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Abstract

We study a single-server queueing system with a superposed input process formed by independent
stationary renewal processes with Weibull interarrival time distributions. An approximating system
with renewal input process based on Palm construction is considered. Moreover, the accuracy of the
approximation in the terms of Kolmogorov distance is discussed. Finally, we demonstrate how to construct,
in the initially non-regenerative queueing system, the artificial regenerations based on the exponential
splitting technique.
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1. INTRODUCTION

In this research, we consider a single-server queueing system, denoted by Y"; GI;/G/1, in
which the input process is a superposition of m independent stationary renewal processes
(components). Such systems play an important role in modeling the modern communication
systems, characterized by the superposition of independent heterogeneous traffic flows.

It is well-known that systems with the superposed input process are not (classically) regenera-
tive unless the input components are Poisson processes. In particular, it is shown in [1] that such
a superposed process obeys a weaker property, namely, the so-called one-dependent regeneration.

On the other hand, the presence of regenerative structure in the processes describing the
dynamics of the system makes its analysis much more effective and accurate.

The study of systems with superposed input process has a long story, see for instance, the
papers [2]- [3], in which various aspects of such systems are considered, including the covariance
between interarrival times in the superposed process [2] and conditions for its convergence to a
Poisson process [4, 5]. Moreover, a considerable attention has been paid to the analysis of the
approximation of such a system by a classic GI/G/1 queueing system with renewal input, which,
in turn, is constructed as a Palm stationary process composed from the (properly weighted)
distributions of the interarrival times in the component processes [6]. In a companion paper [7],
we studied such a system provided the interarrival times in the component processes have either
exponential or Pareto distributions. The presence of the heavy-tailed distributions permits to
apply the so-called exponential splitting [8] to construct classical regenerations in a modified
system, which is equivalent, in the terms of marginal (one-dimensional) distributions, to the

108



I. Peshkova, M.Pagano, E. Morozov RT&A, Special Issue, No 8 (85)
REGENERATION AND APPROXIMATION OF A QUEUEING... Volume 20, July 2025

original one. This approach uses a possibility to split the corresponding ‘heavy-tailed” density in
such a way that it is represented as a two-component mixture containing (weighted) exponential
density.

The main contribution of the present research is that we now consider, in the superposed
input process, independent (stationary) heavy-tailed Weibull components, instead of the Pareto
distribution used in the related paper [7]. We apply the exponential splitting to construct classical
regenerations and, using regenerative method, obtain then the confidence interval for the mean
stationary workload (unfinished work) in the system. One more contribution of this work
is that, for such a system, we construct an approximating system based on the Palm theory
and investigate the accuracy of this approximation using various metrics. Numerical results
illustrating theoretical findings are included as well. In summary, in this paper we realize, in the
main features, the research program which has been developed in our previous paper [7] for the
superposed process containing Weibull distributed components.

The paper is organized as follows. In Section 2, we describe the basic model and an approxi-
mating renewal process, based on the Palm approach, with the same (one-dimensional) interevent
distribution as in the original superposed process. Then we focus on the input process containing
two independent renewal processes with Weibull interevent distributions. As we show, this
approximating distribution is a two-component mixture, again containing Weibull distributions.
Section 3 deals with the splitting procedure of the heavy-tailed Weibullian density, which then
is used to construct regenerations of both the (superposed) input process and the processes
describing the dynamics of the whole system. Section 4 contains simulation results related to
the accuracy (in terms of Kolmogorov distance) of the approximation of the original system by a
GI/G/1 queueing system (Section 4.1) and to the efficiency of the exponential splitting (Section
4.2), measured in the term of the frequency of the regenerations in a limited simulation time.

2. BAsiCc MODEL

We remind that the basic system is fed by a superposition of m independent renewal processes.
We assume that the ith input component is a stationary renewal process, which is defined by
the independent identically distributed (iid) interarrival tirnes between customers (class-i ones)

{Tk ,k > 1} with distribution function A; and mean Et() = 1/A; < oo, (7(7) is the generic
interarrival time) and the time up to the 1st arrival has the following integrated-tail distribution

)\/ (1—A;(w)du, i=1,...,m.

It is well-known that such a choice guarantees stationarity of each component (renewal) process
and as a result the stationarity of the superposed point process composed from the (ordered)
points of the components [9] (Sect.3, Ch. 5.) The stationary interarrival time in the superposed
(stationary) process follows the Palm distribution [3, 10]:

=1- Y30 A DTy [0 Ao W)

Ji#F %

where A = Aj + -+ - + Ay We note that the (tail) distribution 1 — A(x) is a m-component mixture
(with the weights p; := A;/A) of the original distributions describing interarrival times in the
component renewal processes. Also denote by {S,(;), k > 1} the iid service times of the class-i
customers (from the ith component process) with distribution function B; and finite mean service
rate y; :== 1/ES () i =1,...,m. Then the service time distribution (of an arbitrary customer) in
the system is also represented as the mixture

= ipiBi(x)/ x> 0. )
i=1
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The stability criterion of this system is well-known [6, 11]:

m
p=Y NESD <1, 3)

i=1
which also is the stability criterion of the original } ;" ; GI/G/1 system fed by a stationary input
process [10]. Note that in the latter case, in the absence of regenerative structure, the proof
of stability is based on construction proposed in [12]. We remark that, as it is easy to check,

condition (3) can also be written as AES < 1, where S has distribution B(x) from (2).

In what follows we will consider, as the main example, a superposed input composed by

two independent stationary components with iid interarrival times {’l’k ), k > 1} having Weibull
distribution (denoted further by We(«;, B;)) with parameters «;, B;:

Af(x) =1—e O/ x>0 0, >0, B; >0, i=1,2 )

Remark. The Weibull distribution was introduced and studied by several prominent researchers
in the 1930s, besides W. Weibull, these include R. Fisher, L. Tippett, and L. von Mises. B. Gnedenko
later has established the conditions under which a suitably normalized sequence of extreme values
converges to one of three limiting distributions, including Weibull distribution, [13]. Because of
this prominent research, the generalized two-parameter distribution (4) sometimes also referred
to as the Weibull-Gnedenko distribution, see for instance, [14].

Substituting distributions (4) in formula (1), we obtain the distribution of the stationary renewal
input process in the form:

eIV o, (x/2)f2) — B IRy, (e,

Al =1- F(1/pr)

p
1"(1/132)

o]

I x) = /e_ttg_ldt

is the upper incomplete Gamma function,

_ BiaoI'(1/B2)
B1axl'(1/B2) + o T(1/B1)’

is the “mixing proportion’ and I'(¢) is the Gamma function. Finally, applying the relation
I(G x) =T(8) — (& x),

where ¥((, x) is the lower incomplete gamma function, we obtain the following (tail) Palm
distribution of the renewal intervals in the GI/G/1 approximating system:

©)

A) = 1= AG) = pe " (1 V(1B (/) ) +

_
I'(1/B2)
1
£ A= pe 0 (1o e (1B (/)P ). ©
Notice that the tail distribution (6) is the mixture,
A(x) = pF1(x) + (1 = p)F2(x), )
containing tail distributions
1
Fi(x) = e~ /m)h (1 - W’Y(l/ﬁzz (x/“2)ﬁ2)> ’

fz(x) — e(—x/vcz)ﬁz (1 _ 7(1/‘31/(3(/0(1)51)) , (8)

_
r'(1/81)
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with the mixing proportion p defined by (5).
Denote by T the (generic) interarrival time with distribution (6). Let distribution F; define
a random variable (r.v.) Y, and distribution F, define a r.v. Z. Then 7 can be expressed by the
two-component mixture as
T=I1Y+(1-1)Z, 9

where [ is the indicator function with P(I = 1) = p and

Y = min(Yy,Ys) with Y7 ~ We(ay,B1), Yo ~ SGGa(az,1/B2,B2),
/Z = rnin(Zl,Zz) with Zq ~ We(az,‘Bz), Ly ~ SGGa(le,l/ﬁl,ﬁl),

where the symbol ~ connects a r.v. and its distribution, and SGGa(a,a,c) denotes Stacy’s
generalized Gamma distribution

— 1 C

= — >

F(x) r(ﬂ)'y(a, (x/a)), x>0, (10)
(where a = 1/B;,¢c = B;,i = 1,2), with density function

F(x) = ———(x/) e (/0 x>,

aT (a)
and moments )
EX — ucI’(a+1/c)l Ex2 _ & I'(a+2/c)
I'(a) I'(a)

In this setting, the stability condition (3) of approximating system GI/G/1 becomes

B (1) B2 @)
= ———ES" + —=—<ESY <1
P T (1/p) a'(1/B2)
Below we illustrate the analysis by numerical results based on Monte-Carlo simulation and
regenerative approach.

3. CONSTRUCTION OF CLASSICAL REGENERATION BY EXPONENTIAL SPLITTING

In this section we discuss the application of exponential splitting to regenerative simulation of
queues with superposed heavy-tailed Weibull inputs. This approach is based on the memoryless
property of exponential distribution and the synchronization of a regeneration point of the input
process and an empty state of the system. When the component processes have Pareto interevent
distributions, this approach has been developed in a recent paper [7].

As far as the authors know, the idea of exponential splitting has been firstly described in [8]. It
involves replacing the original r.v. T by a stochastically equivalent r.v. T” (defined on an enlarged
probability space). More exactly, an absolutely continuous positive r.v. T with the density g is
called exponentially split if there exist constants 7 > 0 and é € (0,1) such that

g(x) >one™*, x>0. (11)

Let us define a new r.v. T’ as follows:

T =IrTo+ (1—I1)Ty, (12)
where the r.v. T has density go(x) = e~ "%, the r.v. T; has density
81(x) = 4g(X)1—_57§0(x), (13)

and I is the Bernoulli r.v. (called splitting indicator) such that P(I = 1) = ¢. If the event {I = 1}
happens, we say that the exponential phase takes place. For Weibull distribution (4), the inequality
(11) transforms into

g(x/oc)ﬁ_le_(”“)ﬁ > one 1, (14)
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which indeed holds under the following conditions connecting the parameters:
0<d<B/a, n=aP,05<p<1,a>1 (15)

In our example the r.v. T} with the density (13) has distribution function

1 —empf —x
=1—-—— — > 0.
Gi(x) =1 T3¢ —1—1_(56 , x>0
From the simulation viewpoint, splitting means that, instead of generating an r.v. T with Weibull
distribution, a triple (Ty, Ty, IT) is generated, where Ty is exponential with parameter 7, T1 has
distribution function G; and I is the splitting indicator. Moreover, the inequalities (15) ensure that
the basic inequality (11) holds. We note that (11) is a particular case of the so-called minorization
condition, which plays an important role in the theory of general Markov chains, see for instance,
[15].
To construct the regeneration points for the waiting time process W = {W,,n > 1} in the
1 GI/G/1 system, we denote by {t,((l)} the arrival instances of the i-th input and by {t;} the
arrival points in the superposed input process.
Now we select and fix an arbitrary component input process, denoted further by iy, with the

arrival instances {tl((iO) = t}({o)’ k > 1}. Also define index n(k) as t; = tfﬁ;(). In other words, the k-th
arrival in the superposed input (at instant #;) is indeed the n(k)-th class-ip arrival. Let indicator

function I;(t) = 1 if, at instant ¢, the j-th component process is in the exponential phase (see
decomposition (12)), and I j(t) = 0, otherwise. Now define the following events:

e — 1,

() =1 =1, m A i)}, k21, (16)

In other words, the event SIEO) means that, at the arrival instant tl((o) of a class-ij customer, the
interarrival times of all inputs j # iy have exponential phase. It is easy to check that, on the event

& ,EO), the superposed input process classically regenerates. To illustrate it, we return to the basis
model (see Section 2) in which the interarrival time in the i-th renewal input has distribution

A;, and let its exponential phase have parameter A;. Then, on the event 8,50), the remaining time

)

up to the next event in the superposed process at the arrival epoch t,(co of a class-ip customer,

denoted by T(tlgo)), has (tail) distribution

P(T(t](co)) >x) = (1—Aj(x))exp{—x ) Aj}, x>0,
J#io
which is independent of instant t}({o)' Thus, the regeneration instances {7, } of the superposed
input process can be defined as follows:

T0=0, yeer = minfi: 1(£)7) > 7) - 1(EY) =1}, k> 0. (17)

To construct regenerations of the entire model (that is, the basic processes describing the dynamics
of the system) we need one more step. Take the waiting time process W = {W,,n > 1} as a
basic process. Then it classically regenerates at arrival instant of a class-iy customer, if i) it is a
regeneration instant of the superposed input process and ii) the system is idle at this instant.
Formally, these instants can be defined recursively as

Bo =0, Bs1 = min{y; > By : Wy, =0}, k > 0. (18)

Then the random distances Kk = Bx+1 — Br, k > 1, are the iid regeneration cycle lengths.

In what follows we simulate and estimate by the regenerative method [16] the stationary
performance of the waiting time process W when the superposed input process is composed by
two components with heavy-tailed Weibull distributions.
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4. SIMULATION RESULTS

The aim of this Section is to investigate through discrete event simulation the two main theoretical
contributions of this paper. At first, Section 4.1 deals with the renewal approximation of the
original system fed by two independent Weibull flows with different values of ; (including
the case B; = 1 that corresponds to Poisson arrivals). Then, in Section 4.2 we focused on the
heavy-tailed case (i.e., B; < 1) and evaluated the efficiency of the exponential splitting in terms of
the frequency of the regenerations for different values of the splitting parameters.

4.1. Approximation by GI/G/1

We consider a queueing systems fed by two independent input processes with Weibull interarrival
times. In all the simulations described in this subsection 10'° arrivals are generated and common
(class-independent) exponential service times with rate i are assumed.

We investigate the accuracy of the approximation through the Kolmogorov distance d(W, Wy )
between the empirical distributions of the stationary waiting time process W in the basic system
Y2, We(a;, B;)/M/1 and the waiting time process W, in the approximating system GI/M/1 for
different values of traffic intensity p.

The first set of simulations is carried out with the following values of the parameters: a1 =1,
ay = 4, B1 = B2 = 1, which corresponds to the superposition of two Poisson processes. It is
easy to check that in this case the approximating system is an M/M/1 system with Poisson
input with parameter 1/a7 + 1/ap. We can compare simulation results of the actual waiting time
trajectories for the original system W and the waiting time W, in the corresponding M/M/1
queueing system. The absolute error does not exceed 8 x 10> for all values of traffic intensity
01<p<09.

The next two sets of simulations investigates the goodness of the approximation in case of
light-tailed (8; > 1)and heavy-tailed (8; < 1) Weibull distributions, respectively.

The comparison between W and W, (see Tables 1 and 2, where the simulation settings are
also reported) includes not only the Kolmogorov distance, but also the values of the average
workload process and its variance in the two cases. It is worth noticing that in the first case (see
Table 1), the Kolmogorov distance d(W, W,) does not exceed 5% only for values p < 0.5, while in
presence of heavy-tailed Weibull distributions (see Table 2) the Kolmogorov distance d(W, Wr) is
very small for any value of traffic intensity p.

B1=5pB2=10, a1 =ax =1

0 d(W,Wy) Mean(W) Mean(Wy) Var(W) Var(Wy)

0.1 0.00277 0.00234 0.00260 0.00021 0.00025
0.2 0.01181 0.00948 0.01189 0.00169 0.00237
0.3 0.02499 0.02295 0.03152 0.006107 0.00983
0.4 0.03849 0.04763 0.06805 0.01745 0.03007
0.5 0.05085 0.09289 0.13311 0.04568 0.07991
0.6 0.06189 0.17661 0.24946 0.11651 0.20209
0.7 0.07168 0.33954 0.46978 0.30896 0.52809
0.8 0.08027 0.70258 0.95107 0.95681 1.61544
0.9 0.08808 1.87013 2.47942 4.89730 8.23029

Table 1: Simulation results B1 =5,y =10, a; = ap = 1.
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ﬁl :0-1/,32 = 0,2,0(1 = Ny = 1

0 d(W,Wy) Mean (W) Mean(Wp,) Var(W) Var(Wy)
0.1 1.909x107° 95.0969 95.0917 11325.2 11322.9
0.2 8.228x10° 355.945 355.870 143765 143709
0.3 9.561x107° 874.066 873.498 827005 825552
0.4 2.952x107° 1827.71 1827.88 3.52x101° 3.52x107°
0.5 11.72x10~° 3572.09 3571.48 1.32x1017 1.32x1017
0.6 20.18x107° 6869.13 6865.69 4.82x10%7 4.81x1017
0.7 13.88x107° 13652.6 13652.4 1.89x10*8 1.89x10%8
0.8 69.37x10°° 30214.2 30144.3 9.19x10"8 9.13x10*8
0.9 14.63 x10~* 90455.3 90122.8 8.19x101? 8.11x10"?

Table 2: Simulation results p1 = 0.1, = 0,2, 0y =ay = 1.

4.2. Artificial regeneration by exponential splitting

In this subsection we use several sets of simulation (with 10° arrivals) to evaluate the influence of
the selected process iy, splitting parameter J, exponential parameter # and the traffic intensity
p, see minorization inequality (11). We focus on the heavy-tailed case, namely, with a7 = 1.5,
,31 = 0.5, Ny — 2 and ,32 = 2/3.

As regenerative simulation allows us to calculate confidence intervals, in the following tables
we report (for different values of p) not only the mean value of the waiting time process W,
Mean(W), but also the half-width of the 99% confidence interval, 99%CI, and the number of
regeneration cycles, RegW, of the queueing system. It is worth noticing that the number of
regenerations in the superposed input (i.e., the number of events (16)), Regln, does not depend
on p, while it is proportional to J.

Exponential splitting, iy = 2

| , | 5 =033 | §=01 |

| | RegW  Mean(W) 99%CI | RegW  Mean(W) 99%CI |
0.1 | 52x107 0.048 1.8x107° | 1.5 x 107 0.048 1.8 x 107
02 | 3.8x107 0.184 71%x107° | 1.1 x 107 0.184 7.1x107°
03 | 2.7 x107 0.439 185 x 1075 | 8.3 x 10° 0.439 18.5 x 1073
04 | 1.9x107 0.875 41.7 x 107 | 5.8 x 10° 0.875 41.6 x 107°
05 | 1.3 x107 1.604 89.3 x 1075 | 4.0 x 10° 1.604 89.2 x 107>
0.6 | 89 x10° 2.852 194 x 10~* | 2.7 x 100 2.854 19.4x104
0.7 | 5.6 x10° 5.162 456 x107% | 1.7 x 10° 5.162 46 %1073
0.8 | 3.2x10° 10.139 13.1x 1073 | 9.6 x 10° 10.142 132 x 1073
09 | 1.4 x107 25.905 65.6 x 1073 | 4.1 x 10° 25.885 64.7 x 1073
092 | 1.0x 10° 33.977 107 x 1072 | 3.1 x 10° 33.927 10.6 x 1072
095 | 6.2 x10° 58.202 289 %1072 | 1.8 10° 58.190 25.3 x 1072

Table 3: Simulation results for 1 = 0.8164, 1 = 0.5, = 0.67,a7 = 1.5,ap = 2.

At first we select the second component of the superposed process as ip-process, so the
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Exponential splitting, iy = 1

| , | 5 =033 | §=01 |

| | RegW  Mean(W) 99%Cl |  RegW Mean(W) 99%CI |
0.1 | 6.2x107 0.048 1.8 x107° 1.85 x 107 0.048 1.8 x107°
02 | 4.6 x107 0.184 7.1x107° 1.38 x 107 0.184 7.1x107°
03 | 34x107 0.439 185x107° | 1.03 x 107 0.439 18.5 x 107>
04 | 25x107 0.875 41.7 x 1072 | 7.63 x 10° 0.875 41.7 x 107°
05 | 1.8 x 107 1.604 89.2 x 107° | 5.50 x 10° 1.604 89.3 x 107°
06 | 1.3x107 2.853 19.3 x 107* | 3.818 x 10° 2.855 19.4 x 1074
0.7 | 83x10° 5.161 45 %1073 2.49 x 10° 5.162 45.6 x 1074
0.8 | 4.8 x10° 10.147 1.3 x 1072 1.45 x 100 10.148 13.1 x 1073
09 | 2.1x10° 25.855 6.5 x 1072 6.33 x 10° 25.904 65.5 x 1072
092 | 1.6 x 10° 33.956 0.107 493 x 10° 33.903 10.7 x 1072
0.95 | 9.8 x 10° 58.278 0.291 2.96 x 10° 58.275 29.4 x 102

Table 4: Simulation results for 1 = 0.63, f1 = 0.5,B2 = 0.67,a; = 1.5,ap = 2.

exponential splitting is applied to the first flow. From the inequalities (15) it is easy to see that,
choosing 17 = 1/+/1.5, the exponential splitting is possible for 0 < § < 1/3. For sake of brevity,
the simulation results are reported only for two values of J.

As highlighted in Table 3, when the traffic intensity p increases, RegW decreases, while
Mean(W) and 99%ClI increase. The value of 4 does not significantly affect the reported parame-
ters, apart from RegW. In more detail, for 6 = 0.33 RegIn ~ 7.2 x 107, while for § = 0.1 the value
of Regln ~ 2.16 x 107 is around ~ 3.3 times less. Similar consideration may be applied to the
values of RegW.

Similar considerations can be drawn when the exponential splitting is applied to the second
component (see Table 4). In this case, according to the inequalities (15), we take 7 = 272/3 and
the exponential splitting is still possible for 0 < 6 < 1/3. Note that in this case the input process
regenerates more frequently, but the ratio between the number of regenerations and the value of
S remains almost the same (namely, Regln ~ 9.3 x 107 and Regln ~ 2.8 x 107 for § = .33 and
6 = 0.1, respectively).

5. CoNcLUSION

In this paper we analyzed a queueing system fed by the superposition of independent stationary
renewal processes with Weibull interarrival time distribution, focusing on two relevant issues:
the renewal approximation of the input process and the regenerative simulation of the original
queueing system.

In more detail, the accuracy of the renewal approximation was evaluated in terms of the
Kolmogorov distance for the corresponding distributions of the stationary workload (the remain-
ing work to be processed). Simulation experiments pointed out that the approximation works
perfectly for any value of traffic intensity p in the case of heavy-tailed Weibull components and
only for p < 0.6 in the light-tail case. This unexpected result needs further investigation and
explanation.

Moreover, the exponential splitting was applied to construct artificial regenerations and esti-
mate the mean stationary workload (with the confidence interval) in the basic (non-regenerative)
system. Sufficient conditions for the applicability of the exponential splitting have been derived
in the case of heavy-tailed Weibull interarrival time distributions and the theoretical results have
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been verified by simulation.

We demonstrated the efficiency of the approach based on the construction of regenerations
using exponential splitting technique. It seems to be highly effective for the queueing systems
containing heavy-tailed distributions. In this regard the authors hope that this research (as well
as the related previous paper [7]) creates a methodological basis for reliable regeneration-based
estimation of a broad class of the systems described by heavy-tailed distributions.
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