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Abstract

The paper presents an approach to the simulation of a multi-server queueing system, known as the multi-
server job model, where the (random number of) servers are seized/released by a customer simultaneously.
This model is widely used in scenarios like cloud computing and parallel processing. Due to the inherent
difficulty in obtaining analytical solutions for such systems, we adopt the exact sampling technique to
generate the steady-state workload samples accurately. This technique allows one to obtain unbiased
estimates of the steady-state performance, such as the per-class waiting times of customers.

Keywords: Exact sampling, dominated coupling from the past, multiserver model with simulta-
neous service, modified Kiefer-Wolfowitz workload vector.

1. Introduction

Since 1965, the multiserver job model (MJM) has been investigated, in which a customer may need
simultaneous service on one or more servers [1]. Such models naturally arise in many applications
including telecommunication, computer and emergency systems. In particular, a communication
system with multiple-address messages, where a message is transmitted simultaneously to many
receivers, was treated in [2]. Computer systems with competition for storage space and programs
having diverse storage size and time requirements were considered in the paper [3] using a loss
MJM, where jobs which cannot immediately receive service are dropped. Analytical results were
provided for M/M/2-type model in papers [4, 5]. In [6], using a matrix-analytical approach, a
criterion was obtained for the stability of M/M/c-type model. Much of the recent research on
MJM is motivated by the need to understand and optimize the performance of data centers and
cloud computing infrastructure, see, e.g. [7, 8, 9]. The research directions in MJM in recent years
are described in sufficient detail in papers [10, 11]. While extensive literature exists on the MJM,
the general case characterized by an arbitrary service time distribution and more than two servers
remains largely unexplored, necessitating further investigation.

When dealing with complex queueing systems, often with non-standard arrival or service
processes, analytical derivations of the performance characteristics can become intractable or
impossible. Exact sampling (perfect simulation) techniques [12] provide powerful simulation-based
alternative. Those allow one to obtain samples directly from the steady-state distribution, avoiding
the need to wait for sufficiently long “warm-up” period during simulation.

This paper is dedicated to adopting the Dominated Coupling From the Past (DCFTP) exact
sampling technique to the MJM. In [13] exact sampling technique was applied to MJM, to the best
of our knowledge, for the first time, where the cases considered included heavy-tailed (Pareto),
phase-type and exponential service time distributions. However, the regenerative exact simulation
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approach suggested in [13] has serious technical issues with (on average) infinite number of
iterations while there is no such drawback in the approach proposed in the present paper.

We develop our approach on the basis of [14]. In the paper [14] the DCFTP algorithm [15]
was adopted to sampling from the stationary customer delay in First-Come-First-Served (FCFS)
M/G/c queue in the “super-stable” case, when the system load ρ < 1 (we call this scheme the
original algorithm below, for short). Note that this condition on the load is heavily restrictive for the
classical multiserver queue, since in general the stability requires ρ < c only. At the same time, as
shown in the present paper, the condition ρ < 1 is reasonable for the MJM case, which advocates
the applicability of the proposed approach. So, our key contribution is a novel adaptation of
the DCFTP algorithm to heterogeneous MJM which, in contrast to [13], guarantees finite average
runtime.

The structure of the paper is as follows. In Section 2, we discuss the original approach to exact
simulation [14] of the stationary customer delay in the M/G/c-FCFS queue based on the general
DCFTP method where the single-server M/G/1 queue under the processor sharing (PS) discipline
serves as an upper bound. Description of the MJM and modifications (for class-independent and
class-dependent service times) of the original algorithm are given in Section 3. In Section 4, we
present the results of numerical experiments and validation, which, in particular, include the
comparison with an exact result obtained in [4] for the M/M/2-type model. We end up with a
conclusion discussing possible further research directions.

2. Original Algorithm

This section is devoted to a detailed description of the original algorithm introduced in [14].
Consider a stable M/G/c-FCFS system Σ with arrival rate λ, Poisson arrival times {tn : n ≥ 0}

(t0 := 0). Let the independent and identically distributed (iid) service times {Sn} have distribution
function (d.f.) G(x) = P(S ≤ x), x ≥ 0, and finite mean ES = 1/µ. The workload vector
V(t) = (V(1)(t), V(2)(t), . . . , V(c)(t)), t ≥ 0, contains the residual work at the corresponding
servers at time t, in ascending order, V(1)(t) ≤ V(2)(t) ≤ · · · ≤ V(c)(t). The value V(t) just
before the arrival epoch is known as the Kiefer-Wolfowitz vector, Wn = V(tn−), and satisfies the
recursion

Wn+1 = R
(
Wn + Sne− Tn1

)+ (1)

where Tn = tn+1 − tn are iid interarrival times, Wn = (W(1)
n , . . . , W(c)

n ), e = (1, 0, . . . , 0), 1 =
(1, 1, . . . , 1), R places the coordinates in ascending order, and (·)+ denotes the positive part of
each coordinate. If ρ := λ/µ < c, with n → ∞, the vector Wn converges in distribution to
the stationary workload vector W having distribution which coincides with the time-stationary
limiting distribution of V(t) as t→ ∞ by the property PASTA.

The original algorithm for sampling exactly from the stationary workload vector W is proposed
in [14] for the case

ρ < 1. (2)

In this case, the system Σ is called super-stable. The algorithm is based on the following stochastic
comparison result between the workload in the system Σ and the system M/G/1 operating under
the processor sharing (PS) discipline (we denote it by Σ̂). It is known (see e.g. [14]) that the
workload in M/G/1-FCFS is an upper bound for the summary workload in Σ. Moreover, the
workload in the system M/G/1 is invariant under changes of work-conserving disciplines [16],
that is, workload has exactly the same sample paths under PS as it does under FCFS. Thus, the
Σ̂ serves as the upper bound of Σ [14]. The choice of PS discipline in the single-server queue is
motivated by the fact that in this case the workload process turns out to be time reversible [17].
Note that under condition (2), the system Σ̂ is stable. To apply the algorithm, it is necessary to
have the steady-state distribution explicitly available, or we should have the possibility to draw
from the statistical equilibrium. To ensure the finite completion time of the algorithm, we assume
that ES2 < ∞ [14] (hereafter, unless stated otherwise, we omit the index for a typical member of
the iid sequence).
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The algorithm can be briefly described in the following steps:

1. From the stationary state, simulate the system Σ̂ backward in time until it empties.

2. Invert the time axis and using the data of customer departure epochs (as arrivals) and
corresponding work amounts from the trajectory of Σ̂, construct the workload vectors in Σ
by recursion (1).

The original approach is summarized in Algorithm 1. To simplify its comprehension, let’s
clarify some points. In the first step of the algorithm, we must start the workload process in Σ̂
from the steady state. The stationary workload for the M/G/1 queue can be constructed from the
Pollaczek-Khintchine formula as follows,

Q

∑
i=1

S(i)
e , (3)

where the
{

S(i)
e

}
i≥1

are iid residual work amounts having distribution function given by

Ge(x) =
1

ES

∫ x

0
P(S > y)dy, x ≥ 0, (4)

and, independently, Q has a geometric distribution

P(Q = k) = ρk(1− ρ), k ≥ 0. (5)

However, in order to move backwards in time, and to properly restore the workload vector for the
Σ by recursion (1) forward in time, we also need the complete (the sum of completed and residual)
work amounts for the Q customers present in the system Σ̂ at origin. Each such complete work
amount H has the stationary spread distribution [18] with tail d.f. given by

P(H > x) =
1

ES
xG(x) + Ge(x). (6)

Note that in the system Σ̂ we must distinguish the work amount of customer (which is defined
upon arrival) and the service time (which indeed depends on the number of customers in the
system during service). Indeed, in the Σ̂ the customer starts being served immediately upon
arrival, at a rate inversely proportional to the number of customers in the system. in Σ, on the
contrast, service times and work amounts coincide.

Using a complete work amount H distributed as (6), we can generate a residual work amount
Se (having d.f. (4)) by the following trick [14]: take U uniform in [0, 1] and take Se = UH. Using
this trick, we generate Q iid copies Hi and iid Ui, and set S(i)

e = Ui Hi, i = 1, . . . , Q to initialize the
steady-state workload vector in Σ̂. We also store the values {Hi}i=1,...,Q used for the workload
reconstruction in Σ at the second step.

After initialization, we simulate the workload in Σ̂, say, by the discrete-event simulation. In
fact, this simulation is done in reverse time, so we need to keep track of the customer departure
epochs −ti and the corresponding work amounts Si. Note that, after time inversion the customer
departure epochs −ti will become arrival epochs and work amounts Si have the d.f. G except
the Q customers present in the system at origin, if any. We stop simulation at the time epoch
−tn with n = min{k ≥ 0 : Q(−tk) = 0}, where Q(t) is the number of customers in Σ̂ at time t.
Technically this simulation can be implemented in “forward” time and then time reversal can be
performed (care must be taken regarding the indices).

We also note that the service speed in system Σ̂ changes both at departure and arrival epochs.
Actually, the server processes work at unit rate, which is divided equally among all customers
present in the system. That is, whenever there are Q customers in the system, each will receive
service at rate r = 1/Q.

At the second step, we construct the Kiefer-Wolfowitz vector for Σ. We need to correctly
define the interarrival times in Σ and the initial conditions for the workload vector W1. To do so,
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we firstly define the interdeparture times (in reverse time) in Σ̂ as Ti = ti − ti−1, 1 ≤ i ≤ n, where
t0 = 0, and write down the corresponding work amounts S1, . . . , Sn. Then time reversal of Σ̂ is
performed by resetting (T1, . . . , Tn) := (Tn, . . . , T1) and (S1, . . . , Sn) := (Sn, . . . , S1), respectively.
Thus, sequences (T1, . . . , Tn) and (S1, . . . , Sn) are now the sample path in Σ̂ from an empty state
at time in the past −tn, tn ≥ 0. Starting from W1 = 0, we reconstruct the sample path in Σ up to
Wn+1 which is taken as the sample from the steady state. Indeed, if at time −tn the first customer
arrives in an empty system and until time 0 we have n arrivals, then at time 0 the system will be
observed by a customer with the number n + 1.

Algorithm 1 The original approach

Require: Service time d.f. G, arrival rate λ
1: Set modeling time t = t0 = 0
2: Set n = 0
3: Generate the number of customers, Q, in the system Σ̂ using (5).
4: if Q = 0 then
5: Set V(0) = 0
6: else
7: Sample iid Hi, i = 1, . . . , Q from the stationary spread distribution, using (6)
8: Sample iid Ui, i = 1, . . . , Q, uniformly on [0, 1]
9: Take {Q, U1H1, . . . , UQ HQ} as the stationary workload in Σ̂ system at origin

10: Sample interarrival time T ∼ Exp(λ)
11: while Q > 0 do ▷ Discrete-event simulation of Σ̂
12: if the next event is an arrival then
13: Generate a work amount S ∼ G and keep a record of the value
14: Sample interarrival time T ∼ Exp(λ)
15: Reset Q = Q + 1 and set r = 1/Q
16: else if the next event is a departure then
17: Reset n = n + 1
18: Record the departure time tn of the customer
19: Reset Q = Q− 1 and set r = 1/Q
20: end if
21: Update the times and residual work amounts
22: end while
23: Define the interdeparture times Ti = ti − ti−1, 1 ≤ i ≤ n
24: Reset (S1, . . . , Sn) = (Sn, . . . , S1) and (T1, . . . , Tn) = (Tn, . . . , T1)
25: Set W1 = 0
26: for i = 1, 2, . . . , n do ▷ Reconstruct the sample path in Σ
27: W i+1 = R

(
W i + Sie− Ti1

)+
28: end for
29: Set V(0) = Wn+1
30: end if
31: return V(0)

3. Modified Algorithm for Heterogeneous MJM

Let us describe a MJM with c servers operating under FCFS discipline [4, 19, 20, 6]. In such a sys-
tem, class-k customer requires k (available) servers which are seized and released simultaneously,
1 ≤ k ≤ c. The (random) service time Si of customer i is thus identical at each of the Ni (random
number of) servers. Note that we consider a heterogeneous MJM system (denoted by Σ) where
{Si}i≥1 may have a class-dependent distribution.

The input of class-k customers follows a Poisson process with rate λk. Thus, the interarrival
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times {Ti}i≥1 have an exponential distribution with rate λ = λ1 + · · ·+ λc, and

pk = P{N = k} = λk/λ (7)

may be treated as the probability of class-k customer arrival.
In MJM, servers can be idle when the head-of-queue customer blocks the subsequent customers

in the queue, which is known as a non-work-conserving property. After appropriate modification
of the Kiefer–Wolfowitz recursion (1), the workload vector can be calculated as follows [20]:

W i+1 = R
(
(Wi,Ni + Si)e1:Ni + W i ◦ (1− e1:Ni )− Ti1

)+, (8)

where e1:k, for k = 1, . . . , c, is a vector having ones on the first k elements and zeroes elsewhere
and ◦ is Hadamard (componentwise) multiplication. Alternatively, (8) reads

W i+1 = R
(
Wi,Ni + Si − Ti, . . . , Wi,Ni + Si − Ti︸ ︷︷ ︸

Ni components

, Wi,Ni+1 − Ti, . . . , Wi,c − Ti
)+.

We can see that the first Ni components of the vector are the same, since customer i waits for the
release of exactly Ni servers and seizes them simultaneously for the same time Si. Thus Wi,Ni is
the delay of the customer i, and WN is the (stationary) delay of a generic customer of class N. By
this reason, each coordinate in the stationary workload vector W gives the stationary delay of the
customer of the corresponding class.

To appropriately modify the original algorithm for the MJM, we need to find a suitable upper
bound Σ̂. Firstly, we need the following intermediate result. It was shown in [20] that for the MJM
in homogeneous case (class-independent service times), an upper bound Σ̃ can be constructed as
follows. By coupling, take the same interarrival times T̃i = Ti and service times S̃i = Si, i ≥ 1. In
the c-server system Σ̃, force each customer to use all the c servers simultaneously. In such a case,
workload W̃ i at each of the c servers upon arrival of customer i essentially follows the Lindley
recursion,

W̃ i+1 =
(
W̃ i + Si1− Ti1

)+ . (9)

It can be seen that this c-server system is in fact equivalent to an M/G/1 system operating under
FCFS discipline. Moreover, the proof in [20] does not depend on the assumption of homogeneity
for the service times. However, a more delicate coupling is needed in the heterogeneous case,
which we provide below.

Take c iid sequences {S(k)
i }i≥1, where the generic element S(k) has d.f. G(k), k = 1, . . . , c. The

service times in Σ are taken in accordance with the class Ni of the customer i as S(Ni)
i , i.e. the i-th

element of the appropriate sequence. In this case, the upper bound for the workload sequence
{Wi}i≥1 is provided by the c-server system Σ̃ in which the workload sequence {W̃i}i≥1 follows
the recursion (9), where the service time of the i-th customer is given as a finite mixture

S̃i =
c

∑
k=1

I(k)i S(k)
i , (10)

and I(k)i is the indicator that the i-th customer has class k. Note that I(Ni)
i = 1 implies S̃i = S(Ni)

i ,
so the service times of customers in systems Σ and Σ̂ coincide. Thus the system Σ̃ can be used
as an upper bound for the system Σ (in which we indeed use a coupling to have relations w.p.1
between random variables) under the conditions given in the following Lemma.

Lemma 1. Assume that in the systems Σ and Σ̃, the initial workload vectors are ordered as
W1 ≤ W̃1, and the governing variables are related as Ti = T̃i, Ŝi = S(Ni)

i , i = 1, 2, . . . . Then
W i ≤ W̃ i.
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Proof. Assume by induction that W i ≤ W̃ i for some i ≥ 1. Rewrite (8) as follows,

W i+1 =





Wi+1,1
· · ·

Wi+1,c



 = R





Wi,Ni + S(Ni)
i − Ti
· · ·

Wi,Ni + S(Ni)
i − Ti

Wi,Ni+1 − Ti
· · ·

Wi,c − Ti





+

.

Since the operator R(·)+ keeps the ordering between components (e.g. see Lemma 1 [20]) and
using (9), verify

W i+1 =





Wi+1,1
· · ·

Wi+1,c



 = R





Wi,Ni + S(Ni)
i − Ti
· · ·

Wi,Ni + S(Ni)
i − Ti

Wi,Ni+1 − Ti
· · ·

Wi,c − Ti





+

≤ R





Wi,c + S(Ni)
i − Ti
· · ·

Wi,c + S(Ni)
i − Ti

Wi,c − Ti
· · ·

Wi,c − Ti





+

≤

R





Wi,c + S(Ni)
i − Ti
· · ·

Wi,c + S(Ni)
i − Ti





+

≤





W̃i + S(Ni)
i − Ti
· · ·

W̃i + S(Ni)
i − Ti





+

=





W̃i+1
· · ·

W̃i+1





+

= W̃ i+1.

■
We have shown that Σ̃ is a componentwise upper bound for Σ in terms of the workload.

At the same time, Σ̃ is equivalent to M/G/1-FCFS which is insensitive to the work-conserving
queueing discipline. Thus, we can take the workload sequence {Ŵi}i≥1 in the M/G/1-PS system
Σ̂ as an upper bound for each component of the workload vector sequence {W i}i≥1.

Now we need to construct the steady state of the system Σ̂. Denote the class-k service rate by
µk = 1/ES(k) and the class-k load by ρk = λk/µk, k = 1, . . . , c. Let H(k) have the stationary spread
distribution (6) for each class k (in obvious notation). A construction of the spread distribution in
Σ̂ is given in the following Lemma.

Lemma 2. Let H have the stationary spread distribution in Σ̂, then

P(H > x) =
c

∑
k=1

ρk
ρ

P(H(k) > x). (11)

Proof. Indeed, it follows from (4), (6) and (10), after simple algebra,

P(H > x) = µxG(x) + Ge(x) = µx ∑c
k=1 pkG(k)

(x) + µ ∑c
k=1

pk
µk

G(k)
e (x) =

= ∑c
k=1

ρk
ρ

(
xµkG(k)

(x) + G(k)
e (x)

)
= ∑c

k=1
ρk
ρ P(H(k) > x).

■
It follows from (11) that the spread distribution in Σ̂ is a finite mixture of the corresponding

class-k r.v. H(k), with mixing probabilities
{

ρ1

ρ
, . . . ,

ρc

ρ

}
. (12)

Thus, the stationary workload in Σ̂ is constructed as
{

Q, U1H(N1)
1 , . . . , UQ H

(NQ)
Q

}
, (13)
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where Q has a geometric distribution (5), Ni are iid samples from (12), H(Ni)
i are iid samples from

the corresponding stationary spread distributions, using (6) (in obvious notation), and Ui are iid
samples from uniform distribution on [0, 1], i = 1, . . . , Q.

We are ready to describe the modified algorithm. At the first step, the steady state of the
M/G/1-PS system Σ̂ is constructed as (13). The system is simulated backwards in time until it
empties, and the classes of customers are stored.

At the second step, invert the time axis, and using the data of customer departure epochs
(as arrivals) and corresponding work amounts and customer classes from the trajectory of Σ̂,
construct the workload vectors in Σ by recursion (8).

The modified algorithm for class-dependent (heterogeneous) MJM is presented as a pseu-
docode in Algorithm 2.

The procedure is simplified in the homogeneous MJM where the service times of customers
{Si}i≥1 are iid and have arbitrary class-independent distribution G. In this case the first step
of the original algorithm in Section 2 remains unchanged. At the second step, the sample path
in Σ is restored using the recursion (8), where classes of customers are sampled from discrete
distribution (7). The homogeneous version of the modified algorithm is presented as a pseudocode
in Algorithm 3.

4. Validation and Numerical Results

To validate the modified algorithm, we use the explicit results obtained by Brill and Green [4] in
the M/M/2-type MJM. In this model, class-k customers arrive at rate λk, k = 1, 2, and service
times have exponential distribution with class-independent rate µ. A notable proximity of the
exact solution given in Example 3 [4] to the sample obtained by Algorithm 3 is shown in Figure 1.

0 1 2 3 4 5 6

x

F
W
(x
)

0
.0

0
0

0
0

1
0

.0
0

0
1

0
.0

1

Brill & Green, 1984 (M/M/2-type)

Modified method (10
5
 samples)

Modified method (10
6
 samples)

Figure 1: M/M/2-type FCFS, λ1 = 1, λ2 = 1, µ = 4, ρ = 0.5. Exact solution for tail d.f. waiting time (Example
3 [4]) and estimated c.d.f. from 105 and 106 samples obtained by Algorithm 3.

In the following experiments we take the service time distribution as the second-type Pareto,
ParetoII(α,β) having density and d.f.,respectively

fS(x) =
α

β

(
β

x + β

)α+1
, FS(x) = 1−

(
β

x + β

)α

. (14)
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Algorithm 2 The algorithm for heterogeneous MJM

Require: Service time d.f. Gk, arrival rates λk, k = 1, . . . , c
1: Set modeling time t = t0 = 0
2: Set n = 0 ▷ order number of departure
3: Generate the number of customers, Q, in the system Σ̂ using (5).
4: Set m = Q ▷ order number of arrival
5: if Q = 0 then
6: Set V(0) = 0
7: else
8: Sample iid Ni, i = 1, . . . , m from discrete distribution {ρ1/ρ, . . . , ρc/ρ}
9: Sample iid H(Ni)

i , i = 1, . . . , m from the stationary spread distribution, using (6)
10: Sample iid Ui, i = 1, . . . , m, uniformly on [0, 1]
11: Take {Q, U1H(N1)

1 , . . . , UmH(Nm)
m } as the stationary workload in Σ̂ system at origin

12: Reset m = m + 1
13: Sample customer class Nm from discrete distribution {p1, . . . , pc}, record this value
14: Sample a work amount Sm ∼ G(Nm) and keep a record of the value
15: Sample next interarrival time Tm ∼ Exp(λNm)
16: while Q > 0 do ▷ Discrete-event simulation of Σ̂
17: if the next event is an arrival then
18: Reset m = m + 1
19: Sample class of arrival customer Nm from discrete distribution {p1, . . . , pc}, record

this value
20: Sample a work amount Sm ∼ G(Nm) and keep a record of the value
21: Sample the next interarrival time Tm ∼ Exp(λNm)
22: Reset Q = Q + 1 and set r = 1/Q
23: else if the next event is a departure then
24: Reset n = n + 1
25: Record the departure time tn of the customer
26: Reset Q = Q− 1 and set r = 1/Q
27: end if
28: end while
29: Define the interdeparture times Ti = ti − ti−1, 1 ≤ i ≤ n, with t0 = 0
30: Reset (S1, . . . , Sn) = (Sn, . . . , S1), (T1, . . . , Tn) = (Tn, . . . , T1) and (N1, . . . , Nn) =

(Nn, . . . , N1)
31: for i = 1, 2, . . . , n do ▷ Reconstruct the sample path in Σ
32: W i+1 = R

(
(Wi,Ni + Si)e1:Ni + W i ◦ (1− e1:Ni )− Ti1

)+
33: end for
34: Set V(0) = Wn+1
35: Sample class of arrival customer Nn+1 from discrete distribution {p1, . . . , pc}
36: end if
37: return (V(0), Nn+1)
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Algorithm 3 The algorithm for homogeneous MJM

Require: Service time d.f. G, arrival rates λ1, . . . , λc
1: Set modeling time t = t0 = 0
2: Set n = 0
3: Generate the number of customers, Q, in the system Σ̂ using (5).
4: if Q = 0 then
5: Set V(0) = 0
6: else
7: Sample iid Hi, i = 1, . . . , Q from the stationary spread distribution, using (6)
8: Sample iid Ui, i = 1, . . . , Q, uniformly on [0, 1]
9: Take {Q, U1H1, . . . , UQ HQ} as the stationary workload in Σ̂ system at origin

10: Sample interarrival time T ∼ Exp(λ)
11: while Q > 0 do ▷ Discrete-event simulation of Σ̂
12: if the next event is an arrival then
13: Sample a work amount S ∼ G and keep a record of the value
14: Sample interarrival time T ∼ Exp(λ)
15: Reset Q = Q + 1 and set r = 1/Q
16: else if the next event is a departure then
17: Reset n = n + 1
18: Record the departure time tn of the customer
19: Reset Q = Q− 1 and set r = 1/Q
20: end if
21: Update the times and residual work amounts
22: end while
23: Define the interdeparture times Ti = ti − ti−1, 1 ≤ i ≤ n
24: Reset (S1, . . . , Sn) = (Sn, . . . , S1) and (T1, . . . , Tn) = (Tn, . . . , T1)
25: Sample classes of arrival customers (N1, . . . , Nn+1) in Σ from discrete distribution
{p1, . . . , pc}

26: Set W1 = 0
27: for i = 1, 2, . . . , n do ▷ Reconstruct the sample path in Σ
28: W i+1 = R

(
(Wi,Ni + Si)e1:Ni + W i ◦ (1− e1:Ni )− Ti1

)+
29: end for
30: Set V(0) = Wn+1
31: end if
32: return (V(0), Nn+1)
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The stationary waiting time distribution in M/ParetoII(α,β)/1 is obtained in [21] in explicit form,

FW(x) = 1− ρ(1− ρ)
∫ ∞

0

uα−2e−(1+x/β)u

Γ(α− 1)H1(u, α, ρ)
du, (15)

where

H1(u, α, ρ) =

{
(1 + (α− 1)ρe−uEiα(u))2 + (ρI(u, α− 1))2 if α = 2, 3, ...
(1− ρR(u, α− 1))2 + (ρI(u, α− 1))2 if α > 1∪ α ̸= 2, 3, ...,

Eiα(u) is Ramsay’s generalization of the exponential integral,

I(u, α) =
πuαe−u

Γ(α)
, R(u, α) = 1F1(1, 1− α,−u)− I(u, α) cot(πα),

and 1F1(1, 1− α,−u) is the hypergeometric function of the first kind.
In the first experiment, we apply the modified method to illustrate the stochastic monotonicity

established in Lemma 1. We plot the tails of the per-class (as well as generic) waiting time
distributions in a heterogeneous 2-server MJM. We take ρ = 0.4, λ1 = 0.832, λ2 = 0.208, and
use class-dependent ParetoII(αk,βk) service time distribution for class-k customer, k = 1, 2, where
α1 = 3.5, α2 = 4.1, β1 = β2 = 1. Figure 2 shows that the tail of the waiting time distribution of a
generic customer in a heterogeneous MJM 2-server system is sandwiched between the waiting
time distributions of class 1 and class 2 customers. It is also shown that the classical M/G/2-FCFS
system with a finite mixture service time distribution is the lower bound, and M/G/1-FCFS is the
upper bound for the 2-server MJM. The lower bound d.f. estimate is built from samples obtained
by the original method, and the upper bound obtained explicitly using (15).
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Figure 2: Waiting time tail distribution for the case c = 2, ρ = 0.4, λ1 = 0.832, λ2 = 0.208, α1 = 3.5, α2 =
4.1, β1 = β2 = 1, p1 = 0.8, p2 = 0.2, where service time has distribution Pareto II. Explicit solution
for M/G/1 for mixture vs. samples by modified method (over 105 samples) vs. original method (over 105

samples). Modified method (generic customer) is the tail c.d.f. delay which see a generic customer, modified
method (customer 1) - customer of class 1, modified method (customer 2) - customer of class 2. Note the
logarithmic scale on both axes.

In the subsequent experiments we use the homogeneous MJM, when the service times are
class-independent.

Figure 3 shows the results of an experiment with an MJM system having two servers, with
ρ = 0.9, input rate λ = 2.25, and ParetoII(α, β) service time distribution with α = 3.5, β =
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1. The results of sampling from the stationary delay in a classical M/G/2 system using the
original method (Algorithm 1) and delay in MJM 2-server system using the modified method
(Algorithm 3), as well as the sample path-based estimates for the delays (using corresponding
stochastic recursions (1) and (8)), are shown. The workload distribution for the upper bound
M/G/1-FCFS system is obtained explicitly using (15). In our example, single-server and two-
server customers are equally likely to arrive, p1 = p2 = 0.5. Interestingly, despite the fact that
only about half of the customers require simultaneous service on two servers, the waiting time
for a generic customer is close to the waiting time in a single-server system.
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Figure 3: Waiting time tail distribution for the case c = 2, ρ = 0.9, λ = 2.25, α = 3.5, β = 1, where service time
has distribution (14). Explicit solution (15) for M/G/1 vs. samples by modified method (105 samples) vs.
sample path of MJM (106 arrivals) vs. original method for classic M/G/2 model (105 samples) vs. sample
path estimates for classic M/G/2 system (106 arrivals). Note the logarithmic scale on both axes.

In Figure 4, we depict the estimated tail d.f. of the stationary delay (of a generic customer)
in an MJM model with c = 100 servers, λ = 2.25, and ParetoII(3.5, 1) service time distribution
where all classes are sampled uniformly. A notable proximity of the d.f. with the explicit d.f. for
M/G/1 model (15) is observed, which is in sharp contrast to the classical multiserver model. In
fact, we performed several experiments with M/G/c̃ classical multiserver models, varying c̃ up
to 10, and starting from c̃ = 7 onwards, the delays are almost negligible. This illustrates that the
condition ρ < 1 is not very restrictive for MJM (in contrast to the super-stability in the classical
system).

It can be seen from Figures 3 and 4 that the sample path estimates give rather inaccurate
results in the tail part. To study the reason for this inaccuracy, we compare the tail d.f. of the
delays using an explicit solution (15), sample path estimate (106 customers), and simulation
of stationary delay using formula (3) (105 samples) in M/G/1 system. The results depicted in
Figure 5 show the same pattern which demonstrates that the number of samples for the sample
path estimates should be taken large enough to mitigate the dependence of the members of a
delay sequence.

5. Conclusion

In this paper we introduced a modification of the exact simulation approach suggested in [14].
Adaptation of this approach to heterogeneous MJM by using stochastic recursion in the form (8)
allowed us to study the performance of this rather sophisticated model. The proposed algorithm
allows one to obtain the unbiased estimates of the system performance, as well as the per-class
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Figure 4: Waiting time tail distribution for the M/G/100-type, where service time has distribution Pareto II, ρ = 0.9,
λ = 2.25, α = 3.5, β = 1. Explicit solution (15) for M/G/1 vs. samples by modified method (105 samples)
vs. sample path estimates (106 and 107 arrivals). Note the logarithmic scale on both axes.
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Figure 5: Tail of the waiting time for M/G/1 model, where service time has distribution ParetoII(α, β), ρ = 0.4, λ = 1,
α = 3.5, β = 1. Explicit solution (15) vs. sample path estimate (106 arrivals) vs. simulation by (3) (105

samples). Note the logarithmic scale on both axes.

stationary waiting times of customers. Heavy-tailed (type-II Pareto) distribution was used in the
numerical experiments. As a further study, other service time distributions, such as exponential
or phase-type distributions, can be considered, as well as another distribution for the customer
class, such as the Zipf distribution, which may have practical value for other applications. In some
situations, we are very interested in examining rare but critical events, such as the probability of
very long waiting times. We suppose that exact sampling allows us to simulate these rare events,
and, through a large number of samples, to accurately estimate the probability that such events
will occur.
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