote for brevity Ωk = {G(0), · · · , G(k)} =
{G0, · · · , Gk} and the success probabilities for a given Gk−1 as pk.

Let ∑c,k,j denote the sum of all (k
j) = k!/(j!(k − j)!) distinct index combinations among

{j1, j2, ..., jk} of length j and 1(A) denote the indicator of the event A. For example, for k = 3
evolution steps, the combinations with exactly two successes are the following: (101), (110), (011).

Lemma 1. The conditional pmf of ∥S(k)∥ for a maximum number of evolution steps K∗ in the
fixed time T∗ is the following. For 1 ≤ i < K∗ it holds

P{∥S(K∗)∥ = i|GK∗−1} = e−λT∗
∞

∑
k=i

(λT∗)k

k!
P{∥S(k)∥ = i|Gk−1}, (2)

where

P{∥S(k)∥ = i|Gk−1} = ∑
c,k,i−1

i−1

∏
n=1

pjn

k

∏
m=i

(1− pjm)1{k ≥ i ≥ 2}

+
k

∏
m=1

(1− pm)1{k ≥ i = 1}+
k

∏
n=1

pn1{i = k + 1} = ψ(i, j, k), (3)
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Figure 1: Poissonian clock ticks with the fixed time T∗ and the corresponding maximum number of ticks K∗ are shown
on top; spreading a message from an initial black node by the PA schemes with parameters (α, β, γ) =
(0.35, 0.25, 0.4) at evolution step k = 20, where nodes that obtained the message are shown by grey color
and nodes without the message by white color, arrows corresponding to successful spreading are shown by
grey and to unsuccessful spreading by black (bottom, left); the scheme of the message spreading from node i
to nodes j1 − j4 (bottom, right) with the same node coloring.

P{∥S(k)∥ = i|Gk−1} = 0, otherwise,

and success probabilities are

pk = α ∑
w∈S(k−1)

Pα(k, w) + β ∑
w∈S(k−1)

∑
v∈V(k−1)\S(k−1)

Pβ(k, w, v), k = 1, 2, .... (4)

Remark 1. Note that the success probabilities are different at each evolution step and the first
term in (3) corresponds to a Poisson binomial distribution.1

Remark 2. By (4), p1 = α holds. It implies the probability that the first new node v is connected
to a single node w ∈ G(0) with the message and w shares the message with v. The second term
in (4) equals to zero since the self-loop in the initial node built by the β−scheme does not lead to
the success (sharing the message) or formally, since the set V(k− 1) \ S(k− 1) is empty.

Corollary 1. The collection of conditional probabilities (2) forms a conditional probability distri-
bution.

Example 1. Let us give examples of a full spreading and a full non-spreading of the mes-
sage to all nodes in the graph. To this end, we consider the PA with parameters (α, β, γ) =
{(1, 0, 0), (0, 1, 0), (0, 0, 1)}. By (4), if α = 1 holds at each step k ≥ 1, then it implies pk = 1, ∀k ≥ 1
and the spreading to each new node, see Fig. 2(a); β = 1, ∀k ≥ 1 leads to further non-spreading
due to self-loops at the initial node, Fig. 2(b); γ = 1, ∀k ≥ 1 means pk = 0, ∀k ≥ 1, i.e. no further
spreading, Fig.2(c). The PA model with α + β = 1, α ̸= 0, β ̸= 0, γ = 0 implies pk = α, ∀k ≥ 1
that means the full spreading. Despite the second term in (4) is equal to zero, β−scheme with
β ̸= 0 contributes to node degrees and thus, to ∑w∈S(k−1) Pα(k, w), Fig. 2(d).

1An integer-valued r.v. X is called Poisson binomial and denoted as X ∼ PB(p1, p2, ..., pk), if X =d ξ1 + ... + ξk,
where ξ1, ..., ξk are independent Bernoulli r.v.s with parameters p1, p2, . . . , pk. The probability distribution of X is
P{X = k} = ∑A∈[k],∥A∥=j

(
∏i∈A pi ∏i ̸=A(1− pi)

)
, where the sum ranges over all subsets of [k] = {1, ..., k} of size j [14].
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(a) (b) (c) (d)

Figure 2: Examples of the PA-schemes with (α, β, γ) = (1, 0, 0) corresponding to a full spread tree (Fig. 2(a));
self-loops with (α, β, γ) = (0, 1, 0) (Fig. 2(b)) and the tree with (α, β, γ) = (0, 0, 1) (Fig.2(c)) both as full
non-spreading; with (α, β, γ) such that α + β = 1, α ̸= 0, β ̸= 0 corresponding to the full spreading (Fig.
2(d)).

Lemma 2. The pmf of N(k), k ≥ 1 for a maximum number of evolution steps K∗ in a fixed time
T∗ is the Poissonian:

P{N(K∗) = j|GK∗−1} =
aj−1

(j− 1)!ea , a = (α + γ)λT∗, j = 1, 2, ..., K∗ + 1. (5)

Corollary 2. If (α, β, γ) = (0, 0, 1) holds at each evolution step k ≥ 1, then

P{∥S(K∗)∥ = 1|GK∗−1} = 1, P{N(K∗) = K∗ + 1|GK∗−1} = 1. (6)

If (α, β, γ) = (0, 1, 0) holds at each evolution step k ≥ 1, then

P{∥S(K∗)∥ = N(K∗) = 1|GK∗−1} = 1. (7)

If (α, β, γ) = (1, 0, 0) holds at each evolution step k ≥ 1, then

P{∥S(K∗)∥ = N(K∗) = K∗ + 1|GK∗−1} = 1. (8)

Let us consider now the proportion of nodes which obtained the message to the total number
of nodes ∥S(K∗)∥/N(K∗) in time T∗.

Lemma 3. Let K∗ be a Poisson r.v. with the pmf P{K∗ = k} = (λ∗)ke−λ∗/k!, λ∗ = λT∗,
k = 0, 1, 2, .... Then it holds

1 ≤ eλ∗P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1}

≤ e−(α+γ)λ∗
∞

∑
k=1

(λ∗)k

k!

k+1

∑
j=1

(α + γ)j−1(λ∗)j−1

(j− 1)!

⌊xj⌋
∑
i=1

ψ(i, j, k) + 1, (9)

where ψ(i, j, k) is determined by (3).

Lemma 4. P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1}, 0 < x ≤ 1, is linear in each 0 ≤ pj ≤ 1, j = 1, ..., k for
each fixed x.

The maximum of P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1} is achieved if at least one of the {pj} is
equal to 1. The linearity does not depend on the way to select K∗.

4. Conclusions

We study the propagation of one message among nodes in an evolving network within a fixed
time interval T∗. The propagation starts from the initial graph containing a single node with the
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message to be spread. Considering the network evolution we assume that it can be modeled by
the α−, β− and γ− schemes of the linear PA model proposed in [13]. It implies that a new node
appended to the network at some evolution step will likely link to an existing node with a large
degree. The message may be spread not at each step of the evolution but only when a new edge
is directed from a new node (or an existing node) without the message to the existing node with
the message. These cases correspond to the α− and β− PA schemes, respectively.

The pmfs of the number of nodes obtaining the message and the total number of nodes as
well as the distribution function of their ratio in the PA evolved network at time T∗ are derived.
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Appendix

5.1. Proof of Lemma 1

Proof.
After the clock tick k, we have either ∥S(k)∥ = ∥S(k − 1)∥ or ∥S(k)∥ = ∥S(k − 1)∥ + 1,

k = 1, 2, ..., where ∥S(0)∥ = 1. The size increases, i.e. ∥S(k)∥ = ∥S(k− 1)∥+ 1 holds, if a node
v /∈ S(k− 1) contacts a node w ∈ S(k− 1) and if the edge (v→ w) is directed from v to w. The
new edge (v→ w) leading to the success (the increase of ∥S(k)∥) may be created between two
existing nodes v, w ∈ V(k− 1) = V(k) with probability βPβ(k, w, v) if v ∈ V(k− 1) \ S(k− 1) =
V(k) \ S(k− 1), w ∈ S(k− 1), or between a newly appended node v ∈ V(k) \ V(k− 1) and an
existed node w ∈ S(k− 1) with probability αPα(k, w). Otherwise, the size does not increase, i.e.
∥S(k)∥ = ∥S(k− 1)∥. The γ−scheme does not lead to the information spreading from node w to
node v by convention. Here, α, β and γ are defined as in Section 2.

The conditional success probability pk to increase the number of nodes with the message at
step k is the following

pk = E{S(k)− S(k− 1)|Ωk−1} (10)

= α ∑
w∈S(k−1)

Pα(k, w) + β ∑
w∈S(k−1)

∑
v∈V(k−1)\S(k−1)

Pβ(k, w, v), for k = 2, 3, ...,

p1 = αPα(1, w ∈ S(0)) = α, for k = 1. (11)

Since G(0) contains a unique node, V(0) \ S(0) = ∅, the β−scheme can be applied at step k = 1,
but it does not lead to the "success". The β−scheme may provide self-loops.

Let us consider the case k ≥ i ≥ 2. The creation of a direction of a new edge may be taken as
the experiment. The experiments are independent since they are generated by the iid trinomial
r.v.s.. We obtain the Poisson binomial pmf

P{∥S(k)∥ = i|Ωk−1} = ∑
c,k,i−1

i−1

∏
n=1

pjn

k

∏
m=i

(1− pjm), (12)

where the sequence {pjn} is determined by (10), (11). By the Markov property one can substitute
Ωk−1 by Gk−1 in the latter equality and further.
For k = i = 1 it holds

P{∥S(1)∥ = 1|G0} = γPγ(1, w ∈ S(0)) + βPβ(1, w ∈ S(0)) = γ + β = 1− p1 (13)

due to Pγ(1, w ∈ S(0)) = Pβ(1, w ∈ S(0) = 1.
For k > i = 1 it follows

P{∥S(k)∥ = 1|Gk−1} =
(
γPγ(1, w ∈ S(0)) + βPβ(1, w ∈ S(0))

) k

∏
m=2

(1− pm)

= (γ + β)
k

∏
m=2

(1− pm) =
k

∏
m=1

(1− pm), (14)

The event {∥S(k)∥ = 1|Gk−1} means that the set S(k) contains only the initial node with the
message.

Let us consider the case 0 ≤ k < i. For k = 0 it trivially follows

P{∥S(0)∥ = 1} = 1, P{∥S(0)∥ = j} = 0, j > 1. (15)
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For i > k ≥ 1 we have

P{∥S(k)∥ = i|Gk−1} =
{

αk ∏k
j=1 ∑ω∈S(j−1) Pα(j, ω), i = k + 1,

0, i > k + 1.
(16)

Note that it holds

αk
k

∏
j=1

∑
ω∈S(j−1)

Pα(j, ω) =
k

∏
n=1

pn. (17)

Summarizing (12)-(17) we get (3). Then it holds

P{∥S(K∗)∥ = i|GK∗−1} =
∞

∑
k=i

P{∥S(k)∥ = i|K∗ = k, Gk−1}P{K∗ = k}

=
∞

∑
k=i

P{∥S(k)∥ = i|Gk−1}Pk(T∗)

since S(k) and K∗ are independent. Using Pk(T∗) in (1) we get (2).
■

5.2. Proof of Corollary 1

Proof.
Since ∥S(k)∥ has a Poisson binomial distribution and P{∥S(k)∥ = 0} = 0, the collection of

probabilities P{∥S(K∗)∥ = i|ΩK∗−1} = P{∥S(K∗)∥ = i|GK∗−1} forms a probability distribution:

∞

∑
i=0

P{∥S(K∗)∥ = i|GK∗−1} = 1.

■

5.3. Proof of Lemma 2

Proof. It holds N(k + 1) = N(k) + 1 with probability α + γ and N(k + 1) = N(k) with probability
β. Hence, for a fixed k ≥ 1 and N(0) = 1 we get

P{N(k) = i + 1|Gk−1} =
(

k
i

)
(α + γ)iβk−i, i = 0, 1, 2, ..., k.

Since ∑∞
i=0 ai/i! = ea, a > 0 holds and due to independence of the r.v.s K∗ and N(k), N(k) ≤ k + 1,

it follows

P{N(K∗) = i + 1|GK∗−1} =
∞

∑
k=i

P{N(k) = i + 1|K∗ = k, GK∗−1}P{K∗ = k}

=
∞

∑
k=i

(
k
i

)
(α + γ)iβk−iPk(T∗) =

∞

∑
k=i

(α + γ)i(1− α− γ)k−i

i!(k− i)!
(λT∗)ke−λT∗

=
ai

i!ea , where a = (α + γ)λT∗.

■
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5.4. Proof of Corollary 2

Proof. Let (α, β, γ) = (0, 0, 1) hold. By (4), we have pk = 0, k = 1, 2, .... By (3) it follows

P{∥S(k)∥ = i|Gk−1} =
k

∏
m=1

(1− pm)1{k ≥ i = 1} = 1

and hence, the first statement in (6) holds. Furthermore, we get

P{N(K∗) = K∗ + 1|GK∗−1}

=
∞

∑
k=1

P{N(k) = k + 1|K∗ = k, GK∗−1}P{K∗ = k}+ P{N(0) = 1}P{K∗ = 0}

=
∞

∑
k=0

P{K∗ = k} = 1.

For (α, β, γ) = (0, 1, 0) (7) follows by (3) since the β−scheme forms only self-loops in the initial
node and pk = 0, k = 1, 2, .... For (α, β, γ) = (1, 0, 0) (8) follows since each new node gets the
message and pk = 1, k = 1, 2, .... ■

5.5. Proof of Lemma 3

Proof.
We have by (1)

P{∥S(K∗)∥/N(K∗) ≤ x|ΩK∗−1}

=
∞

∑
j=1

P{∥S(K∗)∥ ≤ xj|N(K∗) = j, ΩK∗−1}P{N(K∗) = j|ΩK∗−1}

=
∞

∑
j=1

⌊xj⌋
∑
i=1

P{∥S(K∗)∥ = i, N(K∗) = j|ΩK∗−1}

=
∞

∑
k=1

k+1

∑
j=1

⌊xj⌋
∑
i=1

P{∥S(k)∥ = i, N(k) = j|K∗ = k, Ωk−1}P{K∗ = k}

+ 1{i = j = 1, k = 0}P{K∗ = 0}
≥ 1{∥S(0)∥ = N(0) = 1}P{K∗ = 0} = e−λ∗ , (18)

where x ∈ (0, 1]. Using the Markov property, we can substitute Ωk by Gk in expressions above.
Note that the r.v.s N(k) and ∥S(k)∥ are dependent, 1 ≤ ∥S(k)∥ ≤ N(k) ≤ k + 1 for any k ≥ 0
holds. Then by (1), (3) and (5) we get

P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1}

≤
∞

∑
k=1

k+1

∑
j=1

⌊xj⌋
∑
i=1

P{∥S(k)∥ = i|K∗ = k, Gk−1}P{N(k) = j|K∗ = k, Gk−1}P{K∗ = k}+ e−λ∗

=
∞

∑
k=1

k+1

∑
j=1

⌊xj⌋
∑
i=1

ψ(i, j, k)
aj−1

(j− 1)!ea
(λ∗)ke−λ∗

k!
+ e−λ∗

= e−(1+α+γ)λ∗
∞

∑
k=1

k+1

∑
j=1

⌊xj⌋
∑
i=1

ψ(i, j, k)
(α + γ)j−1(λ∗)j−1+k

(j− 1)!k!
+ e−λ∗ . (19)

By (18) and (19) the statement (9) follows. ■
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5.6. Proof of Lemma 4

Proof.
Let us substitute the Poisson binomial r.v. ∥S(k)∥, k ≥ 1 in (18) by the sum of independent

Bernoulli r.v.s X1, ..., Xk with success probabilities p1, ..., pk, respectively. Denoting

bi,j,k = P{X2 + ... + Xk = i, N(k) = j|K∗ = k, Gk−1},
ai,j,k = P{X2 + ... + Xk = i− 1, N(k) = j|K∗ = k, Gk−1} − bi,j,k,

we get that the next probability is linear in p1:

P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1}

=
∞

∑
k=1

k+1

∑
j=1

⌈xj⌉
∑
i=1

P{X1 + ... + Xk = i, N(k) = j|K∗ = k, Gk−1}Pk(T∗)

+ 1{i = j = 1, k = 0}P0(T∗)

=
∞

∑
k=1

k+1

∑
j=1

⌈xj⌉
∑
i=1

(
P{X2 + ... + Xk = i, N(k) = j|K∗ = k, Gk−1}(1− p1) + 1{i = j = 1, k = 0}e−λT∗

+ P{X2 + ... + Xk = i− 1, N(k) = j|K∗ = k, Gk−1}p1

)
Pk(T∗) + 1{i = j = 1, k = 0}e−λT∗

=
∞

∑
k=1

k+1

∑
j=1

⌈xj⌉
∑
i=1

(
bi,j,k + p1ai,j,k

)
Pk(T∗) + 1{i = j = 1, k = 0}e−λT∗ .

One can rewrite the latter expression in the linear form regarding p1:

ϕ(x, p1) = f1(x)p1 + f2(x),

where

ϕ(x, p1) = P{∥S(K∗)∥/N(K∗) ≤ x|GK∗−1},

f1(x) =
∞

∑
k=1

k=1

∑
j=1

⌈xj⌉
∑
i=1

ai,j,kPk(T∗), f2(x) =
∞

∑
k=1

k+1

∑
j=1

⌈xj⌉
∑
i=1

bi,j,kPk(T∗) + e−λT∗ .

Due to symmetry, the linearity can be shown in any pj, 1 ≤ j ≤ k + 1. ■
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